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PREFACE. 


The  present  work,  which  form,  the  Second  Vo- 
lume  of  a  Course  of  Mathematies,  is  the  fruit  of 
persevering  application.  Owing  to  various  acci- 
dents, it  has  been  repeatedly  interrupted  and  re* 
sumed  ;  and  I  feel  now  relieved  by  the  discharge 
of  a  task,  which  nothing  but  the  anxious  desire  to 
promote  a  juster  taste  in  the  cultivation  of  Ma- 
thematical Science  could  have  induced  me  to  un- 
dertake. 

This  volume  includes  three  distinct  treatises, 
which  may  be  thus  enumerated. 

L  Geometrical  Analtsis.  — This  tract,  in  a 
less  finished  state,  was  annexed  to  the  first  and 
second  editions  of  the  Elements  of  Geometry.  It 
consisted  of  a  series  of  choice  Problems,  rising  in 
gradation,  and  spreading  into  the  rich  and  ample 
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fields  of  the  Ancient  Analysis.  In  collecting, 
disposing,  and  sometimes  framing  the  materials, 
I  spared  no  exertion.  The  Essay  was  accord- 
ingly well  received  both  at  home  and  abroad,  and 
has  conspired  to  advance  the  study  of  Geometry, 
by  reviving  the  fine  models  bequeathed  by  the 
Greeks.  It  has  been  translated  into  the  French 
and  German  languages,  an  honour  which  very 
few  of  our  mathematical  works  have  obtained. 

In  finally  committing  this  Treatise  to  the  Pub- 
lic, I  have  endeavoured  to  render  it  as  complete 
as  possible.  I  have  carefully  revised  the  whole, 
and  pruned  some  excrescences  ;  but  I  have  filled 
up  other  important  partjs,  and  extended  consider** 
ably  the  chain  of  propositions.  The  study  of  sucli 
a  digest  appears  admirably  fitted  to  improve  the 
intellect,  by  training  it  to  habits  of  precisicm,  ar- 
rangement, and  close  investigation.  The  spirit 
of  Geometrical  Analysis  may  be  carried  with  the 
happiest  effect  into  the  domains  of  Inductive 
Philosophy,  which  are  explored  by  a  similar  pro- 
cedure; 

II.  Geometry  of  Lines  op  the  Seconp  Or- 
der.— ThesjB  curves,  discovered  by  the  immediate 
successors  of  Plato,  drew  their  origin  from  the 
Section  of  a  plane  perpendicular  to  another  which 
touched  the  side  of  a  regular  cone,  their  different 
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species  being  determined  by  the  angle  of  its  apex. 
The  l^afoola  was  formed  by  the  section  of  a 
rtgfat^o&gied  cone^  and  the  Ellipse  and  Hyperbo** 
la  genarated  by  a  like  section  of  the  acute  and  of 
the  obtuse  cones.  Apcdlonius  showed  that  the 
same  curves  would  be  produced  from  a  r^uiar 
cone  of  any  angle,  if  dissected  by  planes  at 
different  inclinations.  The  moderns  have  ex- 
tended the  property  to  the  oUique  cone,  or  the 
cone  defined  by  radiants  from  a  fixed  point  or 
apex  to  a  circular  base,  which,  being  cut  in  va* 
nous  ways  by  the  same  plane,  gives  the  several 
Species  of  the  curve. 

But  although  the  dissection  of  the  cone  gave 
birth  to  these  lines,  they  still  decidedly  belong  to 
Plane  Geometry.  Several  eminent  authors,  how« 
ever,  have  preferred  the  mode  of  deducing  their 
properties  &om  tibe  sdid.  Yet,  notwithstanding 
some  incidental  advantages,  the  difficulty  of  repre- 
senting or  conceiving  the  intersections  of  planes, 
perplexed  too  by  a  multiplicity  of  lines,  renders 
the  progress  of  the  student  extremely  tedious  and 
irksome.  The  author  himself  appears  always  glad 
in  escaping  as  soon  as  possible  from  that  intricate 
path,  to  follow  the  smooth  road  of  Plane  Geome* 
try. 

The  direct  and  luminous  method  of  treating 
these  curves,  therefore,  is,  Ho  transfer  them  at 
once  to  a  plane  surface,  selecting  as  a  definition 
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some  simple  property  from  which  the  other  pra> 
perties  are  the  most  easily  evolved.  The  adop- 
tion of  a  generic  character,,  instead:  of  a  definition 
of  each  species  of  curve,  likewise  abridges  great- 
ly the  train  of  demonstration,  and,  while  it  pre- 
serves the  unity  of  design,  it  affords  all  the  lights 
of  contrast. 

I  have  chosen  as  the  Genesis  or  Fundamental 
relation  of  the  Lines  of  the  Second  Order,  the 
beautiful  property  noticed  by  Pappus  in  his  Ma* 
thematical  CoUectionSj  and  investigated  by  Newton 
himself  in  his  Arithmetica  Universalis^ — that  the 
distances  of  any  point  in  the  curve  from  the  focus 
and  from  the  directrix,  have  always  a  constant  ra- 
tio. The  celebrated  Boscovich  was  the  first  who 
composed  a  Treatise  of  Conic  Sections  on  this 
principle  in  1744  :  It  consisted  of  only  a  few 
propositions,  but  drawn  out  into  a  string  of  co- 
rollaries. After  the  lapse  of  half  a  century, 
Mr  Neivton  of  Cambridge  condensed  and  modified 
that  excursive  composition  into  a  system,  which 
has  the  merit  of  being  clear,  neat,  and  concise. 
Nearly  about  the  same  time,  Mr  Walker  of  Not- 
tingham, apparentiy  without  any  knowledge  of 
what  Boscovich  had  done,  fell  upon  a  similar 
mode  of  investigation  ;  but  his  Conic  Sections,  of 
which  the  first  part  was  printed  in  1795  in  a 
1^  '  quarto  volume,  though  ingenious  and  strictiy 
,     geometrical,  is  unfortunately  so  prolix  and  pon- 
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deroitf»  as  to  damp  the  ardour  of  the  most  reso* 
lute  student. 

In  the  composition  of  the  treatise  now  laid 
before  the  Public,  I  have  sought  to  avoid  the 
opposite  extremes  of  brevity  and  diffusion ;  and 
pursuing  an  uniform  plan,  X  have  endeavoured 
to  exhibit,  in  a  full  light,  the  properties  and  mu- 
tual relations  of  those  curves.  The  multifarious 
labours  of  former  writers  have  left  scarcely  any 
room  for  invention  ;  but  the  learned  reader  will 
perceive  the  pains  I  have  taken  in  arranging  the 
materials,  and  in  improving  the  simplicity,  clear- 
ness, and  elegance  of  the  demonstrations.  The 
common  principle  which  unites  those  curves, 
has  enabled  me  to  reduce  into  a  very  moderate 

compass  their  leading  properties.  The  First  Booh 
comprises  a  more  copious  assemblage  of  interest- 
ing propositions  than  are  usually  found  in  ele* 
mentary  systems.  But  the  Second  Book  con- 
tains a  selection  of  the  higher  properties,  which 
peculiarly  claim  the  attention  of  those  who  cul- 
tivate dynamics  and  physical  astronomy. 

III.  Geometry  of  the  Higher  Curves. — A 
Treatise  formed  on  a  regular  plan,  to  embrace 
the  chief  properties  of  all  the  remarkable  curves 
above  the  Lines  of  the  Second  Order,  has  long 
been  wanted,  for  completing  the  course  of  mathe- 
matical instruction.    Some  works,  indeed,  on  Co- 
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nic  Sectioni»,  have  bestowed  a  gUnce  over  thiil 
subject ;  but  their  notices  are  scanty  and  confined 
to  a  very  few  curves.  Hie  properties  of  the  high- 
er curves  lie  scattered  through  volumes  of  diffi- 
cult access,  and  are  only  brought  occasionally 
into  view  as  exemplifications  of  the  rules  of  the 
method  of  fluxions  or  of  the  differential  and  inte^ 
gral  calculus.  But  the  beautiful  relations  of  those 
curves  expand  our  prospects,  and  afK>rd  wide 
scope  for  the  application  of  a  refined  geometry. 
To  avoid  circuitous  demonstration^  it  became 
expedient,  on  this  occasion,  to  depart  somewhat 
from  the  ancient  manner  of  proceeding ;  but  such 
deviations  nowise  impair  the  accuracy  of  the  rea- 
soning. I  have  only  followed  up  the  successive 
improvements  of  Roberval,  Cavalleri,  Des  Cartes, 
and  Barrow.  The  principles  applied,  are  in 
fact  substantially  the  same  as  those  of  the  diflfe^ 
lential  and  integral  calculus,  which  really  derives 
its  main  advantage  from  its  algorithm,  or  that 
clear  and  cotnpact  form  of  notation  invented  by 
Leibnitz,  and  improved  on  the  Continent  by  his 
followers,  the  BernouUis,  Euler,  and  Lagrange. 

The  superior  elegance  and  perspicuity  with 
which  the  geometrical  process  unfolds  the  pro- 
perties of  those  higher  curves,  may  show,  that 
the  fluxionary  calculus  should  be  more  sparingly 
employed,  if  not  reserved  for  the  solution  of 
problems  of  a  more   arduous  nature.      I   have 
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drawn  the  materials  from  various  sources,  but 
chiefly  from  the  writings  of  Huygens  and  the  two 
Sernoullis.  But  the  value  of  the  treatise  will  con- 
sist in  the  symmetry  of  the  structure,  and  the 
beauty  and  importance  of  the  propositions  which 
it  has  combined.  In  filling  up  the  outline,  it  may 
be  perceived  that  I  have  been  led  to  make  some 
contributions  to  the  common  stock* 

It  only  remains,  for  completing  my  plan,  to  pro- 
duce a  volume  on  Descriptive  Geometry  and  the 
Theory  of  Solids,  comprehending  Perspective,  the 
Projection  of  the  Sphere,  and  Spherical  Trigono- 
metry. But,  in  the  meantime,  I  must  devote  my 
whole  attention  to  the  composition  of  a  work  of 
greater  urgency  and  of  higher  interest — The  Ele- 
ments of  Natural  Philosophy. 


College  of  Edinburgh,  7 
Oct.  30.  1821.  5 
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Analysis  is  that  procedure  by  which  a  propo- 
sition is  traced  up,  through  a  chain  of  necessary 
dependence,  to  some  known  operation,  or  some 
admitted  principle.  It  is  alike  applicable  to  the 
investigation  of  truth  contemplated  in  a  theorem^ 
or  to  the  discovery  of  the  construction  requiied 
for  a  problem.  Analysis,  as  its  name  indeed  im- 
ports, is  thus  a  sort  of  inverted  form  of  solution. 
Assuming  the  hypothesis  advanced,  it  remounts, 
step  by  step,  till  it  has  reached  a  source  already 
explored.  The  reverse  of  this  process  constitutes 
Synthesis^  or  Composition^ — which  is  the  mode 
usually  employed  for  explaining  the  elements  of 
science.  Analysis,  therefore,  presents  the  me- 
dium of  invention  ;  while  synthesis  naturally  di- 
rects the  course  of  instruction. 


BOOK  I. 
DEFINITIONS. 

1.  Quantities  are  said  to  hegiven^  which  are  eitl^er  ex-   ' 
hibited,  or  may  be  found. 

2.  A  ratio  is  said  to  be  given^  when  it  is  the  same  as 
that  of  two  given  quantities. 

3.  Points^  linesj  and  spaces^  are  said  to  be  given  in  posi^ 
tiony  if  they  have  always  the  same  situationi  and  are  either 
actually  exhibited^  or  may  be  found. 

4.  A  circle  \%  gi^n  in  position,  when  its  centre  is  given : 
]t  is  given  in  magnitude,  if  its  radius  be  given. 

5.  Rectilineal  Jigures  are  said  to  be  gix)en  in  species^ 
lirhen  figures  similar  to  them  are  given. 
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PROP.  I.     PROB. 

Through  a  given  point,  to  draw  a  straight  line 
at  equal  angles  with  two  inclined  straight  lines 
given  in  positiqn. 

Let  A  be  the  given  point,  and  CB,  CD  the  inclined 
straight  lines  which  are  given  in  position. 

ANALYSIS. 

Let  those  inclined  lines  meet  in  C;  draw(L  23.  EI.)  CH 
parallel  to  FE,  and  produce  DC. 
Theexterior  angle  GCH  (1. 22. 
EI. )  is  equal  to  CFE,  and  ECH 
is  equal  to  the  alternate  angle 
CEF ;  but  the  angle  CFE  is  e- 
qual  to  CEF,  and  consequently 
GCH  ^  is  equal  to  ECFJ,  and      g  q  jg»]p 

the  angle  GCE  is  thus  bisected 

bythe  straight  lineCH,  Wherefore  (L  5.  El.)  CH  is  given 
in  position,  and  hence  (I,  23.  EL)  the  parallel  EF  is  also 
given. 

COMPOSITION. 

Bisect  (I.  5.  EI.)  the  adjacent  angle  GCB  by  the  straight 
line  CH,  and  parallel  to  this  draw  EF  (I.  23.  El.)  through 
the  given  point  A;  the  angle  CEF  is  equal  to  CFE.  For 
these  angles  are  equal  respectively  to  the  exterior  and  to 
alternate  angles  GCH  and  ECH  of  the  parallels  CH  and 
AF,  and  are  consequently  equal  to  each  other. 

It  is  obvious,  that  if  BC  and  CD  become  less  inclined, 
GCH,  half  the  exterior  angle,  will  approach  to  a  right  an- 
gle ;  whence,  in  the  extreme  limit  of  parallelism,  HC,  and 
therefore  AF,  will  be  perpendicular  to  CP  or  CB. 
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PROP.  II.     PROB. 


Through  a  given  point,  to  draw  a  straight  line, 
such  that  the  segments  intercepted  by  perpendi- 
culars let  fall  upon  it  from  two  given  points,  shall 
be  equal. 

The  points  A,  B,  and  C  being  given, — to  draw  a 
straight  line  FE  througli  C,  so  ihat  the  parts  CFand  CE, 
cut  off  by  the  perpendiculars  AF  and  BE,  let  fall  from  A 
and  B,  shall  be  ei]ual. 


The 
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Produce  AC  to  meet  the  extension  of  BE  in  D. 
right  angled  triangles  AFC  and 
DEC,  having  the  vertical  angle 
ACF  equal  to  DCE,  and  the  side 
CF  by  hypothesis  equal  to  CE, 
are  (L  W,  El.)  equal,  and  hence 
the  side  CA  is  equal  to  CD.  But 
CA  is  evidently  given;  wherefore 
CD  and  the  point  D  are  given  ; 
BD  is  consequently  given,  and 
hence  the  line  CE  at  right  angles  to  it  is  given. 

COMPOSITION. 

Join  AC,  and  produce  it  till  CD  be  equal  to  it ;  join  BD, 
on  which,  from  C,  (I.  6.  El.)  let  fall  the  perpendicular 
FCE,  which  is  the  line  required.  For,  draw  AF  parallel 
to  BD,  and  the  triangles  FAC  and  EDC,  having  the 
angles  ACF,  AFC  equal  to  DCE,  DEC,  and  the  side  AC 
equal  to  CD,  (I.  20.  El.)  are  equal,  and  consequently  CF 
is  equal  to  CE. 
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PROP.  III.    PROB.   /  '^  ) 

From  two  given  points^  to  draw  straight  lines, 
making  equal  angles  at  the  same  point  in  a  straight 
line  given  in  position. 

Let  A,  B  be  two  given  points,  and  CD  a  straight  line 
given  in  position  ;  it  is  required  to  draw  AG  and  GB  to 
some  point  in  it,  so  that  the  angles  AGC  and  BGD  on  ei- 
ther side  shall  be  equal. 


ANALYSIS. 

From  B,  ohe  of  the  given 
points^  let  fall  the  perpendi- 
cular BE,  and  produce  it  to 
meet  AG,  or  its  extension 
inF.  The  angle  BGE,  be- 
ing  equal  to  AGC,  is  equal 
to  the  vertical  angle  FGE, 
the  right  angle  BEG  is  equal 
to  PEG,  and  the  side  G£  is 
common  to  the  triangles 
GBE  and  GFE,  which  (L 
20.  £1.)  are  therefore  equal, 
and  hence  the  side  BE  is  e- 
qual  to  FE.  But  the  per- 
pendicular BE  is  given,  and 
consequently  FE  is  given 
both  in  position  and  magnitude ;  whence  the  point  F  is 
given,  and  therefore  G  the  intersection  of  the  straight  line 
AF  with  CD. 
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COMPOSITION. 

Let  faH  the  peq^endicuiar  BE,  and  produce  it  equally   , 
on  the  opposite  side,  join  AF  meeting  CD  in  G  ;  AG  and 
BG  are  the  straight  lines  required. 

For  the  triangles  GB£  and  GFE,  having  the  side  BE 
equal  to  FE,  GE  common,  and  the  contained  angle  BEG 
equal  to  FEG,  are  (I.  3.  El.)  equal ;  and  consequently  the 
angle  BGE  is  equal  to  FGE  or  AGC. 

When  the  points  A  and  B  lie  on  the  same  side  of  the 
line  CD,  the  problem  will  always  admit  of  a  solution,  since 
AGF  must  cross  CD.  If  those  points  lie  on  opposite  sides 
of  CD  and  equidistant  from  it,  AFQ  will  become  parallel 
to  CD,  and  consequently  the  problem  will  fail  unless  they 
range  in  the  same  perpendicular,  or  the  point  F  coincide 
with  A,  and  the  solution  is  indefinite,  and  every  point  in 
CD  answers  the  conditions. 


PROP.  IV.     PROB. 

Between  two  given  circles  to  place  a  given 
straight  line  with  a  given  inclination. 

Let  it  be  required  to  place  a  given  straight  line  CD  at 
a  given  inclination  to  the  line,  joining  the  centres  A  and 
B  of  two  given  circles. 

ANALYSIS. 

Draw  AE  (I.  23.  El.)  parallel  and  equal  to  CD,  and 
complete  the  rhomboid  ACDE. 

Because  CD  has  a  given  inclination  to  AB,  the  angle 
BAE  of  its  parallel  is  given,  and  consequently  AE  is 
given  in  position ;  but  AE,  being   equal  to  CD,  is  gi-> 
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ven  also  in  magnitude,  and 
hence  the  point  £  is  given. 
Again,  £D,  being  equal 
to  AC,  is  given  in  magni- 
tude, and  the  point  D  lies 
in  the  circumference  of  a 
circle  described  from  E. 
Wherefore  D  is  given,  and  consequently  CD,  which  is  pa- 
rallel to  A£. 

COMPOSITION. 

Draw  (L  4.  EI.)  AE  at  the  given  inclination,  and  equal 
to  the  given  straight  line,  and  from  the  centre  E,  with  the 
radius  of  tne  circle  of  which  A  is  the  centre,  describe  another 
circle  cutting  the  circle  of  which  B  is  the  centre  in  the 
point  D,  join  ED,  and  parallel  to  it  draw  AC ;  CD  being 
joined  is  the  line  required. 

For  AC  and  ED  being  by  this  construction  made  equal 
and  parallel,  CD  (I.  27.  £1.)  is  likewise  equal  and  parallel 
to  AE,  and  this  fulBls  the  conditions. 

The  point  D  will  have  two  positions,  unless  the  circle  de- 
scribed from  £  touch  the  circle  whose  centre  is  B.  If  the 
points  £  and  B  coincide,  and  the  circles  become  equal,  the 
problem  will  evidently  become  indeterminate,  or  any  pa- 
rallel CD  will  fulfil  the  conditions. 

PROP-  V.     PROB. 

From  a  straight  line  given  in  position  to  draw, 
equal  to  a  given  line,  a  tangent  to  a  given  circle. 

Let  it  be  required  in  the  straight  line  AB  to  find  a 
point  B,  from  which  the  tangent  BC,  drawn  to  the  circle 
iiaying  O  for  its  centre,  shall  be  equal  to  D. 
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ANALYSIS. 

Through  the  centre  O,  draw  BGOH,  the  square  of  BC 
18  equivalent  (III.  26.  cor.  2.  £1.)  to  the  rectangle  EG, 
BH,  or  to  (IL  17-  £i.)  the  excess  of  the  square  of  OB 
above  that  of  OG,  whence  the 
square  of  OB  is  equivalent  to 
the  squares  of  OC  and  BC,  and 
isthereforegiven.  Consequent- 
ly, OB  itself  is  given,  and  the 
point  B,  being  the  intersection 
of  AB  with  a  given  circle,  is 
likewise  given.  D* *  ^^ 

COMPOSITION. 

From  O  draw  any  radius  OE,  erect  the  perpendicular 
£F  equal  to  D,  join  OF,  and  from  O  as  a  centre,  de- 
scribe through  F  a  circle  meeting  AB  in  B,  from  which  the 
tangent  BC  drawn  to  the  interior  circle  is  equal  to  D. 

For  (III.  26.  cor.  2.  El.)  BC*  =  GB.BH  =  OB*->OG*, 
or  OB*  =  BC*  +  OG*;  but  OF*  or  OB*=OE*  +  EF*, 
and  BC*  +  OG*  =  0£*  +  OFS  or  BC*  =  £F*,  and  conse- 
quently BC  is  equal  to  £F  or  D. 

PROP.  VI.     PROB. 

In  a  given  arc  of  a  circle,  to  inflect  two  chords 
that  shall  be  together  equal  to  a  given  straight 
line. 

Let  AFB  be  a  given  segment,  it  is  required  to  inscribe 

the  chords  AC  and  BC,  whose  sum  shall  be  equal  to  the 

line  £. 

ANALYSIS. 

Produce  AC  till  CD  be  equal  to  BC,  and  join  BD. 
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The  triangle  BCD  is  evidently  isosceles,  and  consequent- 
ly (I.  SO.  El.)  the  exterior  an- 
gle ACB  is  dftuble  of  CDB ; 
but  ACB  is  given*  and  there- 
fore its  half,  or  ADB>  is  gi- 
ven. Whence  ADB  is  con- 
tained in  a  given  segment , 
and  the  inflected  line  AD, 
being  equal  to  £,  is  given  in 

position  ;  wherefore  the  point  C  and  the  chords  AC  and 
BC  are  given. 

COMPOSITION. 

Bisect  the  arc  AFB  in  the  point  F,  from  which  centre, 
with  the  chord  FA  or  FB  as  a  radius^  describe  a  circle, 
and  inflect  ACD  equal  to  £ ;  AC  and  BC  being  joined, 
are  the  chords  required. 

For  join  Bp.  The  angle  AFB  at  the  centre  (III.  15. 
El.)  is  double  of  ADB  at  the  circumference,  and  conse- 
^quently  ACB  is  likewise  double  of  ADB  or  CDB;  but 
ACB  is  equal  (I  30.  El.)  to  the  two  angles  CDB  and 
CBD,  which  are  hence  equal  to  the  double  of  CDB,  and 
therefore  CDB  and  CBD  are  mutually  equal,  and  contain 
an  isosceles  triangle.  Whence  BC  is  equal  to  CD,  and 
AC  and  BC  together  are  equal  to  AD  or  E. 

It  is  evident  that  E,  the  sum  of  the  inflected  chords,  can 
never  exceed  the  diameter  of  the  exterior  circle,  or  the  a- 
mount  of  the  equal  chords  AF  and  BF.  In  other  cases, 
the  point  D,  and  consequently  C  will  have  two  positions. 

CoR.  Hence  if  a  segment  ADB  of  a  circle  be  constitu- 
ted on  the  same  base  with  another,  but  containing  only 
half  the  vertical  angle,  any  chord  ACD  will  have  its  inter- 
cepted portion  CD  equal  to  the  chord  BC  drawn  from 
the  other  side  of  the  interior  segment 
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PROP.  VII.    PROB. 

To  bisect  a  given  triangle,  by  a  straight  line 
drawn  from  a  given  point  in  one  of  its  sides. 

Let  it  be  required,  from  the  point  D,  to  draw  DF,  bi« 
secting  the  triangle  ABC. 

ANALYSIS. 

If  D  be  the  middle  of  AC,  the  line  DB  drawn  to  the 
Yertex  will  obviously  (11.  2.  £1.)  divide  the  triangle  into 
two  equal  portions.  But,  if  not,  bisect  (I.  7.  EI.)  the  side 
AC  in  E,  and  join  EB,  EF  and  BD.  The  triangle  ABE 
is  equal  to  EBC,  and  is  consequently  the  half  of  ABCf 
wherefore  ABE  is  equal  to  AFD, 
and,  taking  AFE  from  both,  the  re- 
maining triangle  EFB  is  equal  to 
EFD  ;  and  since  these  triangles  stand 
on  the  same  base,  they  must  (II.  3.  El.) 
have  the  same  altitude,  or  EF  is  pa- 
rallel to  BD.  But  the  points  B  and  ^  ^  B~^C 
D  being  given,  the  straight  line  BD  is  given  in  position^ 
and  consequently  EF  is  also  given  in  position. 

COMPOSITION. 

Having  bisected  AC  in  E  and  joined  BD>  draw  EF  pa- 
rallel to  it,  meeting  AB  in  F ;  the  straight  line  DF  di- 
vides the  triangle  ABC  into  two  equal  portions. 

For  join  BE.  Because  BD  is  parallel  to  EF,  the  tri^ 
angle  EFB  (II.  1 .  El.)  is  equal  to  EFD ;  and,  adding  AFE 
to  each,  the  triangle  AFD  is  equal  to  ABE,  that  is,  to  tbp 
half  of  the  triangle  ABC. 
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PROP.  VIIL    PllOB. 

To  find  a  point  within  a  given  triangle,  from 
which  straight  lines  drawn  to  the  several  corners 
will  divide  the  triangle  into  three  equal  portions. 

Let  F  be  the  required  point,  from  which  the  lines  FAj 
FB>  and  FC  trisect  the  triangle  ABC. 

ANALYSIS. 
Draw  FD,  F£  parallel  to  the  sides  BA,  BC,  and  join 
BD,  BE.     Since  FD  is  parallel  to  AB,  the  triangle  ABF 
(II.  1.  £1.)  is  equal  to  ABD,  which  is  hence  the  third  part 
of  ABC;  and,  for  the  same  rea^ 
son,  the  triangle  BFC  is  equal  to 
B£C,  which  is  also  the  third  part 
of  ABC.     Wherefore  the  bases 
AD  and  EC  are  each  the  third 
part  of  AC,  and  consequently  the 
points  of  section  D  and  £  are 
given  ;  hence  (I.  23.  EL;  the  pa- 
rallels DF  and  £F  are  given  in  position,  and  their  point 
of  concourse  is  therefore  given. 

But  the  point  F  may  be  otherwise  investigated.  For 
produce  AF  and  CF  to  G  and  H.  The  triangle  DFE  is 
evidently  (I.  '22.  El.)  similar  to  ABC,  and  therefore  AC  i 
AB  : :  DE  :  DF,  but  AC  =  3DE,  and  consequently  (V.  8; 
and  5.  El.)  AB=:SDF.  Again,  because  AH  and  DF  are 
parallel,  AC  :  AH  :  :  DC  :  DF,  and  (V.  13.  £1.)  2 AC: 
2AH  : :  SDC:  »DF;  but  2AC=6AD=3DC,  and  2AH 
=z3DJF= AB.     Hence  AB  is  bisected  in  H;  and,  for  the 
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same  reason,  BC  is  bisected  in  G.  Wherefore  the  points 
H  and  G  being  thas  given,  the  intersection  F  of  the 
straight  lines  GH  and  AG  is  likewise  given. 

COMPOSITION. 

Bisect  AB  and  BC  (I.  7.  El.)  in  H  and  G,  join  CH 
and  AG)  and,  from  their  point  of  intersection,  draw  FA, 
FB,  and  FC ;  the  triangle  ABC  will  thus  be  divided  into 
three  equal  portions. 

For,  from  the  points  A  and  B  let  fall  the  perpendicu- 
lars AI  and  BL.  The  triangles  HAI  and  HBL,  having 
the  angles  AHI  and  AIH  equal  to  BHL  and  BLH,  and 
the  side  AH  equal  to  BH,  are  (I.  20.  £1.)  equal,  and  con- 
sequently AI  =  BL.  The  triangles  AFC  and  BFC,  stand- 
ing on  the  same  base  CF,  land  having  equal  altitudes  AI 
and  BL,  are  equal  (II.  2.  £|.}.  And,  in  the  same  man- 
ner, it  is  shown  that  the  triangles  AFC  and  AFB  are  e« 
qual.  Wherefore  the  whole  triangle  ABC  is  divided  into 
three  equal  triangles,  having  their  common  vertex  at  the 
point  F. 

PROP.  IX.     PROB. 

From  a  given  point  in  the  side  of  a  given  trian- 
gle, to  draw  a  straight  line  to  the  opposite  side, , 
such  that  the  rectangle  under  its  segments  inter- 
cepted by  the  base  shall  be  equivalent  to  the  rect- 
angle under  the  segments  of  the  base  itself. 

Let  it  be  required  from  D  in  the  side  AB  of  the  tri- 
angle ABC,  to  draw  DF  to  the  opposite  side,  so  that  the 
rectangle  D£>  £F  shall  be  equivalent  to  the  rectangle 
AE,EC. 
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ANALYSIS 

Since  t)E.EF=:AE  EC,  it 
follows  that  (V  6.  El.)  DE  :  AE 
: :  EC  :  EF  -,  but  the  vertical 
angles  AED  and  CEF  areequal, 
and  consequently  (VI.  13.  El.) 
the  triangles  EAD  and  EFC  are 
similar.  Wherefore  the  angle 
ADE  or  ADF,  being  equal  to 
ECF,  is  given,  and  hence  DEl^ 
is  given  in  position. 

COMPOSITION. 

From  D  (I.  4.  El.)  draw  DEF,  at  an  angle  ADF  equal 
to  ACF,  and  the  problem  is  solved.  For  the  triangles 
EAD  and  EFC,  having  their,  vertical  angles  equal,  and 
the  angles  ADE  and  ECF  by  construction  equal,  are  (VL 
1 1 .  El.)  similar.  Whence  DE  :  AE : :  EC :  EF,  and,  there- 
fore, (V.  6.  EL)  DE.EF=AE.EC. 


PROP.  X.     PROB. 


(^1 


To  inscribe  a  square  in  a  given  triangle. 

Let  ABC  be  the  triangle  in  which  it  is  required  to  in-* 
scribe  a  square  IGFH. 


ANALYSIS. 
Join  AF,  and  produce 
it  to  meet  a  parallel  to  AC 
in  E,  and  let  fall  the  perpen- 
diculars BD  and  EK. 

Because  EB  is  parallel  to 
FG  or  AC,  AF  :  AE  :  : 
FG :  EB  (VI.  2.  EL)  5  and 
since  the  perpendicular  EK 
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is  parallel  to  FJI,  AF :  AE  :  :  FH  :  EK.  Wherefore 
FG  :  EB  : :  FH  :  EK ;  but  FG=FH,  and  consequent- 
ly (V.  8.  and  5.  EI.)  EB=EK.  Again,  EK,  being  equal 
to  BD,  the  altitude  of  the  triangle  ABC  is  given,  and» 
therefore,  EB  is  given  both  in  position  and  magnitude  ; 
whence  the  point  E  is  given,  and  the  intersection  of  AE 
with  BC  is  given,  and  consequently  the  parallel  FG  and 
the  perpendicular  FH  are  given,  and  thence  the  square 
IGFH. 

COMPOSITION. 

From  B  draw  BD  perpendicular  and  BE  parallel  to 
AC,  make  BE  equal  to  BD,  join  AE,  intersecting  BC  in 
F,  and  complete  the  rectangle  IGFH. 

Because  BE  and  EK  are  parallel  to  GF  and  FH,  AE  : 
AF  : :  BE  :  GF,  and  AE  :  AF  :  :  EK  :  FH  ;  wherefore 
BE  :  GF  :  :  EK  :  FH;  but  BE=EK,  and  consequently 
GF=FH.     It  is  hence  evident  that  IGFH  is  a  square. 

PROP.  XI.    PROB. 

To  construct  a  triangle,  of  which  the  three 
straight  lines  drawn  from  the  angular  points  to 
bisect  the  opposite  sides,  are  given. 

Let  the  straight  lines  AD,  BE,  and  CF,  bisecting  the 
opposite  sides  of  the  triangle  ABC,  be  given  ;  to  construct 
that  triangle. 

ANALYSIS. 
Through  the  vertex  B  draw  BG  and  BH  parallel  to 
AD  and  CF,  and  meeting  the  base  produced  j  extend  BE 
to  an  equal  distance  beyond  E,  and  join  GI  and  HI. 
From  the  property  of  parallel  and  diverging  lines,  it  is 
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obvious  that  BG  is  the  double  of  AD,  and  BH  the  double 
of  CF ;  for  the  same  reason^  DA  bisects  CG,  and  FC  bi- 
sects AH,  or  AC  is  equal  both  to  GA  and  to  CH, 
and  consequently 
GEisequaltoEH. 
Wherefore  the  tri- 
angles GEI  and 
BEH,  having  their 
vertical  angles  e- 
qual,  likewise  the 
containing  sides 
GE,  £1,  equal  to 
EH,  EB  are  (I.  3.  El.)  equal.  Hence  the  base  GI  i»  equal 
to  BH  or  the  double  of  CF.  All  the  sides  pf  the  trian- 
gle BGI  are  thus  given,  and  consequently  E,  the  middle 
point  of  BI,  is  given.  But  AE  or  EC,  being  the  third  part 
of  GE,  is  given ;  and  the  two  points  A  and  C,  with  the 
vertex  B,  determine  the  triangle. 

COMPOSITION. 

With  the  doubles  of  the  given  straight  lines  for  its  sides, 
construct  (I.  1.  El.)  the  triangle  BGI,  and  complete  the 
rhomboid  BGIH:  Draw  the  diagonal  GH,  which  tri- 
sect (1. 36.  El.)  in  the  points  A  and  C,  and  join  BA  and 
BC.     Then  ABC  is  the  triangle  required. 

For  join  BI,  which  must  consequently  bisect  GH  in  E. 
Since  AD  bisects  both  CG  and  CB,  the  line  AD  (VI.  2; 
£1.)  must  be  parallel  to  BG,  and  equal  to  half  of  it.  In 
the  same  way  it  is  proved  that  CF  is  the  half  of  BH  ;  and 
BE  is  evidently  the  half  of  the  diagonal  BI ;  so  that  the 
conditions  of  the  problem  are  fulfilled. 

B 
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PHOI*.  XII.    PROB. 


Given  the  perpendiculars  from  the  angles^  of  a 
triangle  on  the  opposite  sides,  to  construct  the 
triangle/ 

•  JjCt  ABC  be  a  triangle  of  which  the  perpendiculars 
drawn  froift  A,  B  and  C,  the  opposite  angles,  are  express- 
ed by  L,  M  and  N,  to  determine  the  triangle. 

ANALYSIS. 
Since  the  area  of  a  trisoigle  h  equivalent  to  half  the  rect- 
angle under  any  side,  amd  the  perpendicular  let  fall  on  it, 
(11.  5.  £^)  the  sides  themselves  must  be  reciprocally  as 
the  several  perpendiculars.  Wherefore  the  ratio  of  AB  to 
BC,  being  the  asme  as  that  of  A  F  to  CE^  is  given  :  again, 
the  ratio  of  BC to  AC,  or  that  of  BD  to  AF,  is  given;  conse- 
quently the  mutual  ratios 
of  the  sides  of  the  trian- 
gle ABC  being  given,  the 
triangle  it^^elf  h  given  in 
species.  But  it  is  Ukewise 
given  in  magnitude  $  for 
the  right  angled  triangle 
ABD  having  its  acute  an- 
gles and  its  perpendicular 
BD  given,  is  evidently 
given  ;  and  the  hypote- 
nuse AB  being  hence  given,  the  other  two  sides  of  the  trian- 
gle ABC,  which  have  a  given  ratio  to  it,  are  hence  also 
given. 
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COMPOSITION. 

Make  M  :  ^  : :  >L  :  O,  draw  AG  .:equaIto  O,  ^aod  on 

Ibis  base,  eonstFuct  a 'triangle  having  the  sides  AH^and 

fGM  equflbto  ^Land  'N ;  produae  AH  till  it  meet  a  line  at 

'the  distance  M  from  AC  in  t be  point  B,  draw  <BC  parallel 

'to  HG,  and  ABC  is  the'tri^ngle  required. 

^or,  from  tbe  properties  ofparallel  and  diverging  lines, 
AH  is  to  AG  as  AB  to  AC,  or  (II.  6.  and  V.  25.  cor.  3.  EL) 
esitbe  perpendicular  BD  to-CE  ;  rthat  i8,'L  :  O : :  BD :  C£. 
'For,  by  construction,  M  :  N  :  :  L  :  O;  and,  tberefore, 
M  :  N  :  :  BX)  :  CE;  but  BD  was  made  equal  to  M, 
and  consequently  ,(V.  4.  JEI.)  QE  .must  be  equal  to  N. 
Again,  because  HG  :  AG  :  :  BC  :  AC  : :  BD  :  AF,  or 
N:0:2BD:AF,tbereforeM:L::BD:AF;butBD;=M, 
whence  AF=;L.  The  triangle  ABC.  thus  fulfils  the  con- 
ditions, having  all  its  perpendiculars  AF,  BD,  and  CE 
equal  respectively  to  L,  M  and  N. 

PROP.  XIII.     PROB,       r  / 

r 

To  describe  a  triangle  whose  sides  are  given  in 
magnitude,  and  pass  through  three  given  points. 

Let  it  be  required  to  construct  a  triangle,  of  which  the 
sides  GI,  GH  and  HI  are  given,  and  moreover  pass 
through  the  given  points  A,  B  and  C. 

ANALYSIS. 
Join  AB>  'BC  and  AC.  Since  the  aides  of  tbe  triangle 
GHI  are  given,  its  angles  are  likewise  given.  Tbe  given 
angle  AGB,  standing  on  a  given  base  AB,  is  therefore 
contained  in  a  given  segment  of  a  circle,  of  which  the  cen- 
tre is  D.  'For  the  same  reason,  the  angles' BHC  and  AIC 
are  contained  in  given  segments  of  circles,  having  their 
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centres  in  E  and  F.  Let  fall  the  perpendiculars  DK, 
EL,  EN,  FO,  FQ  and  DR,  and  draw  the  parallel  DM, 
EP  and  FS.  Those  perpendiculars  (IlL  4.  El.)  bisect  the 
chords  BG,  BH,  CH,  CI,  AI  and  AG ;  and  BK  arid  BL, 
being  the  halves  of  BG  and  BH,  KL  or  DM  is  the  half 
of  the  side  GH,  and  is  consequently  given.  But  the  right 
angle  DME  is  contained  in  a  given  semicircle,  and  there- 
fore DM  and  the  parallel  GH  are  given  in  position.  In 
like  manner,  it  is  shown,  that  HI  and  GI  are  given  in  po- 
sition ;  whence  the  triangle  GHI  is  given  both  in  position 
and  magnitude. 

COMPOSITION. 

Join  the  points  A,  B  and  C;  and  having  formed  a  tri- 
angle having  sides  equal  to  the  given  lines  GI,  GH  and 
Hi,  on  AB,  BC  and  AC  construct  (III.  2S.  El.)  arcs  con- 
taining  the  angles 
G,  H  and  I,  and 
whose  centres  are 
D,  E  and  F  j  on 
DE,  EF  and  DF 
describe  semicir- 
cles, in  which  in- 
flect DM,  EP  and 
FS  respectively  e- 
qual  to  the  halves 
of  GH,  HI  and 
(J- J[  Gfl^  and  through  the  points  B,  C  and  A,  but  parallel  to 
DM,  EP  and  FS,  draw  GH,  HI  and  GI,  which  will  com- 
pose the  triangle  required. 

For  having  joined  EM,  FP  and  DS,  produce  them  to 
GH,  HI  and  GI,  and  draw  the  parallels  DK,  EN  and  FQ, 

It  is  evident  (III.  4.  El.)  that  GH  or  BG  and  BH  is 
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equal  to  twice  6K,  and  twice  BL,  twice  KL ;  whence  GH 
is  double  of  DM.  And,  in  the  same  manner,  it  is  shown 
that  HI  is  the  double  of  EP,  and  GI  the  double  of  FS. 
The  tnangle  GHI  is  therefore  contained  by  the  given  sides, 
and  it  passes  through  the  given  points  A,  B  and  C. 


PROP.  XIV.     PROB. 


(^/ 


Given  two  sides  of  a  triangle,  and  the  distance 
of  their  vertex  from  the  centre  of  the  inscribed 
circle,  to  construct  the  triangle. 

Let  the  sides  AB  and  CB,  together  with  the  straight 
line  BD  drawn  from  the  vertex  B  to  D  the  centre  of  the 
inscribed  circle  be  given,  to  construct  the  triangle  ABC. 

ANALYSIS. 

Join  AD  and  DC,  about  the  triangle  ADC  (III.  9.  cor. 
El»)  describe  a  circle,  produce  BD  to  £,  and  join  AE. 

Because  D  is  the  centre  of  the  inscribed  circle,  the  an- 
gle ABE  (IV.  10.  El.)  is  equal  to  CBD;  but  AEB  or  AED 
(III.  15.  El.)  is  equal  to  ACD, 
that  is,  (IV.  10.  El.)  to  DCB. 
Wherefore  the  triangle  BAE  is 
similar  to  )BDC,  and  BE  :  BA 
:  ;  BC  :  BD ;  whence  the  rect- 
angle under  BE  and  BD,  being 
(V.  6.  EL)  equivaltnt  to  the 
rectangle  under  A  Band  BC  is 
given  ;  but  BD  being  given,  BE 
and  the  point  E  are  likewise  gi- 
ven.    Again,  the  angle  DAE 
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oonsitfCiF  of  DAC  and  CAE  or  (IlL  15.  El.)  CDE;  of 
which,  DAC  is  half  the  angle  BAG,  (IV.  10.  EL)  and 
CDE  h  (I.  St).  EI.)  equ&l  to  thd  angles  CBD  and  DCB^ 
or  to  hialf  tli^' angles*  AB€  ^d' ACB;'  consequently  the 
angle  DAE  i^  Hal^of  ail  tb^  ungtes  of  the  triangle  Afik^^ 
and  is  therefore  a  right  angle,  and  (III.  19.  £1.)  stands  on 
the  diameter  DE.  Tfie  cirold  CJyAK  is  hence  given,  with 
the  points  E,  D  and  B>  and  therefore  BA  and  BC  being 
gi^cii;  fhe  pdiiitr  A-  and'  &ar6like^ise'giVeii,  and  th^jfiicb  the 
triai!i^«  A-BG. 

COMPOSITION. 

t^roduce  BD  to  E,  so  tliat  Bt)  :  BC  :  :  fiA  :  B£;  on 
DE  as  a  diameter  describe  a  circle,  and  from  B  inflect  to 
the  circumference  lines  equal  to  BA  and  6C;  then,  AC 
.  being  joined,  ABC  is  the  triangle  required. 

For  produce  BC  to  meet  the  circumference  again  in  Fy 
and  join  OA,  OF.  From  the  property  of  a  circle,  the  rect- 
angle BF,  BC  is  equivafent  to  BD,  BE ;  but,  by  construc- 
tion, this  rectangle  BD,  BE  is  equivalent  to  BA,  BC, 
which  is  therefore  equivalent  to  BF,  BC,  and  consequent- 
ly BA  is  equal  to  BF.  Wherefore  the  triangle  ABO  haa 
all  its  sides  respectively  equal  to  those  of  EBO,  and  these  Jt 
triangles  are'iience  equiangular*  The  line  BD  conse- 
quently bisects  th^  angle  ABC ;  but  since,  by  construction, 
BD  :  BC  :  :  BA  :  BE,  and  the  angle  ABL  is  equal  to 
CBD,  the  triangfes  BAE  and  BDC  are  (VI.  13.  El.)  si- 
milfir ;  wfae^'e  the  angle  AED,  which  (III.  15.  El.)  is  equal 
to  A  CD,  i^  likewise  equal  to  DCB,  and  CD  bisects  the 
angle  ACB.  The  point  D  is,  therefore,  by  its  position  the 
centre  of  a  circle  inscribed  within  the  triangle  ABC. 
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To  draw  t  straight  tijae  through  a  given  point, 
so  that  its  portions,  teiminated  by  two  ^tritight 
lines  given  in  positiox^  dyiall  have  a  ^ven  ratio. 

Let  A  be  a  given  pointy  and  BC,  BD  two  straight  lines 
given  in  position  ;  it  is  required  to  draw  ^AF,  ftuch  that 
EA  shall  be  to  AF  as  M  to  N. 

ANALYSIS. 

Draw  AG  parallel  to  BC  and  meeting  BD  in  the  point 
Gf  which  is  thus  given.  The  diverging  lines  FE,  FB  are  cut 
proportionally  by  the  parallels  BE,  GA,  (VI.  1.  EL),  and 
consequently  EA  :  AF  :  : 
BG:GF;  but  the  ratio  of 
EA  to  AF  is  given,  and 
therefore  likewise  the  ratio 
of  BG  to  GF;   and  BG 
being  given,  'GF  is  given t 
and  the  point  F ;  whence 

the  straight  fine  EAF  is  Ni -* 

given  in  position. 

COMPOSITION. 

Draw  AG  parallel  to  BC,  make  (VI.  3.  El.)  BG  :  GF  : : 
M :  'N,  and  join  FAE ;  this  is  tHe  line  required. 

For,  BE  and  AG  being  parallel,  (VI.  I.  El.)  EA :  AF :  : 
BG :  GF ;  but  by  construction  BG :  GF  :  :  M  :  N,  and 
therefore  EA :  AF  : :  M :  N« 


FI> 
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PROP.  XVI.    PROB.      ilj' 

From  the  vertex  of  a  given  triangle,  to  draw  a 
straight  line  which  shall  be  a  mean  proportional 
between  the  segments  of  the  base; 

CASE  I. 

When  the  section  is  internal. 

Let  ABC  be  the  given  triangle,  from  the  vertex  of 
which  it  is  required  to  draw  BD  a  mean  proportional  to 
the  segments  AD  and  DC  of  the  base. 

ANALYSIS. 

Describe  a  circle  about  the  triangle  (III.  9.  cor.  El.), 
and  produce  BD  to  meet  the  circumference  in  E.  Since 
BD  is  a  mean  proportional  between  AD  and  DC,  its  square 
is  (V.  6.  El.)  equivalent  to  the  rectangle  under  AD 
and  DC;  but  this  rectangle  is  equivalent  (III.  26.  EU) 
to  the  rectangle  under  BD  and  DE,  which  is  therefore  equi- 
valent to  the  square  of  BD,  and  consequently  BD  itself 
is  equivalent  to  DE.  Where- 
fore (III.  5.  El.)  FD  be- 
ing  joined,  is  perpendicular 
to  BE,  and  the  right  angle 
FDB  (III.  19.  El.)  is  con- 
tained in  a  semicircle,  whose 
intersection  with  the  base  of 
the  triangle  determines  the 
position  of  the  point  D. 
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COMPOSITION. 

About  the  triangle  ABC  (III.  9.  cor.  El.)  describe  a 
circle,  join  its  centre  F  with  the  vertex  6,  and  on  this 
straight  line,  as  a  diameter,  describe  another  circle  cutting 
the  base  of  the  triangle  in  the  point  D.  Join  BD,  and  it 
is  the  line  required. 

For  produce  BD  to  the  circumference,  and  join  FD. 

The  angle  FDB  (III.  19.  £1.)  is  a  right  angle,  and  con- 
sequently BD  is  equal  to  DE.  But  the  rectangle  AD,  DC 
(III.  26.  El.)  is  equivalent  to  BD,  DE,  or  to  the  square  of 
BD.  Whence  BD  is  a  mean  proportional  between  AD 
and  DC,  the  segments  of  the  base. 

CASE  II. 

When  the  section  is  external. 

Let  it  be  required  from  the  vertex  B  to  draw  to  a  point 
beyond  the  base  the  straight  line  BD,  a  mean  proportional 
to  the  segments  DA  and  DC. 

ANALYSIS. 
Describe  a  circle  about  the  given  triangle.     And  since, 
by  hypothesis,  the  square  of  DB  is  equivalent  to  the  rect* 
angle  under- DA  and  DC,  DB 
(III.  26.  cor.  2.  El.)  must  touch 
the  circumference.  But  this  tan- 
gent BD  is  given  in  position, 
consequently  is  likewise  its  in- 
tersection D  with  the  produced 
base. 

COMPOSITION. 

Having  described  a  chrcle  about  the  triangle,  the  tan- 
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gent  BD  applied  at  the  vertex  B  will  be  a  mean  propor- 
tional between  DA  and  DC ;  br  (IIj.  26.  cor.  2.  EL)  the 
square  of  BD  is  equivalent  to  the  rectangle  DA*  DC. 

SCHOLIUM. 

In  the  first  case^  if  the  vertical  angle  be  acute,  the  centre 
of  the  circumscribing  circle  will  lie  within  the  triangle,  and 
consequently  the  interior  circle  not  intersecting  the  base,  the 
construction  failsp  and  the  problem  becomes  then  impossi«> 
ble.  When  the  vertical  angle  is  right,  the  centre  F  (III.  19. 
£1.)  will  bisect  the  base,  and  the  interior  circle  will  past 
through  that  point,  and  again  cut  the  base  at  D,  forming 
the  perpendicular  chord  BD.  But  when  the  vertical  angle 
is  obtuse,  the  centre  F  wiU  always  fall  below  the  base,  and 
the  interior  circle  will  assign  two  different  positions  BD 
and  BD^  of  the  mean  proportional.  In  the  second  case, 
the  line  BD  can  have  only  a  single  position  ;  but  when  the 
triangle  becomes  isosceles,  the  problem  will  fail. 

PROP.  XVII.     PROB.     ^ 

Through  a  given  point»  to  draw  a  siaraight  line 
that  shall  be  cut  in  a  given  mtio^  by  the  circum- 
ference of  a  given  circle. 

Let  A  be  the  given  point,  and  EDGE  the  given  circle  f 
it  is  required  to  draw  BC,  so  that  BA  «hatt  be  to  AC  «a 
the  line  M  to  N. 

ANALYSIS. 

Draw  the  diameter  DAE,  join  DB,  C£,  and  draw  CF 
parallel  to  DB.     Because  the  point  A  and  the  centre  of 
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tfae  circle  afe  given,  the  diame- 
ter D£  is  given  in  position » and 
consequent^  its  extremities  D 
and  E  are  given.  But,  DB  and 
CF  being  parallel,  BA  :  AC : : 
t)A  :  AF  (VL  1.  EI.),  where- 
fore  the  ratio  of  DA  to  AF  is 
given,  and  since  DA  is  given, 
AF  is  also  given.  Again, 
BA.AC  =  AD.AE  (III.  26. 
El.),  and  consequently  AE :  AC 
::  BA  :  DA;  but  BA  :  DA  :  : 
AC:  AF  (VI.  I.  El),  whence 
AE:  AC  ::  AC:  AF;  or  AC 
is  a  mean  proportional  between 
AF  and  AE,  and  is,  therefore,  given.  The  point  C  is  thu« 
given,  and  consequently  BC. 


COMPOSITION. 

Having  drawn  the  diameter  DE,  make  DA:  AF:  :M:  N, 
find  (VI.  16.  El.)  AG  a  mean  proportional  between  AF  and 
AE,  and  inflect  AC  equal  to  it  ^  BAC  is  the  straight  line 
required. 

For  join  DB,  CF,  and  CE.  Since  (III.  26.  EI.)  the 
rectangle  BA,  AC  is  equivaient  to  the  rectangle  DA,  AE, 
it  follows  that  AE :  AC :  i  BA :  DA ;  but,  by  construction, 
AE :  AC : :  AC :  AF,  and  therefore  AC :  AF : :  BA  :  DA ; 
hence  (VL  I.  cor.  1.  El.)  CF  is  parallel  to  DB,  and  conse- 
quently, BA  is  to  AC,  as  DA  to  AF,  that  is,  as  M  to  N. 


• 


3S  GEOMETRICAL  ANALYSIS. 

PROP.  XVIII.    PROB. 

From  two  given  points  in  the  circumference  of 
a  given  circle,  to  inflect,  to  another  point  in  that 
circumference,  straight  lines  which  shall  have  a 
given  ratio. 

From  the  points  A  and  B,  let  it  be  required  to  inflect 
AC  and  BC  in  a  given  ratio. 

ANALYSIS. 

Draw  (I.  5.  El.)  CE  bisecting  the  vertical  angle  ACB. 
Therefore  (VI.  10.  El )  AC  :  CB  : :  AD  :  DB,  and  conse- 
quently  the  ratio  of  AD  to  DB  is 
given,  and  thence  (VI.  4-.  El.)  the 
point  D  is  given.  But  since  the  an- 
gle ACE  is  equal  to  BCE,  the  arc 
AE  is  (III.  16.  cor.  El.)  equal  to  the 
arc  EB,  and  therefore  the  point  E 
is  given.  Whence  the  points  E  and 
D  being  given,  the  straight  line 
EDC  is  given  in  position,  and  consequently  the  point  C 
and  the  chords  AC  and  BC  are  given. 

COMPOSITION. 

Bisect  (III.  13.  El.)  the  arc  AEB  in  E,  divide  AB  (VI. 
4.  El.)  in  the  given  ratio  at  D,  join  ED,  and  produce  it  to 
meet  the  opposite  circumference  in  C;  the  chords  AC  and 
CB  are  in  the  given  ratio. 

For  since  the  arc  AE  is  equal  to  BE,  the  angle  ACD 
is  (III.  16.  cor.  El.)  equal  to  BCD,  and  consequently  (VL 
10.  El.)  AC  :  CB :  :  AD  :  DB,  that  is,  in  the  given  ratio. 
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PROP.  XIX.    PROB. 


Through  a  given  point,  to  dratw  a  straight  line 
to  a  circle,  so  that  the  rectangle  under  the  part 
limited  by  the  circumference  and  the  segment  in- 
cluded within  the  circle,  shall  be  equal  to  a  given 
space. 

Let  it  be  required,  through  the  point  A,  to  draw  ABC, 
such  that  the  rectangle  AB,  BC,  shall  be  equal  to  a  given 
space. 

ANALYSIS. 

Through  the  centre  O  draw 
AF,  and  (II.  8.  El.)  find  AE, 
which  forms  with  AD  a  rect- 
angle equal  to  the  given  space; 
Because  (III.  26.  El).  AB.AC 
=  AD.AF^and,  by  construc- 
tion, AB.BC  =  AD  AE;  it 
follows  (V.  6.  El.)  that  AD:  AB 
:  :  AC  :  AF  :  :  BC  .  AE  ; 
whence  (V.  19.  cor.  1.  El.) 
AD:AB::ACa)BC,  that  is 
AB:AFc/>  AEorEF.  Where- 
fore  AB  is  a  mean  proportional  between  AD  and  EF;  but 
AE  being  given,  EF  is  also  given,  and  consequently  AB  is 
given  both  in  magnitude  and  position. 
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COMPOSITION. 

Draw  AF  thcdugk  the  centre  d(  tke  drcle,  make  (II.  8. 
£1.)  the  rectangle  AD,  AE  equal  to  the  given  space,  find 
^ VI.  1 6.  £1.)  .a  mean  propomonal  to  AD  and  £F,  and  in- 
flect Ibifi  from  A  towards  B ;  the  rectangle  AB,  EC  is  e- 
<|ual  to  4be  given  space. 

For  (V.  6.)  AD  :  AB  :  :  AB  :  £F,  and  (V.  6.  and  III. 
26.  El.)  AD  :  AB  :  :  AC  :  AF,  whence  (V.  19.  cor.  1. 
EI.)  AD  :  AB  :  :  ACzzpAB  or  BC  :  AFzpEF  or  AE, 
and  jconsequently  AD.AE=AB.BC. 


PROP.  XX.    PROB.    ^ 

Through  two  given  points,  to  describe  a  circle 
bisecting  the  circumference  of  a  given  circle. 

Let  A  and  B  be  two  points,  through  which  it  is  requir* 
ed  to  describe  a  circle  ADGEB,  that  shall  bisect  the  cir* 
camference  of  the  circle  HDFE. 


ANALYSIS. 

Join  D,  E)  the  points  of  intersection, 
by  hypothesis,  a  semicii^cumfe- 
rence,  DE  is  a  diameter,  and 
must,  therefore,  pass  through  the 
centre  C.  Join  AC,  and  produce 
it  to  F.  Since  DC=CE,  it  is 
evident  (III.  26.  El.)  that  AC.CG 
=  DC*  =  HC.CF;  but  the  rect- 
angle  HC,  CF  is  given,  and  con- 
sequently the  rectangle  AC,  CG 
is  also  given;  and  AC  being  given, 


Because  DFE  is. 
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CG  is  hence  given,  and  the  point  O.  Wherefore  the  three 
points  A»  O9  and  B  being  given,  the  circle  AOB  is  (III. 
9,  EL)  given« 

COMPOSITION. 

Through  C,  the  centre  of  the  given  circle,  draw  ACF» 
make  (VI. S. El.)  AC:  HC : :  CF  or  HC  :  CG,  and  through 
the  three  points  A,  G,  and  B,  describe  (111.  9.  cor  £1.) 
the  circle  AGB  :  This  will  bisect  the  circumference 
HDFE. 

For,  through  one  of  the  points  of  intersection,  draw  the 
diameter  DCI,  and  produce  it  to  meet  the  circumference 
of  the  circle  AGB  in  K.  Because  AC :  HC  : :  HC  :  CG, 
the  square  of  HC  is  (V.  6.  El.)  equal  to  the  rectangle  AC 
and  CG;  but  (IIL  26.  El )  HC*  =  DC.CI,  and  AC.CG 
=  DC.CK:  wherefore  DC.CI=DC.CK,  and  (II.  3.  cor. 
El.)  CI  =  CK,  or  the  points  I  and  K  are  one^  and  the  cir- 
cle AGB  passes  through  both  extremities  of  the  diameter 
of  HDFE* 

PROP.  XXI.     PROB. 

Tdvo  arcs  of  different  circles  being  constituted 
on  the  same  chord,  to  draw  from  its  extremity  a 
straight  line,  of  which  the  portion  intercepted  by 
those  arcs  shall  be  equal  to  a  given  line. 

Let  the  arcs  ACB  and  AEB  stand  on  the  same  base 
AB ;  it  is  required  to  draw  ACD,  such  that  CD  shall  be 
^qual  to  F. 
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ANALYSIS. 

Join  BC  and  BD.  The  angle  CDB  contained  in  the 
arc  AEB  is  given;  and  so  is  ACB,  and  consequently 
its  supplement  BCD ;  wherefore 
all  the  angles  of  the  triangle 
CBD  are  given,  and  the  triangle 
itself  is  given  in  species.  But 
jt  is  likewise  given  in  magnitude, 
for  the  side  CD  is  given.  Hence 
BD  is  given,  and  therefore  the 
point  D  and  the  line  ACD  are  al- 
so given. 

COMPOSITION. 

Draw  the  tangent  AE  and  join  BE ;  make  AE  to  BE 
as  F  to  G,  and  in  the  exterior  segment  inflect  G  from  B 
to  D ;  ACD  being  drawn  in  the  line  required. 

For  join  BC  and  BD,  the  angle  AEB  UH-  16.)  is  equal 
to  ADB  or  CDB,  and  the  angle  EAB  is  equal  to  the  an- 
gle in  the  segment  alternate  to  ACB,  or  to  the  exterior 
angle  BCD  ;  consequently  the  triangle  AEB  is  similar  to 
CDB,  and  AE  :  BE  : :  CD  :  BD  ;  but,  by  construction, 
AE  :  BE :  :  F  :  G,  and  hence  CD  :  BD:  :  F :  G;  where- 
fore  (V.  4.  El )  since  BD  was  made  equal  to  G,  CD  must 
be  equal  to  F. 

PROP.  XXII.    PROB. 

Through  a  given  point  in  the  interior  circum- 
ference of  two  given  concentric  circles,  to  dfaw 
a  straight  line  which  shall  intercept  chords  in  a 
given  ratio. 
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Let  it  be  required,  through  the  point  A^  to  draw  the 
straight  line  CAD,  such  that  the  chords  AB  and  CD  of 
the  concentric  circles  shall  have  a  given  ratio. 

ANALYSIS. 

From  the  common  centre  O  let  fall  the  perpendicular  0£, 
and  draw  CF  parallel  to  this,  meeting  O  A  produced  in  F. 

The  perpendicular  0£  (III.  ^.  £1.)  bisects  lK)th  the 
chords  AB  and  CD;  wherefore  the  ratio  of  A£  to  C^, 
being  thus  the  same  as  that 
of  A  B  to  CD,  is  given ; 
but  (VI.  ].  £1.)  the  ratio 
is  likewise  the  same  as  that 
ofOAtoOF,  whic  his  con- 
sequently given;  whence 
OF  and  the  point  F  are 
given.  Now  ACF  being 
a  right  angle,  is  contain- 
ed in  a  semicircle  descri- 
bed on  the  given  diameter  AF,  and  therefore  its  intersec- 
tion C  is  given. 

COMPOSITION. 

Join  the  common  centre  O  with  the  point  A,  -and  pro- 
duce the  line,  till  OA  be  to  OF  in  the  given  ratio ;  on  AF 
as  a  diameter  describe  the  circle  ACF,  cutting  the  exte- 
rior circle  in  C  or  C ;  the  compound  chord  CAD  or 
CAD'  is  the  line  required. 

For,  let  fall  on  CD  the  perpendicular  OE.  The  an- 
gle ACF  being  (III.  19.  £1.)  a  right  angle,  it  is  evident 
that  OE  is  parallel  to  CF,  and  consequently  that  OA  is 

c 
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to  OF  as  A  E  to  CE,  or  as  their  doubles  AB  to  CD,  which 
are' chords  therefore  drawn  from  the  point  A  in  the  giveH 
ratio. 

The  compound  chord  has  obviously  two  positions,  ex- 
cept when  AF  is  equal  to  AC.  But  if  AF  be  less  than 
AF9  the  problem  is  impossible. 

PROP.  XXIII.    PROB. 

To  cut  a  given  straight  line,  such  that  the 
square  ot  one  part  shall  be  equivalent  to  the  rect- 
angle under  the  remfainder  and  another  given 
straight  line. 

Let  AB  be  a  straight  line,  from  which  it  is  required  to 
cut  off  a  segment  AG,  whose  square  shall  be  equivalent  to 
the  rectangle  under  the  remainder  and  the  straight  line  C. 

ANALYSIS. 

Produce  BA  till  AD  be  equal  to  C,  on  DB  describe  a 
semicircle  and  erect  the  perpendicular  AF.    Because  AG* 
=  CxGB,  it  follows  (V.  6.  El.) 
that  DA   :  AG  :  :  AG  :  GB ; 
wherefore  (V.  19.  El.)  DA :  AG 
: :  DG  :  AB,  and  consequently  / 

DA.AB=AG.DG-,    but   (IIL         ^- — r-/- 

26.  cor.  J.  El.)  DA  AB=  AF*;        c ^— 

and  therefore  AG.DG  =  AF*; 

whence  AF  is  equal  to  a  tangent  drawn  from  G  to  a  semi- 
circle described  on  DA.  Bisect  DA  in  E,  and  join  EF; 
and  because  AG.DG  =  AF*,  add  EA*  to  each,  and 
AG.DG +  EA*,  or  (II.  17.  cor.  2.  El.)  EG%  is  equivalent 


./v    Kir, 
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to  AF*+EA*  or  (II.  10.)  EF»  ;  whence  EG  is  equal  to 
£F,  and  is  therefore  given. 

COMPOSITION. 

Having  produced  AD  equal  to  C,  and  described  on  BD 
a  semicircle,  erect  the  perpendicular  AF,  bisect  AD  in  E, 
join  EF  and  make  EG  equal  to  it ;  the  square  of  the  seg- 
ment AG  thus  formed  in  A  B  is  equivalent  to  the  rectan- 
gle under  the  remaining  part  GB  and  the  given  line  C. 

For  EFA  being  a  right  angled  triangle  EF*  =  EA*  + 
AF*  (II.  10.  El),  and  consequently  AF*  =  EF*— EA*, 
or  EG*  —  EA* ;  and  since  (II.  l7.  El )  EG*  _  EA*  = 
(EG  +  EA)  (EG—  EA),  or  DG.AG,  therefore  AF*  = 
DG.AG.  But  (III.  26  cor.  1.  El.)  AF*  =  DA.AB; 
whence  DG.AG  =  DA.  AB»  and  AG  :  AB  : :  DA :  DG 
(VI.  6.  El.) ;  wherefore  (V.  II.  and  V.  7.  El )  AB-^AG, 
or  GB :  AG  : :  DG— DA  or  AG :  DA,  whence  (V.  6.  EI.) 
AG*  =  GB.DA. 

Cor.  If  DA,  or  C,  be  equal  to  AB,  then  AG*  =  AB.BG, 
or  AB:  AG: :  AG  :  BG,  and,  therefore,  the  line  AB  is 
now  divided  in  extreme  and  mean  ratio,  at  the  point  G. 
The  construction  also  becomes  evidently  the  same  with 
that  which  was  given  in  Book  II.  Prop.  19.  of  the  Ele-^ 
ments,  for  the  medial  section  of  a  line,  and  which  is  really 
a  simple  case  of  the  same  problem. 


PROP.  XXIV.    PROB. 


1*0  divide  a  straight  line,  such  that  its  segments 
shall  have  the  subduplicate  ratio  of  those  formed 
by  another  given  section  of  it- 
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Let  it  be  required  to  divide  the  straight  line  AB  in  D, 
such  that  the  segments  AD,  DB  shall  be  in  the  subdupU- 
cate  ratio  of  other  segments  AC,  CB. 

1 .  Let  the  given  section  be  internal, 

ANALYSIS. 

On  AB  describe  a  semicircle,  erect  the  perpendicolar 
CE>  and  join  AE,  BE  and  ED  or  ED".     Because  (III. 
19.  £1.)  AEB  is  a  right  angle,  the  ratio  of  AE  to  BE  (VL 
15.  cor.  1.  El.)  is  the  sub- 
duplicate  of  that  of  AC 
to  BC,  and  consequently 
AE  :  BE  : :  AD  :  BD,  or 
AD'  :   BEK;     wherefore 
(VI.  10.  cor.  El.)  the  ver- 

tical  angle  AEB  is  bisected  internally  or  externally  by 
ED  or  Ely.  But  the  perpendicular  and  the  semicircle 
being  both  given,  the  vertex  E,  the  straight  line  ED  or  EIV^ 
and  the  point  of  section  D  or  D',  are  likewise  given. 

COMPOSITION. 

Having  on  AB  described  a  semicircle,  erect  the  perpen- 
dicular CE,  join  EA,  EB,  and  draw  ED  or  ED'  bisecting 
the  angle  AEB  or  its  adjacent  angle  AEF;  the  internal 
segments  AD,  DB,  or  the  external  segments  AD',  IKB, 
are  in  the  subduplicate  ratio  of  AC  to  CB. 

For  (VI.  10.  El.)  AE :  BE : :  AD :  DB,  or  AD' :  D'B ; 
but  the  triangle  AEB  being  right-angled,  AE  is  to  BE 
(VI.  15.  cor.  El.)  in  the  subduplicate  ratio  of  AC  to  CB, 
and  consequently  AD  is  to  BDj  or^AD'  to  D'B,  in  the  same 
subduplicate  ratio. 


13O0R  r.  9? 

^.  Let  the  given  seetion  be  external, 

ANALYSIS. 

On  A6  describe  a  semicircle,  draw  the  tangent  CE,  and 
j6in  A£»  BE,  and  ED  or  ED'.  The  triangles  ACE  and 
ECB  are  similar,  for(II1.21.  El.)  the  angle  CEA  is  equal  to 
CBE  in  the  alternate  segment^  and  BC£  is  common  to  both 
triangles;  whence  AC  :  CE  ^ 

I  :  CE  :  BC,  and  conse-  ^""^sis, 

quently  (V.  def.  20.  El.)  the 
ratio  of  CE  to  BC  is  the 
subduplicate  of  that  of  AC  ^  C    i^.     jd' 

to  BC.  But  in  these  similar  triangles,  AE :  CE  : :  BE:  BC, 
and  alternately  AE :  BE  : :  CE :  BC  j  wherefore  AE  BE 
: :  AD  :  DB,  or  AD'  :  D'B,  and  the  vertical  angle  AEB 
(VI.  1 0.  cor.  El.)  is  bisected  externally  or  internally  by  ED 
or  ED'. 

COMPOSITION. 

Having  described  a  semicircle  on  AB,  apply  (III.  22. 
El.)  the  tangent  CE,  join  AE,  BE,  and  draw  ED  or  ED' 
bisecting  externally  or  internally  the  vertical  angle  AEB  j 
the  external  segments  AD,  DB,  or  the  internal  segments 
AD',  D'B  are  in  the  subduplicate  ratio  of  AC  to  BC. 

For  the  angle  CEA  being  (III.  21.  El.)  equal  to 
CBE,  and  BCE  common  to  the  two  triangles  ACE  and 
ECB,  these  are  similar,  and  AC  :  CE  : :  CE  :  BC ;  whence 
the  ratio  of  CE  to  BC  is  the  subduplicate  of  that  of  AC  to 
BC.  Again,  from  the  same  similar  triangles,  AE  :  CE 
: :  BE  :  BC,  or  alternately  AE :  BE : :  CE  r  BC,  and  there- 
fore AE  is  to  BE  in  the  subduplicate  ratio  of  AC  to  BC. 
But  (VI.  10.  El.)  AE :  BE : :  AD :  DB,  or  AD' :  D'B,  and 
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consequently  the  ratio  of  AD  to  DB  or  of  AD'  to  D'B  is 
the  subduplicate  of  that  of  AC  to  BC. 

Cor,  In  the  second  dase,  the  angle  CD'E  (I.  30.  El.) 
being  equal  to  D'EB  and  D'BE,  which  are  equal  to  D'EA 
and  AEC,  is  therefore  equal  to  CED^  and  the  triangle 
D'CE  is  hence  isosceles.  Again,  the  angle  DEF,  equal  by 
hypothesis  to  DEA  or  CED  and  AEC,  is  (I.  30.  El.)  e- 
qual  to  CDE  and  QBE  or  AEC>  and, consequently  the  tri- 
angle DCE  is  likewise  isosceles.  Wherefore  CE  =  CD= 
CD',  and  thus,  without  bisecting  the  vertical  angle,  the 
point  D  or  D'  is  found  from  the  tangent  CE,  which  is  a 
Tnean  proportional  between  the  segments  AC  and  BC« 


PROP.  XXV.     PROB. 

Through  two  given  points,  to  draw  straight 
lines  to  a  point  in  the  circumference  of  a  given 
circle,  so  that  the  chord  of  the  intercepted  seg- 
ment shall  be  parallel  to  the  straight  line  which 
joins  the  given  points. 

Let  it  be  required,  from  the  points  A  and  B,  to  inflect 
AC  and  BC  cutting  the  given  circumference  in  D  and  Ej 
such  that  the  chord  DE  shall  be  parallel  to  AB. 

ANALYSIS. 

From  D  (III.  20.  cor.  El.)  draw  the  tangent  DF,  meet- 
ing AB  in  F.  The  angle  FDE  is  equal  (IIL  21.  EL) 
to  the  angle  ECD,  or  its  supplement,  in  the  alternate  seg- 
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ment;  hutDEbeingparallel  to 

AB,  the  angle  FDE  or  its  sup- 

plement  is  (I.  22.  El.)  equal 

to  the  alternate  angle  AFD, 

which  is  consequently  equal  to 

the    angle   ECD  or   ACB ; 

wherefore  the  triangles  ADF 

and  ABC,  having  likewise  a 

common  angle  CAB,  are  (VI. 
11.  EL)  similar,  and  AD  :  AF 

i:  AB:  AC,  and  hence  AD.  AC 
=  AF.AB.  Butsince  the  point 
A  and  the  circle  DCE  are 
given,  the  rectangle  AD,  AC  is  also  given  ;  for  it  is 
equal  to  the  square  of  the  Ungent  AG  (III.  26.  cor.  2. 
El ),  when  A  lies  without  the  circumference,-*  and  equal 
to  the  square  of  AG  (III.  26.  cor.  1.  £1.)  a  perpendicu- 
lar to  the  diameter,  in  the  case  where  that  point  lie§  with- 
in the  circle.  Hence  the  rectangle  AF,  AB  is  given ;  and 
AB  being  given*  AF  is  likewise  given,  and  consequently 
the  point  F.  Wherefore  the  tangent  FD  is  given  in  po- 
sition ;  and  since  the  point  A  is  given,  the  straight  line 
AC  is  given^  and  thence  BC  and  the  intersection  E. 


COMPOSITION. 

If  the  point  A  be  without  the  circle,  draw  the  tangent 
AG ;  or  if  it  lie  within  the  circle,  erect  AG  perpendicular 
to  the  diameter  which  passes  through  it.  Make  (VI.  3.  El.) 
AB:  AG  : :  AG  :  AF,  from  F  draw  the  tangent  FD,  join 
AD|  and  produce  it  to  meet  the  opposite  circumference  in 
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C,  join  CB,  cutting  the  circle  in  £ ;  the  straight  Uife  D£ 
is  parallel  to  AB. 

For,  since  AB:  AG: :  AG  :  AF,  AG*  =  AB.AF;  but 
(III.  26.  cor.  1.  and  2.  El.)  AG*  =:  CA.AD,  >vbence 
AB.AF=CA.AD,  and  consequently  ,^V.  6.  El.)  AB  ;  AC 
: :  AD :  AF.  Wherefore  (VL  13.  £1.)  the  triangles  BAG 
and  DAF,  having  the  sides  about  their  common  angle 
proportional,  are  similar,  and  hence  the  angle  ACB  is  e- 
qual  to  AFD;  but  (III.  21.  £1.)  ACB  or  DCE  is  equal  to 
EDF  or  its  supplement,  and  cpnsequently  ihe  angle  AFD 
is  equal  to  EDF  or  its  supp)»iient,  and  (1.  22.  con  m») 
the  chord  DE  is  parallel  to  AB. 

PROP.  XXVI.     PROB. 

From  two  given  points,  to  inflect  straight  lines 
to  the  circumference  of  a  circle^  such  that  the 
chorA  of  their  intercepted  arc  shall  tend  to  a  given, 
point  in  the  direction  of  the  former. 

Let  it  be  required,  from  the  points  A  and  B,  to  inflect 
AF  and  BF,  so  that  the  chord  DG  produced  shall  meet 
the  extension  of  AB  in  the  point  C. 

ANALYSIS. 

Draw  DE  parallel  to  AC, 
join  EG,  and  produce  it  to 
meet  AB  in  H.  ' 

The  angle  BHG  is  equal  to 
the  alternate  angle  GED, 
which  is  equal  (III.  15.  £1.)  . 
to  GFD,  and  consequently  the 
angles  BHG  and  BFA  are  e- 
qual^  and  the  triangles  BGH 
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and  BAF  are  similar.  Wherefore  BG :  BH :  t  BA :  BF, 
and  BG.BFsBH.BA;  battbe  reobiiigle  B6,  BF  itgiven^ 
Mnoe  it  is  equal  to  the  square  of  a  tangent  draim  from  B, 
and  hence  BH.BA  is  given,  and  the  point  H.  The  pro* 
blem  is  thus  reduced  to  the  last  Proposition,  and  only  re- 
quires, from  the  points  C  and  H,  to  inflect  CD  and  HE, 
such  that  D£,  the  chord  of  their  intercepted  arc^  may  be 
parallel  to  HC. 

COMPOSITION. 

From  the  point  B  draw  a  tangent  to  the  circle,  find  BH 
a  third  proportional  to  BA  and  it,  and,  by  the  last  Pro* 
position,  inflect  HE  and  CD  such  that  DE^shall  be  paral- 
lel to  HC ;  then  BG,  being  produced  to  F  in  the  cir- 
cumference, ADF  forms  one  straight  line. 

For  since  the  tangent  is  a  mean  proportional  to  BA  and 
BH,  the  rectangle  BA,  BH  will  be  equivalent  to  the 
iquareof  that  tangent,  or  (III.  26.  cor.  2.  £1.)  to  the  rect- 
angle BG,  BF ;  consequently  (V.  6.)  BA  :  BF : :  BG :  BH, 
and  (VI.  18.  El.)  the  triangles  BAF  and  BGH  are  similar ; 
wherefore  the  angle  BFA  is  equal  to  BHG,  which  (I.  22. 
£1.)  is  equal  to  GED,  and  this  again  (III.  16.  £1.)  is  equal 
to  GFD;  whence  BFA  is  equal  to  GFD,  or  the  straight 
lines  FA  and  FD  lie  in  the  same  direction  from  F. 

PROP.  XXVII.     PROB. 

Through  a  given  point  to  draw  a  straight  line> 
so  that  the  rectangle  under  its  segments,  inter- 
cepted by  two  straight  lines  given  in  position, 
shall  be  equal  to  a  given  space. 
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Let  AB,  AC  be  two  straight  lines,  and  D  a  point 
through  which  it  is  required  to  draw  £F,  such  that  the 
rectangle  under  its  segments  £D,  DF  shall  be  equd  to  a 
given  space. 

ANALYSIS- 

Join  AD,  from 
F  draw  (L  4.  El.) 
FG»  making  an 
angle  DFG  equal 
to  DAE,  and 
meeting  AD  or 
its  production  in 
G.  The  triangles 
ADE  and  FDG, 
being  thus  evi- 
dently similar, 
AD :  ED : :  DF:DG,  and  consequently  (V.  6.  El.)  AD.DG 
=  ED.DF.  But  the  rectangle  ED,  DF  is  given,  and  there- 
fore also  the  rectangle  AD,  DG ;  and  since  AD  is  given  in 
position  and  magnitude,  DG  and  the  point  G  are  given. 
Again,  the  angle  DFG,  being  equal  to  DAC,  is  given, 
and  thence  (III.  23.  El.)  the  segment  of  the  circle  which 
contains  it ;  wherefore  the  contact  or  intersection  of  that 
arc  with  the  straight  line  AB  is  given,  and  consequently 
the  position  of  EF  or  £T^  is  likewise  given. 

COMPOSITION. 

Join  AD,  make  the  rectangle  AD,  DG  equal  to  the  gi- 
ven space,  and  on  DG  describe  (III.  27.  El.)  an  arc  con- 


taining  an  angle  equal  toDACi 
and  meeting  AB  in  F  or  F'; 
EDF  or  EDF-  is  the  straight 
line  required. 

For  the  triangles  ADE  and 
FDG  are  similar,  and  conse- 
quently (VI.  1 1.  El.)  AD ;  ED 
: :  DF:DG;  whence(V.6.  EL) 
ED.DF  =  AD.DG ;  but  ihe 
rectangle  AD.DG  is  equal  to  the  given  space,  and  ther^ 
fore  the  rectangle  ED.DF  is  also  equal  to  that  space. 

A  limitation  evidently  takes  plac^  when  the  points  F 
and  F'  coincide,  and  the  circle  touches  the  straight  line 
AB.  In  this  case,  the  angle  AFD  or  BFD,  being  equal 
to  DGF  in  the  alternate  segment,  is  therefore  equal  to 
AED,  and  consequently  AFE  is  equal  to  AEF)  and 
(I.  n.El.)  AF=AE. 

PROP.  XXVIII.    PROB. 

From  two  given  points,  to  draw  straight  lines 
to  the  same  point  in  a  line  given  by  position, 
which  shall  be  together  equal  to  a  given  line. 

Lri  it  be  required,  from  the  ^ven  points  A  and  B,  to 
draw  to  a  point  in  the  line  HI,  the  straight  lines  AC  and 
BC,  whose  sum  is  given. 

ANALYSIS. 
Join  AB,  and  bisect  it  in  O,  make  OD  equal  to  half 
the  sum  of  the  converging  lines  AC  and  BC|  let  fall  the 
perpendicular  OF  on  AB,  and  cut  off  DM  equal  to  AC. 
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It  IB  obvious  (II.  21.  cor.  EL)  thai  tliediffi»reiicebetweai 
the  squares  of  AC  and  BC  in  equiralent  to  the  difiereoce  be- 
tween the  squares  of  AF  and  BF,  and  consequehtly  that  the 
rectangle  under  the  sum  and  difference  of  AC  and  BC  is  e* 
quivalenttothe  rectangle  under  the  sudi  aoddifiercDceof  AF 
and  BF;  that  is,  the  rectangle  under  20D  and  20Mise- 
quivalent  to  the  rectaingie  under  20A  and  20F.  Wherefore 
OD.OM= OA.OF,  and  ( V.  a;  El.)  OA :  OD : :  OM :  OF; 
make  OA  :  OD : :  OD :  OE,  and  (V.  20.  EL)  OA  :  OD :  : 
OD— OM  or  AC  :  OE-^OF  or  EF,  and  alternately 
OA :  AC : :  OD :  EF.  Draw  EG,  DH,  and  OI  perpendicular 
to  BE,  and  (VI.  1.  EL)  OD  :  EF : :  HI :  GC;  consequent- 
ly  HI  :GC  :  :OA :  AC, or  HI  :OA: :  GC  :  AC.  But  HI 
and  OA  being  given,  the  ratio  of  GC  to  AC  is  likewise 
given;  having 
joined  '  GA, 
therefore,  the 
triangle  GAC 
has  an  angle 
GCA  given, 
and  the  sides 
containing  it 
in  a  given  ra- 
tio,    and     is 

.therefore  (VI.  13.  EL)  given  in  species.  Whence  the  angle 
ACG  being  given,  the  point  C  is  given,  and  the  straight 
lines' AC  and  BC. 


COMPOSITION. 

Having  joined  AB,  bisect  it  in  O,  and  OD  representing 
halfthesum  of  the  lines  as  before,  make  O  A :  OD  : :  OD:  OE, 
draw  EG,  DH,  and  OI  perpendicular  to  AB,  join  GA^ 
make  GK  equal  to  HI,  and  from  K  as  a  centre,  with  a  ra^ 
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dius  equal  to  OA,  describe  a  circle  toucbinger  eotting  GA 
ID  L9  join  KL,  and  parallel  to  it  draw  AC,  and  join  BC; 
then  AC  and  BC  are  the  lines  required. 

For  since  (VI.   2.  EL)  GK  or  HI  :  KL  or  OA  :  : 

GC  :  AC  or  DM :  by  alternation  OA  :  DM  : :  HI :  GC, 

and  consequently  (VI.  I.  El.)  OA  :  DM  :  :  OD  :  EF,  or 

O A  :  OD  :  :  DM  :  EF  5  but  by  construction  OA  :  OD  : : 

OD  :  OE,  and  therefore  (V.  20.  El.)  OA  :  OD  : :  OD—DM 

or   OM:OE— EForOF;  whence  the  rectangle  OA,  OF 

is  equivalent  to  the   rectangle   OD,   OM,  and  likewise* 

20  A.2OF = 2OD.2OM.  Make  ON  =  OM,  and  20D.20M 

=:(DN  +  DM)  (DN-DM)  =  DN*— DM*,  and  consc- 

quently  20A/i0F  =  (II.  21.  El.)  BC*— AC*  =  DN*— 

DM*;  but  AC  is  equal  to  DM,  and  therefore  BC  =  DN, 

or  AC  +  BC  =  DM+DN=2DO. 

PROP.  XXIX.    PROB. 

From  one  of  the  comers  of  a  given  square,  to 
draw  a  straight  line,  such  that  its  portion,  inter- 
cepted between  the  opposite  sides  of  the  figure, 
shall  be  equal  to  a  given  straight  line. 

Let  A6CD  be  a  square,  and  from  the  point  A  let  it  be 
required  to  draw  AEF,  so  that  the  part  EF,  intercepted 
between  CD  and  BC,  or  their  extension,  may  be  equal  to 
a  given  straight  line. 

ANALYSIS. 

Draw  FG  perpendicular  to  AF,  meeting  AD  produced 
in  G,  from  G  let  fall  the  perpendicular  GH  ilpon  BC  pro- 
duced, and  join  EG. 
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The  angle  EFH  is  (I.  30.  El )  equal  to  ECF  and  FEC, 
and  it  is  also  equal  to  EFG  and  GFH;  consequently,  ECF 
and  EFG  being  right 
angles,  the  remaining 
angles  FEC  and  GFH 
are  equal ;  whence  the 
triangles  EAD  and 
FGH,  having  the  an- 
gle AED  or  CEF  e- 
qual  to  GFH,  the  an- 
gles at  D  and  H  both 
right  angles,  and  the  side  AD  equal  to  GH  or  CD, — are 
(I.  21.  El.)  equal,  and  therefore  the  side  AE  is  equal  to 
FG.  But  EFG  and  EDG  being  right  angled  triangles, 
EF*+FG*  =  EG*  =  ED*  +  DG%  (II.  10.  El.),  or  EF*  + 
AE*  =  ED*  +  DG*;  but  AE*  =  AD*  +  ED*,  and  hence 
EF*  +  AD*  +  ED*  =  ED*  +  DG*,  or  EF*  +  AD*  =  DG*. 
Wherefore,  since  EF  and  AD  are  both  given,  DG  is  also 
given,  and  consequently  AG :  but  the  right  angle  AFG 
being  contained  in  a  semicircle  described  upon  AG,  the 
point  F  or  F',  its  contact  or  intersection  with  BC,  is  gi- 
ven, and  consequently  the  straight  line  AEF. 

COMPOSITION. 

Make  AI  equal  to  the  given  straight  line,  join  DI,  and^ 
equal  to  this,  produce  AD  to  G,  upon  AG  describe  a  se- 
micircle meeting  the  extension  of  BC  in  F  or  F^,  and  join 
AEF  or  AF'E' ;  EF,  the  external  part  of  that  straight 
line,  is  equal  to  AI. 

For  join  FG,  EG,  and  let  fall  the  perpendicular  GH 
upon  BF.  It  is  evident  that  EF*  +  FG*  =  ED»  +  DG*  ; 
and  FG  being  equal  to  AE,  EF*-|-AE*  =  ED*+DG*. 
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But  AE*=AD*+ED%  and  DG*=DP=AI>*+AP; 
whenceEF*  +  AD*  +  ED*  =  ED*+AD*+AP,and  there- 
fore  EF*  =  AI%  and  EF=A1. 

PROP.  XXX.     PROS.   > 

To  investigate  the  construction  of  a  regular 
pentagon  or  decagon. 

1.  Every  regular  polygon  is  capable  of  being  inscribed 
in  a  circle,  and  therefore  the  angles,  formed  at  the  centre 
by  drawing  radii  to  the  ^xeveral  corners  of  the  figure,  are 
each  of  them  equal  to  that  part  of  four  right  angles  corre- 
sponding to  <he  number  of  sides.  Consequently  the  cen- 
tral angles  of  a  pentagon  are  each  equal  to  the  fifth,  and 
those  of  a  decagon  are  each  equal  to  tho  tenth,  part  of 
four  right  angles ;  but  an  angle  at  the  circumference  being 
half  of  that  at  the  centre,  the  vertical  angle  of  the  isosceles 
triangle,  formed  in  the  pentagon  by  drawing  straight  lines 
from  any  corner  to  the  extremities  of  the  opposite  side, 
must  also  be  the  tenth  part  of  four  right  (ingles.  Whence 
the  construction  of  a  regular  pentagon  or  decagon  involves 
the  description  of  an  isosceles  triangle,  whose  vertical  an* 
gle  is  equal  to  the  tenth  part  of  four  right  angles,  or  the 
fifth  part  of  two  right  angles. 

2  Since  the  vertical  angle  of  that  isosceles  triangle  is 
the  fifth  part  of  two  right  angles,  the  angles  at  its  base 
must  be  together  equal  to  the  remaining  four-fifths,  and 
each  of  them  is  consequently  two-fifths  of  two  right  angles. 
Wherefore  each  of  the  angles  at  the  base  of  that  compo- 
nent triangle  is  double  of  its  vertical  angle. 
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8.  Let  ABC  be  soch  aa  isosceles  triangle,    hating 
each  of  the  angles  st  A  and  C  double  of  the  angle  at  & 
Draw  CD  bisecting  the  angle  ACB.     The  angle  BCD 
must  then  be  equal  to  CBD,  and  consequently  the  side 
CD  is  equal  to  BD.    But  in  the  triangles  BAC  and  CAD^ 
the  angle  ABC  is  equal  to  ACD,  the  angle 
CAB  common  to  both,  and  consequently  the 
remaining  angle   BCA  is  equal  to  CDA ; 
whence  CDA  is  equal  to  CAD,  and  there- 
••fore  the  side  AC  is  equal  to  CD.     Thus  the 
three  straight  lines  AC,  CD,  and  BD  are  all 
equal.    Again,  because  CD  bisects  the  angle 
ACB,  (VI.  11.  El.)  BC:  AC::  AC  :  AD,  that  is,  AB: 
BD: :  BD:  AD.     Hence  AB  is  divided  in  extreme  and 
mean  ratio  at  the  point  D,— oi'  the  square  of*  BD  or  AC, 
the  base  of  the  isosceles  triangle,  is  equal  to  the  rectangle 
under   the  side  AB  and   the   remaining   segment  AD. 
Whence  the  construction  of  a  regular  pentagon  or  deca- 
gon depends  on  the  medial  section  of  a  straight  line. 

4.  Now  let  the  straight  line  AB  be  divided  by  a  medial 
section,  or   BC*  =  BA.AC-     Add  to  each  the  rectangle 
BA.BC,  and  BC*  +  BA.BC  =  BA.AC+BA.BC,  or  BC 
(BA  +  BC)  =  BA*.  To 
AB  annex  BD  equal  to 
it,  and  BC.CD=BD*. 
Bisect  BD  in   E,  and 
the   straight  lines  CD 
and  BC  are  the  sum  and 

diflFerence  of   CE  and      ^      ^  ^  ^         ^ 

BE;  whence  the  rectangle  under  CD  and    BC,   or  the 
square  of  BA,  is  equal  to  the  excess  of  the  square  of  CE 
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9bove  tiie  sqaaiv  of  BB,  and  tber^ore  CE^sBA^+BE*. 
Erect  the  perpendicular  BF  equal  to  BA,  and  joia  £F.  lit 
U  evident  that,  £F'3:BA^+B£%  and  consequently  EF^ 
=C£S  and  EF=:C£;  but  £F  being  ghm,  CE  and  BC 
are  therefore  given. 

The  composition  of  this  general  problem  forms  a  series 
of  the  most  interesting  proportions  in  the  Elements  of 
Geometry.  Art.  4.  corresponds  to  Prop.  19.  Book  II.; 
Art.  3.  to  Prop.  S.  and  4.  Book  IV.;  and  Art.  2.  and  1. 
coincide  with  the  5th  and  8th  Propositions  of  the  same 
Book. 


PROP.  XXXI.    PRDB. 

To  discover  the  coDditions  required  for  the  tri« 
section  of  an  angle. 

Let  ABC  be  an  angle,  of  which  ABD  is  the  ihird  part. 

About  the  vertex  B  describe  a  cirde,  draw  DF  parallel  to 

^  

AB,  join  CF»  and  produce  it  to  meet  the  extension  of  A 
inG. 

ANALYSIS. 

Because  the  chord  DF  is  parallel  to  A£,  the  an  £F 
(III.  18.  £1.)  is  equal  to  ADj^  and  consequently  (III. 
12.  cor.  1.  £1.)  the  angle  £BF  is 
equal  to  ABD,  or  is  half  of  the 
remainingangleDBC;  but  half 
this  angle  i^  equal  (III.  15.  £1.) 
to  the  angle  DFC  at  the  cir- 
cumference, which  (I.  22.  £1.) 
IB  equal  to  its  opposite  angle  BOF.    Wherefore  the  angles 
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B6F  and  06F  aire  equal,  and  (I.  11.  El.)  the  trtan^ 
BFG  is  isosceles ;' and  thus  to  solve  the  problem  it 
would  require,  to  draw  CFG,  such  that  the  extreme  part 
FG  shall  be  equal  to  the  radius  of  the  circle. 


Otherwise  thus* 

Let  the  angle  A6D  be  the  third  part  of  ABC.  Ere^t 
the  perpendicular  ADC,  complete  the  rectangle  BACE^ 
extend  the  side  EC  to  meet  Bt)  produced  in  F,  and  ^xm 
CG  making  the  angle  FCG  equal  to  CFG. 

ANALYSIS. 

1      .   .   <   •     • 

Because  the  angle  FCG  is  equal  to  CFG,  the  side  GF 
(I.  11.  El.)  is  equal  to  GC,  and  the  exterior  angle  COB 
(I.  30.  £1.)  is  double  of  either  of  those  angles.  Bi^t  the 
angle  CB  A  being  by  hy- 
pothesis triple  of  ABD,  ^ 
the  angle  CBG  is  doubly 
of  it,  or  of  CFG,  and 
therefore  is  equal  to 
CGB;  whence  (L  II. 
£1.)  the  side  BC  is  equal  to  GC.  Again,  from  the  right 
angles  EBA  and  FCD,  take  away  the  equal  angles  ABD 
and  FCG,  and  the  remaining  angles  EBD  and  GCD  are 
equal ;  but  EBD  is  equal  (L  22.  £1.)  to  the  alternate  angle 
BDA,  which  is  equal  to  the  vertical  angle  CDF ;  con- 
sequently  the  angle  GCD  is  equal  to  GDC,  and  therefore 
the  side  GD  is  equal  to  GC.  Thus  it  appears,  that  the 
four  straight  lines  BC,  GC,  GD,  and  GF,  are  all  equal. 
Whence  DF,  the  external  segment  of  the  trisecting  line 
BF,  is  double  of  BC  the  diagonal  of  the  rectangle  BACE. 

Scholium.  Such  then  are  the  final  conditions  on  which 
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tte  trisection  of  an  angle  most  depend.  But  to  fulfil 
them  in  general,  exceeds  the  powers  of  elementary  geome- 
try. In  some  very  limited  cases  indeed,  the  trisection  of 
an  angle  can  be  effected,  merely  by  the  help  of  straight 
lines  and  circles.  Thus,  when  the  proposed  angle  ABC 
is  half  a  right  angle,  it  may  be  trisected  by  the  application 
of  Prop.  29.  of  this  Book.  For,  produce  BE  so  that  BHra 
2BC,  join  AH,  produce 
BAtillAI  =  AH,andon 
BI  describe  a  semicircle 
meeting  the  production 
of  EC  in  F;  the  angle 
ABF  is  the  third  part  of 
ABC. 

This  result  agrees  with 
what  is  derived  from  sim<r 
pier  views.  For  BH*  = 
4BC»  =  8BA*,  and  AP  =  BH»  +  BA*  =8BA*  +  BA*  = 
9BA* ;  whence  AI  =  SBA,  the  diameter  BI = 4B  A,  and  con- 
sequently the  radius  OI=^BA.  Let  fail  the  perpendicu- 
lair  FL,  and  produce  it  equally  on  the  other  side,  join  OF 
and  OM.  The  triangles  OFL  and  MOL  are  evidently 
equal,  and  therefore  OF,  OM,  and  FM,  are  all  equal  to 
2BA,  or  2FL  ;  consequently  the  triangle  FOM  is  equilate- 
ral,  and  the  angle  FOM  two-thirds  of  a  right  angle ;  the  an- 
gle FOL  is  hence  one- third  of  a  right  angle,  and  the  an- 
gle ABF  at  the  circumference,  being  the  half  of  it,  is  there- 
fore equal  to  the  sixth  part  of  a  right  angle. 

PROP.  XXXII.     PROB. 

To  investigate  the  conditions  required  iu  find- 
ing  two  mean  proportionals^ 
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Let  the  containing  sides  AB  Mid  AC  of  the  ractM)^ 
ABCD  be  the  extremes  of  a  contioued  pruportioO)  of 
which  the  sutxessive  mean  terms  are  DE  and  AG. 

ANALYSIS. 

JoinCEandCG.  Because  ABor  CD:PE::Ad«  AC, 
and  CDE,  being  a  ri^ht  angle,  is  equal  to  GAC,  the  tri> 
angles  DCE  and  AGC  are  (VI.  13.  El.)  similar;  whence 
the  angle  DEC  h  equal  to  A('G,  and  the  angles  A^G  and 
ACE  equal  to  DEC  and  ACE,  or  (I.  22.  El.)  two  right 
angles,  and  consequently  ECG  forms  a  straight  line.  Draw 
the  diafjonals  EC,  AD,  and  join  their  intersection  O 
with  the  points  E  and  G.  The  triangles  BOD  an^ 
BOA  being  evidently  isosceles, 
therefore  (II.  20.  El.)  OE* 
=  OD'  +  BE.ED  and  OG*  = 
OA*  +  BG.GA;  but  (VL  11. 
El.)  BG  :  BE  :  :  GA  :  AC,  or 
DE :  GA,  and  hence  (V.  6.  El.) 
BE.DE  =  BG.GA.  Wherefore, 
00  being  equal  to  OA,  the 
squiire  of  OE  is  equal  to  tfaftt 
of  OG,  and  conttequen^ly  the 
point  O  18 '  equidistant  from  E  and  G.  Hence,  likewlM^ 
if  a  circle  were  described  about  the  given-  rectan^,  tlw 
intercepted  segment  EC  (IV.  4.  cor.  El.)  woaki  be  eqsid 
to  GH. 

The  solution  of  the  problem^  Uien,  requires  to  dnv 
ECG,  such  that  the  distance  OE  be  equal  to  OG,  or  that 
the  part  EC  without  the  circle  be  equal  to  the  opposite 
partGH. 
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Otherwise  thus. 


The  firsi  part  of  the  construction  remaining  the  samej 
it  was  proved  tb^it  the  rect- 
angle BC.ED  is  equivalent  to 
3G,  OA;  bisect  BD  in  F/ 
wd  BE.ED  +  DF*,  or  (11. 
17.cor,2.EL)EF*  =  BaGA 
+Dr*i  On  AB  construct 
the  isosceles  triangle  BKA, 
having  each  of  its  sides  BK 
and  AK  equal  to  DF,  and 
join  GK;  then  (11.  20.  EI.) 
BG.GA  +  AK»  =  GK% 
and  consequently EF*£=GK»,  or  EF=GK.  But^byhj'po- 
thesis,  AB :  DE  : :  DE : :  GA  :  GA :  AC,  and:(V.  1 1.  El. J 
DC  or  AB :  GA  : :  DE  :  AC,  or  (V.  13.  El.)  2AB  :  GA  : : 
2D£  i  Ac ;  join  CF  and  produce  it  to  meet  the  extension 
of  AB  in  L ;  the  triangles  CFD  and  LFB  (1. 20.  El.)  are 
evidently  equal,  and  CD  or  AB  equal  to  BL.  Wherefore 
AL  is  to  GA  as  2DE  to  AC  or  BD,  or  (V.  3.  El.)  as  DE  to 
DFthehalfofBD,  and  consequently  (V. 9. El.)  GLiGA:: 
£F :  DF.  Join  LK  and  draw  AM  parallel  to  it ;  then 
(VL  1.  El)  GL  :  GA : :  GK  :  GM,  whence  EF :  DF  :  : 
QK :  GM ;  but  EF=GK,  and  therefore  DF=GM.  No^ 
the  points  F,  L  and  K  are  evidently  given,  and  conse- 
quently th0  Straight  line  LK  and  its  parallel  AM  are  given 
in  position. 

To  effect,  therefore,  the  construction  of  the  problem,  it  is 
required  from  the  point  K  to  draw  the  straight  line  KMG, 
aoeh  that  the  part  MG,  intercepted  between  AM  and  BA 
produced>  shall  be  eqpal  to  the  half  of  AC. 
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Or  thus. 

Let  AB  and  AC,  the  extreme  terms  of  the  continued 
proportion^  stand  as  before  at  right  angles,  and  having  pro- 
duced CA  to  D,  let  AB  :  AD :  :  AD  :  AE  :  :  AE  :  AC, 
Since,  then,  AD  :  AE  :  :  AE  :  AC,  it  follows  (V.  6.  El.) 
that  AD. AC  ==  AE*;  whence  (III.  '26.  cor.  1.  El.)  the 
point  E  lies  in  the  circumference  of  a  semicircle  described 
upon  CD.  Join  DE,  produce  DB  to  the  circumference, 
and  draw  the  perpendicular  radius  IF.  Because  AB :  AD 
: :  AD  :  AE,  and  the  angle  DAE  is  common  to  the  two  tri- 
angles BAD  and  D  AE— 

these  triangles  (VI.    13.  j^^ —         — ^--^C 

El.)  are  similar ;  conse- 
quently the  angle  ADB 
is  equal  to  A  ED,  and 
(III.  18.  cor.  £l.)  the 
arc  CG  is  equal  to  DE ; 
whence  the  arc  FG  is  equal  to  FE,  and  (III.  10.  El.)  the 
segment  IH  of  the  diameter  equal  to  lAj  or  the  oblique 
line  GL  (VI.  1.  El.)  is  equal  to  LB. 

On  this  condition,  therefore,  that  GD  shall  have  its  in- 
tercepted portion  GL  equal  to  LB,  or  that  the  perpendi- 
culars EA  and  GH  shall  be  equidistant  from  the  centre, 
the  solution  of  the  problem  depends.  The  ratio  of  KI  to 
IC  is  evidently  the  same  as  that  of  AB  to  AC.  Where- 
fore a  semicircle  being  described  with  the  radius  IC— 
could  a  straight  line  BD  be  drawn  from  D,  such  that  the 
part  BG,  intercepted  between  the  circumference  and  the 
straight  line  CKM  drawn  from  the  other  extremity  of  the 
diameter,  be  bisected  in  L  by  the  perpendicular  radius 
IF — the  problem  would  be  solved:  For  make  ANrrAD, 
and  join  CN  meeting  IF  in  O ;  it  is  manifest,  from  what 
has  been  shown,  that  IK,  lO,  IL,  and  IC  are  continued 
proportionals. 
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BOOK  It 
DEFINITION. 

A  VARIABLE  quantity  derived  from  another  given  or  con* 
stant  quantity»  or  which  depends  on  it  by  some^relation  ac- 
cording to  a  given  law,  is  necessarily  confined  between  cer- 
tain extretne  limits.  When  it  has  acquired  the  greatest 
j)ossible  expansioUi  it  is  said  to  have  reached  a  maximum  s 
and  when  it  has  contracted  into  its  lowest  dimensions,  it 
occupies  the  state  of  a  minimumi 

PROP.  i.    PROB. 

Prom  a  given  point,  to  draw  at  straight  line  in- 
tercepting, on  two  given  parallels,  segments  which 
shall  have  ^  giveti  ratio* 

Xiet  AB  and  CD  be  two  parallels,  iii  which  are  two  gi- 
ven points,  P  and  O ;  and  let  it  be  required,  from  another 


56 


GEOMETRICAL  ANALYSIS. 


given  point  E,  to  draw  £F,  such  that  P6  shall  be  to  OF 
in  the  ratio  of  M  to  N. 


Kh 


JLK 


ANALYSIS. 

Join  PO,  and  pro- 
duce it  to  meet  EF,  or 
its  extension  in  L 

Because  PG  and  OF 
are  parallel  PI :  OI : : 
PG:  OF  (VI.  2.  El.) ; 
but  the  ratio  of  PG  to 
OF  is  given,  and  hence 
that  of  PI  to  OI,  and 
of  PO  to  OI,  are  given. 
And  since  POisgiven^ 
OI  and  the  point  I  are  given ;  wherefore  lEF^  and  the 
segments  PG  and  OF  are  given. 

COMPOSITION. 

Make  PK=M  and  OL=N,  join  KL,  PO,  and  pro- 
duce them  to  meet  in  I,  and  draw  lEF ;  PG  and  OF  are 
the  required  segments. 

For  (VI.  2.  El.)  the  parallels  AB  and  CD  being  cut 
proportionally  by  the  diverging  lines  IK,  IP,  and  IG,-* 
PG  is  to  OF  as  KP  to  OL,  that  is,  as  M  to  N. 


If  M  be  equal  to  N,  the  point  I  vanishes,  and  £F  be- 
comes evidently  a  paraUd  to  OP. 

If  the  straight  lines  KL  and  PO  meet  in  the  given  point 
E,  the  problem  is  by  its  nature  indeterminate,  or  it  admits 
of  indefinite  solution ;  for,  in  that  case,  Xhe  segments  PG 
and  OF,  intercepted  by  any  straight  line  whatererj  drawn 
through  £,  have  all  the  same  ratio. 
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PROP.  II.    PROBa 

Two  diverging  lines  being  given  in  poaition^ 
to  draw,  through  a  given  point,  a  straight  lincip 
intercepting  segments  which  shall  have  a  given 
ratio. 

Let  it  be  required,  through  D,  to  draw  £DF,  so  that 
AE  shall  be  to  AFm  the  ratio  of  M  to  N. 

ANALYSIS. 

Through  D,  (I.  2S. 
£1.)  draw  DG  parallel 
to  AE,  and  meeting  AC 
or  its  production,  in  O. 

The  triangles  EAF 
and  DGF  are  similar, 
and  therefore  (VI.  11.) 
AE:AF::GD:GFj 
but  the  ratio  of  AE  to 
AF  is  given,  and  conse-  -^ '  * 

quently  that  of  GD  to  GF.  And  since  GD  and  the  point 
G  are  evidently  given,  GF  and  the  point  F  are  Ukewi^ir 
given* 

COMPOSITION. 

From  A6  and  AC  cut  off  AK=M,  and  ALsN,  join 
KL,  and  parallel  to  it  draw  EDF  through  D ;  AE  and  AF 
are  the  segments  required. 

For  (VI.  1.  El.)  the  parallels  EF  and  KL  cut  the  diverg- 
ing  lines  AB  and  AC  proportionally,  and  therefore  AE  is- 
to  AF,  as  AK  to  AL,  that  is,  as  M  to  N* 
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PROP.  III.    PROS. 

.  Two  diverging  lines  being  given  in  pdsitioii^  to 
dWw  through  a  given  point,  a  straight  line  cut- 
ting off  segments— on  the  one  from  th^ir  intersec- 
tion, and  on  the  other  from  a  given  point, — 'that 
shall  have  a  given  ratio* 

Let  A,B  and  AC  be  two  diverging  lined,  it  id  required^ 
through  the  point  D,  to  draw  £DF,  so  that  AE  shall  be 
to  the  part  OF,  in  the  ratio  of  M  to  N. 

ANALYSIS. 

])raw  DG  parallel  to  AE,  and  meeting  AC,  or  its  pro- 
duction in  G,  and  make  AE  :  GD : :  OF :  OH. 

By  alternation,  AE :  OF  : :  GD  :  OH ;  but  the  ratio  oif 
AE  to  OF  is  given,  and  thence  that  of  GD  to  OH ;  and 
since  GD  and  the  point  O  are 
given^  OH  and  the  point  H 
are  also  given.  Again,  be- 
cause AE  :  GD  : :  OF :  OH, 
and  (VL  2.  El.)  AE  :  GD  : : 
AF :  GF,  it  follows  that  OF : 
OH  : :  AF  :  GF :  whence  (V. 
10.Ei.)FH:OH::AG:GF, 
and  (V.  6.  El.)  GF.FH  = 
AG.OH.  But  AG  and  OH 
are  both  given,  and  consequently  the  rectangle  under  the 
segments  GF  and  FH  of  the  given  portion  GH  is  also 
given,  atid  thence  the  point  of  section  F  Is  given,  and  the 
straight  line  ED. 


Nf- 
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COMPOSITION. 

Make  6D  to  OH,  as  M  to  N,  and  (VI.  19.)  divide 
GH  in  F,  so  that  the  rectangle  GF,  FH  shall  be  equal  to 
AG.OH,  and  draw  EDF;  then  the  segment  A£  is  to 
OF  as  M  to  N.  Since  GF,FH  =  AG.OH,  therefore 
FH:OH::AG:GF,  and  (V.  9.  El.)  OF:OH:: AF.GF; 
but  VI.  -2.  EL)  AE :  GD  :  :  AF :  GF,  and  consequently 
AE :  GD : !  OF :  OH,  and  alternately  AE :  OF : :  GD:  OH^ 
that  is,  in  the  given  ratio. 


PROP.  IV.     PROB. 

Two  diverging  lines  being  given  in  position,  to 
draw,  through  a  given  point,  a  straight  line,  cut- 
ting off  segments  from  given  points  in  a  given 
ratio. 

'  Let  AB  and  AC  be  two  diverging  lines ;  it  is  requiredy 
through  the  point  D,  to  draw  EDF,  so  that  PE  shall  be 
to  OF  in  the  ratio  of  M  to  N. 

ANALYSIS- 

Join  DP  cutting  AF 
in  I,  and,  through  I, 
draw  IK  parallel  to 
AB,  and  meeting  EF 
in  K. 

Because  the  points 
D  and  P  are  given, 
the  straight  line  DP 
is  given  in  position,  ^ 
and  consequently  its 
intersection  I  with  AC  is  given,  whence  IK,  being  paral- 
lel to  AB,  is  likewise  given  in  position.    But  (VI.  2.  £1.) 
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PE :  IK:  2  PD :  ID,  and  gince  PD  and  ID  are  both  given, 
the  ratio  of  Pfl  to  JK  id  given ;  amaequently,  the  ratio  of 
FE  to  OF  being  giyeni  tlie  ratio  of  IK  to  OF  is  given. 
"Wherefore^  by  the  last  proposition!  the  straight  line  KDF 
is  given  in  position. 

COMPOSITION. 

Join  PD  and  draw  IK  parallel  to  AB,  make  M  id  L, 
lis  PD  to  ID,  and  draw,  by  the  last  proposition,  KDF, 
so  that  IK  shall  be  to  OF,  as  L  to  N ;  then  will  PE  and 
OF  be  the  segments  required. 

For  (VL  2.  El.)  PE :  IK  :  :  PD  :  ID  t :  M  :  L,  and 
IK:0F::L2N;  whence  (V.  16.  El)  PB:OF: :  M:  N. 

PROP.  V.    PROB. 

Two  parallels  being  given,  from  a  point  in  a 
given  intersecting  line,  to  draw  another  straight 
line  cutting  off  segments  which  shall  contain  a 
given  rectangle. 

Let  AB,  CD  be  two  parallels,  and  G  a  given  point, 
through  which  it  is  required  to  draw  FE  intercepting, 
from  given  points  O  and  P  in  the  same  direction  OPG, 
segments  OE  and  PF,  that  shall  contain  a  given  reel^ 
angle. 

ANALYSIS. 

Because  AB  and  CD  are  pa-,    ^v       O ]CB 

rallel,  GO: GP : :  OE:  PF  (VL 
2.  El)  and  consequently  (V. 
25.  cor.  2.  El.)  GO  :  GP  :  : 
OE*  :  OE.PF;  and  GO  and 
GP  being  given,  their  ratio  is 
given,  and  therefore  the  ratio 
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of  OE*  to  OE.PF  is  given ;  but  the  Rectangle  OE,  PF 
is  given,  and  hence  the  square  of  0£  and  consecittently 
OE  itself,  are  given. 

COMPOSITION* 

Find  (VI.  16.  £1.)  GI,  a  mean  proportional  between 
GO  and  GP,  draw  IK  parallel  to  AB  or  CD,  and  such 
(III.  27.  El.)  that  ite  square  shall  be  equal  to  the  given 
rectangle,  and  join  EKFG ;  this  is  the  straight  line  re- 
quired. 

For  OE,  IK,  and  PF  being  parallel,  OG  :  IG : : 
OE :  IK,  and  PG :  IG ; :  PF :  IK  (VI.  2.  El.) ;  whence 
compounding  these  analogies  (V.  ^2.  £1.)  OG.PG :  IG^ : : 
OE.PF:  IK*;  but  OG.JPG  s=  IG*,  and  consequent!/ 
(V.  4.)  OE.PF=IK*- 

PROP.  VI.    PROS; 

Through  a  given  point,  to  draw  a  straight  line 
intercepting,  from  given  points  on  two  given  pa- 
rallels, segments  which  shall  contain  a  given  i:ect« 
angle. 

Let  AB  and  CD  be  parallels  in  which  the  points  O  and 
P  are  given,  and  let  it  be  required  through  G  to  draw 
6FE,  so  that  the  segments  0£  and  PF  shall  contain  a 
given  rectangle. 

ANALYSIS. 

Draw  GO  and  GP,  cutting  the  parallels  in  I  and  H. 
Because  the  points  O,  P,  and  G  are  given,  the  straight 
lines  GIO  and  GPH  are  given  in  position,  and  conse- 
quently  t|ieir  intersections  I  and  H  with  the  giveii  paral- 
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Jek.  And  since  AB 

in  paraBel  to  CD,    ^    1^     .     ^^ ^ ^^ 

GP:GH::PF:HE 

(VI.  2.  El.)  but 
(V.  25.  cor.  2.  El.) 
PF:HE::PF.OE 
:  HE.OE,  and  con- 
sequently GP:  GH 
:!PF.OEiHE.OE. 
Now,  GP  and  GH  being  given,  their  ratio  is  given,  and 
hence  that  of  PF.OE  to  HE.OE ;  wherefore  the  rectangle 
PF,  OE  being  given,  the  rectangle  under  the  segments 
HE  and  OE  of  the  given  straight  line  HO  is  likewise 
given;  whence  (VI.  17.  El.)  the  point  E  is  given,  and 
consequently  the  straight  line  GFE.* 

COMPOSITION. 

Draw  GO  and  GP,  find  (II.  9.  El.)  HK  the  side  of  a 
rectangle  GP,  HK  which  is  equal  to  the  given  space,  and 
(VI  17.  El.)  divide  HO  in  thf  point  E,  so  that  the  rect- 
angle under  its  segments  HE  and  OE  shall  be  equal  tp 
the  rectangle  HG,  HK,  and  join  GFE ;  this  is  the  straight 
line  required. 

For  HE  :  PF  :  :  HG :  GP,  and  hence  (V.  25.  cor.  2. 
El.)  HE.OE  :  PF.OE  :  :  HG.HK  :  GP.HK;  but,  by 
construction,  the  rectangle  HE.OE  is  equal  to  GH.HK, 
and  consequently  (V.  8.  and  4.  El.)  PF.OE= GP.HK, 
or  the  given  space. 

PROP.  VII.     PROB. 

To  draw  through  a  given  point  a  straight  liiie, 
cutting  from  two  given  diverging  lines,  segments 
which  shall  contain  a  given  rectangle. 
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Let  AB  and  AC  be  two  diverging  lines  given  in  posi- 
tion, and  let  it  be  required  through  the  point  D,  to  draw 
EDF,  so  that  the  rectangle  uoder  the  segmepte  A£|  AF 
^hall  be  equal  to  a  given  space. 

I 

ANALYSIS. 

Draw  HD  parallel  to  AB,  and  make  (U.  9.  El.)  the 
rectangle  DH.  AI  equal  to  the  given  space. 

Because  AE. AF=DH.AI,  AE :  DH : :  AI :  AF  (V.  6. 
El),  but  AE :  DH  :  :  AF :  FH  (VI.  2.  EL),  and  tibere- 
fore  AF:FH:  :  AI :  AF; 
whence    (Y.    11.  cor.  El.)  ^ 

AH:AF::IF:AI,  and(V^ 
6.  El.)  AH.AI  =  AF.IP^ 
Now  DH,  being  parallel  to 
AB,  is  given,  and  conse- 
quently AI  is  given ;  where- 
fore the  rectangle  AH,  AI  being  given,  AF.IF  is  also 
given ;  and  since  AI  is  given,  its  internal  or  external  sec- 
tion is  (YI.  17.  El.)  given. 

COMPOSITION. 

Draw  DH  parallel  to  AB,  fine!  (II.  9.  El.)  AI,  which 
contains  with  DH  a  rectangle  equal  to  the  given  space, 
and  divide  AI  (VI.  17.  El.)  so  that  the  rectangle  under 
its  segments  AF,  FI  shall  be  equal  to  the  rectangle  AI, 
AH ;  EDF  is  the  straight  line  required.  For,  by  con- 
struction, AF.1F= AI.AH,  whence  (V.  6.  El.)  AH  :  AF 
: :  IF :  AI,  and  (V.  10  and  7.  El.)  AF :  FH  : :  AI :  AF; 
but  AF :  FH  : :  AE  :  DH,  and  consequently  AE  :  DH : : 
AI :  AF,  and  (Y.  6.  El.)  AE.  AF=DH.AL 
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PROP.VIU.      PROS./ 

Through  a  given  point  to  draw  a  straight  line^ 
which  shall,  by  its  intersection  with  two  given 
diverging  lines,  form  a  triangle  containing  a  given 
space. 

Let  it  be  required^  through  the  point  D|  to  draw  a 
straigbt  line,  £DF  intercepting,  between  the  diverginy* 
lines  AB  and  AC,  a  triangle  A£F,  which  shall  contain  a 
given  space.  ^ 

ANALYSIS. 

Draw  DH  parallel  to  AB,  upon  AC  let  fall  the  perpen^ 
diculars  £S  and  DT,  and  find  (II.  9.  and  7-  El.)  under 
the  altitude  DT,  AI  the  base  of  a  triangle^  containing 
the  given  space. 

Because   the   rect-  B. 

angles  £S,  AF  and 
DT,AIare(II.5.EI.) 
each  double  of  the 
triangles  AEF  and 
ADI,  they  are  equal, 
and  consequently  (V. 
6.   El.)   ES:DT 


ihb 


. « 


AI :  AF.  But  the  triangfeg  AES  and  HDT  are  evident^ 
ly  similar,  and  therefore  (VI.  1 1 .  El.)  AE :  ES ; :  HD:  DT, 
or  aliemately  AE :  HD  : :  ES :  DT  j  whence  AE :  HD : ; 
AI :  AF,  and  AE.AF=HD.AI.  Now  HD  is  given,  and 
consequently  AI ;  wherefore  the  rectangle  AE,  AF  is  given 
and  thence,  by  the  last  proposition,  the  straight  line  EDF 
^8  given  in  position. 
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COMPOSITION. 

Draw  DH  parallel  to  AB»  let  fall  the  perpendicular 
BT,  bisect  this  in  the  point  R,  find  (11.  9.  £1.)  the  side 
Aly  which  with  RT  contains  a  rectangle  equal  to  the 
given  space,  and,  by  the  last  proposition,  draw  EDF, 
such  that  the  rectangle  AE.AF  shall  be  equal  to  DH.AI. 

Having  let  fall  the  perpendicular  £S,  and  bisected  it  in 
Q,  the  triangles  AES  and  HDT  are  similar;  whence 
AE :  ES::HD:DT,  and  alternately  AE: HD:  :ES:DT,  or 
(V.  3.  EL)  AE :  HD :  t  QS :  RT ;  wherefore  AE.  AF:  HD.  AI 
: :  QS.AF :  RT.AI;  but  the  rectangle  AE.AF =HD.AI, 
and  hence  (V;  4.  El.)  QS.AF=RT.AI,  or  the  triangle 
AEF  is  equal  to  the  given  space. 


This  problem  will  admit  of  a  simpler  tronstfuction,  in 
the  case  where  the  given  point  D  lies  between  the  diverge- 
ing  lined  AB  and  AC.  For  draw  DG  parallel  to  AC» 
and  make  (II.  9.  El.)  the  rhomWd  AGKI  equal  to  the 
given  space. 

Because  the  triangle  AEF  is  equal  to  the  rhomboid 
AGKI,  take  each  of  them  firom  the  compound  figure 
AEDKLF,andthetrian^lesGEDandILFwilIremain  equi- 
valent toihe  triangle 
DLK;  but  these 
supplementary  tri- 
angles, bdng  form- 
ed by  parallel  lines, 
are  evidently  simi- 
lar, and  consequent- 
ly the  homologous 
sides  GD  and  IF 
are  (VI.  26.  El.) 
sides    of  a    right- 
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angled  triangle,  of  which  DK  is  the  hypotenuse;  where- 
fore (II.  10.  El.)  GD*  +  IF*  =  DK%  or  GD  and  DK 
being  equal  to  AH  and  Hi,  (I.  26.  El.)  IF*  =  Hl»  ^  AH\ 
And  since  HI  and  AH  are  both  given,  it  tbllowb  that  IF 
is  given. 

COMPOSITION. 

Construct  (II.  8.  EL)  the  rhomboid  AGKI  equal  to  the 
given  space,  draw  DH  parallel  to  AB,  qn  HI  describe  a 
semicircle,  in  which  inflect  HM  equal  to  AH,'  join  IM^ 
and  make*IF,  or  IF',  equal  to  it  i.  EDF,  or  E'DF',  is  the 
base  of  the  required  triangle. 

For  (III.  19.  El.)  HMl  being  a  right  angle,  IH^s: 
HM*+IM*  (II.  10.  El.),  or  DK^  =  GD*  +  IF*;  whence 
(VI.  26.  £1.)  the  triangle  DLK^  or  DL'K,  is  equivalent 
to  the  triangles  GED  and  ILF»  or  to  GE'.D  and  IL'F; 
and,  adding  to  both  the  excessof  the  rhomboid  AK  above 
the  triangle  DLK,  or  DL'K»  the;  rhomboid  AK  is  equi- 
valent to  the  triangle  AEF  or  AET',  which  is^  therefore^ 
equ^  to  the  given  space. 

PROR  IX.    PROB. 

*  ■ 

Through  a  given  point  to  draw  a  straight  line, 
cutting  off  segments,  from  two  given  diverging 
lines — on  the  one  from  their  intersection,  arid  on 
the  other  from  a  given  point — which  shall  con- 
tain a  given  rectangle. 

Let  it  be  required  to  draw  EDF,  so  that  the  rectangle 
AE)  OF  shall  be  equal  to  a  given  space. 

ANALYSIS. 

Draw  DH  parallel  to  AB,  and  (II.  9.  £I.)  make  the  rect- 
angle. DH.OI  equal  to  the  given  space ;  01  and  the  point 
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I  are,  therefore,  given. 

And  since  AKOF  = 

DH.OI,  it  follows  that 

AE ;  DH  : :  01 :  OF; 

but  (VI.  2.  El.)  AE: 

DH  :  :  AF  :  FH,  and 

consequmtly  AF:  FH 

: :  OI :  OF.     Where-     6     A      mP        ^  i  C 

fore  (V.  11.  EL)  AF  :  AH  :  :  OI  :  FI,  and  (V.  6.  El.) 

AF.FI=AH.OI;  hence  A I  and  the  rectangle  under  its 

segments,  AF  and  FI,  are  given,  and  consequently  (VI. 

17.  El.)  the  point  of  section  F  and  the  straight  line  EDF 

are  given. 

COMPOSITION. 

Having  drawn  DH  parallel  to  AB,  and  made  the  rect- 
angle DH.OI  equal  to  the  given  space,  divide  AI  (VI. 
17.  El.)  in  F,  or  F',  such  that  the  rectangle  under  its 
segments  shall  also  be  equal  to  the  rectangle  AH.OI; 
EDF,  or  E'DF',  is  the  required  straight  line.  For  since 
AF-FI=AH.OI,  AF:AH::OI:lF;  whence  (V.  IK 
El.)  AF:FH::OI:OF;  but  (VI.  2.  EL)  AF:FH:: 
AE :  DH,  and,  therefore,  AE  :  DH : :  OI :  OF,  and  the 
rectangle  AE.OF  is  equal  to  DHOI,  or  the  given  space. 

PROP.  X.    PROB. 

Through  a  given  point,  to  draw  a  straight  Une, 
cutting  off  segments  from  given  points,  on  two 
given  diverging  lines,  that  ^hall  contain  a  given 
rectangle. 

Let  it  be  required  to  draw  EDF,  so  that  the  rectangle 
OF.PE  bhall  be  equal  to  a  given  space. 
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ANALYSIS. 

Join  BO  meeting  AE  in  Q,  and  draw  QR  parallel  to 
AC. 

Because  (VI.  ^.  El.)  DO  :  DQ  : :  OF :  QR,  it  follows 
(V.  25.  cor.  2.  El.)  DO  :  DQ : :  OF.PE :  QR.PE  J  but 
DO  and  DQ  are  evi- 
dently given,and  there- 
fore the  rectangle  OF, 
P£  has  to  QR,  PE  a 
given  ratio;  and'  since 
OF.PE  is  given,  the 
rectangle  QR,  PE  is 
likewise  given,  and  QR, 
being  parallel  to  AC,  is  given  in  position.  Whence,  by 
the  last  proposition,  the  intersecting  line  EDR  or  EDF, 
is  given  in  position. 

COMPOSITION. 

Join  DQO,  draw  DH  parallel  to  AC,  and  produce  it 
meeting  in  S  the  parallel  to  AB,  make  the  rectangle 
DS.PI  equal  to  the  given  space,  and  divide  PI  in  E,  such 
that  the  rectangle  under  its  segments  PE,  IE  shall  be 
equal  to  the  rectangle  AH,  PI ;  EDF  is  the  straiglft  line 
required. 

For  bQ  :  DO  :  :  DH  :  DS  :  :  QR  :  OF,  and  conse- 
quently  (V.  25.  cor.  2.  El.)  DH.PI :  DS.PI :  :  PE.QR 
:  PE.OF;  but,  by  the  last  proposition,  DH. Pis  PE.QR, 
whence  the  rectangle  DS,  PI,  or  the  given  space,  is  equal 
to  th^  rectangle  PE,  OF. 
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PROP.  XI.    PROB. 

To  divide  a  given  stxaight  line,  so  that  the 
rectangle  under  one  of  its  segments  and  a  given 
line,  shall  be  equal  to  the  square  of  the  other 
segment. 

Let  it  be  required  to  divide  AB  in  C,  such  that  the 
rectangle  under  AC  and  G  shall  be  equal  to  the  square 
ofCB. 

ANALYSIS. 

Make  BD  =  G,  and  ^g- 

since  AC.G  =  CB*,  it  ^         ^      ^    ^ 

follows  (V.  6.  El.)  that  A       c    B  2> 

AC:CB::CB:BD,and  j-Jl — , 

consequently  (V.9.  and  10.  . , , 


El.)AB:CB::CD:BDi     ^            B         D      C 
whence      (V.    6.     El.)     , G; ^ 

AB.BD::?CB.CD.  But     d  C  a        m 

I 1 1 1 

the  rectangle  AB,  BD  is 

given,  and,  therefore,  the  rectangle  CB,  CD  is  ^Iso  given ; 
and  BD  being  given,  the  point  of  section  C  is  (VI.  17.  EL) 
thence  given. 

COMPOSITION. 

In  the  same  straight  line  AB,  make  BD  equal  to  G, 
and  (VL  17.  El.)  cut  BD  such  that  the  rectangle  CB.CD 
be  equal  to  AB.BD;  C  is  the  point  of  section  required. 
For  it  is  evident  (V.  6.  El.)  that  AB :  CB : :  CD :  BD,  and 
consequently  (V.  10.  El.)  AC ;  CB::  CB:  BD;  where* 
fore  (V.  6.  El.)  AC.BD,  or  AC.G=CB*. 
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PROP.  XII.    PROB. 

To  divide  a  given  straight  line,  so  that  the 
rectangle  under  one  of  its  segments  and  a  given 
line  shall  have  a  given  ratio  to  the  square  of  the 
other  segment. 

Let  it  be  required  to  divide  AB  in  C,  such  that 
AC.G:CB»::M:N. 

ANALYSIS. 

Make  (VI.  3.  EI.)  G  :  H : :  M :  N,  a         .H, 

and  H  is  given  j  but  AC.G  :  CB^  : : 

G  :  H,  and  consequently  (V.  25.  cor.      i 

2.  El.)  CB*  =  AC.H;  wherefore,  by     ^ 

the  last  proposition,  the  section  of  i  ■■•"'•  i 

AB  is  given. 


H 1 

C  B 


COMPOSITION. 

Having  made  M :  N  : :  G :  H,  let  AB  be  divided  by  the 
last  proposition,  so  that  AC.H=:CB^ ;  then  AC.G:CB*:: 
M :  N.     For  AC.G:  AC.H  or  CB*  ::  G:  H,  or  M:N. 

PROP.  XIII.    PROB. 

In  the  same  straight  line,  three  points  being 
given,  to  find  a  fourth  point,  such  that  the  rect- 
angle under  its  distance  from  the  first  and  a  given 
line,  shall  be  equal  to  the  rectangle  under  its  dis- 
tances f^om  the  second  and  third  points. 
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Let  it  be  required  to  find  the  point  D,  so  that  AD.G 
=  CD.BD. 

ANALYSIS- 

Make  BEsrG,  and  because  g-  , 

AD.G  =  CD.BD,  it  follows 

that  AD  :  CD     :  BD  :  BE;  X. STIs E^b 

whence   (V.    9.  and   10.  El.)  q. 

AC  :  CD  ;  :  DE  :  BE,   and  "^ 

AC.  BE  =  CD.DE.     But  the  »: 


\  \     I 


A.  JEB  D 

rectangle  AC,  BE  being  evi» 
dently   given,    the    rectangle       '"' 
under  the  segments  CD,  DE 


I U-4. 


A  BE       C    D 

of  CE,  a  given  straight  line,  is 

also  given,  and  consequently  (VI.  17.  El.)  the  point  of 

section  D  is  given. 

COMPOSITION. 

Having  made  BE=G,  divide  (VI.  17.  El.)  CE  in  D, 
so  that  CD.DE=AC.BE;  D  is  the  point  required. 

For  (V.  6.  El.)  AC :  CD  : :  DE :  BE,  and  (V.  10,  El.) 
AD:CD:rBD;BE;  whence  AD.BE,  or  AD.G  = 
CD.BD. 

PROP.  XIV.     PROB. 

In  the  same  straight  line,  three  points  being 
given,  to  find  a  fourth,  so  that  the  rectangle  un- 
der its  distance  from  the  first  and  a  given  line, 
shall  have  a  given  ratio  to  the  rectangle  under  its 
distances  from  the  second  and  third  points. 

Let  it  be  required  to  find  a  point  Dj  such  that  AD.G  *• 
CD.BD;  :M:  N. 
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ANALYSIS. 

Make  M  :  N  :  :  G :  H, 
whence  H  is  given  ;    but 


H 


H 


since  AD.G  :  CD.BD  :  :       f. 


H 1- r 


jL  jy     B  c 


G  :  H,  it  is  evident  that  ;^  y 

AD.H  =  GD.BD ;  where-  ^  ^       ^'       * 

fore,  by  the  last  proposition,  the  point  of  section  D  is  gi- 
ven. 

COMPOSITION. 

Having  made  G :  H  :  :  M :  N,  find,  by  the  last  propo- 
sition, the  point  D,  so  that  CD.BD  =  AD.H ;  D  is  the 
section  required.  For  (V.  25.  cor.  2.  £1.)  AD.G :  AD.H 
or  CD.BD  ::  G:  H,  or  M :  N. 

PROP.  XV.    PROB. 

In  the  same  straight  line,  three  points  being 
given,  to  find  a  fourth,  so  that  the  square  of  its 
distance  from  the  first  shall  be  equal  to  the  rept* 
angle  under  its  distances  from  the  second  and 
third  points. 

Let  it  be  required  to  find  a  point  D,  such  that  AD* = 
CB.BD. 

1.  When  the  point  D  lies  between  A  and  B. 

ANALYSIS. 
Because  AD*  =  CD.BD,  it  foDows  (V.  6.  El.)  that 
CD  :  AD  :  :  AD  :  BD  j  whence  (V.  9.  El.)  AC  :  AD  : : 

AB  :  BD,  and  ai-      ,     '  ,, ^ 

ternately  AC :  AB    A    DB  c 

: :  AD  :  BD.    But  the  r^tio  of  AC :  AB  being  given,  the 
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YAtio  of  AD  to  BD  is  given  ;  and  since  AB  is  given,  the 
point  D  (VI.  4.  El.)  is  given. 

COMPOSITION. 

Divide  AB  (VI.  4.  El.)  in  the  ratio  of  AC  to  AB,  and 
the  point  of  section  D  is  that  required. 

For,  because  AD :  BD : :  AC :  AB,  AD :  BD : :  AC— AD, 
or  CD  :  AB— BD  or  AD  (V.  19.  cor.  I.  EL);  whence  (V. 
6.  El.)  AD*  =  BD.CD. 

2.  When  the  point  D  lies  between  B  and  C. 

ANALYSIS. 

Make  DE=AD,  and  since  AD*  =  CD.BD,  CD  :  AD 
or  DE  :  :  AD  :  BD,  and  therefore  (V.  10.  EL)  CE  :  DE 
: :  AB  :  BD,  and  alternately  CE  :  AB  :  :  DE :  BD,  or 
(V.  3.  El.)  CE  :  AB  : :  2DE  or  AE  :  2BD ;  whence  (V. 
19.  EL)  CE :  AB : :  CE+AE  or  AC  :  AB+2BD,  or  BE, 
and    consequently 

(V.  6.  El.)  CE.BE  o       -E 

=AB.AC;butthe    A       b  D  C 

rectangle  AB,  AC 

being  given,  the  rectangle  CE,  BE  is  likewise  given,  and 
BC  being  given,  the  point  E  is  given  (VI.  1 7.  El.),  and 
therefore  D,  the  bisection  of  AE,  is  given. 

COMPOSITION. 

Divide  BC  (VI.  19.  El.)  in  E,  such  that  CE.BE  = 
AB.AC,  and  bisect  AE  in  D ;  then  AD»  =  CD.BD. 

For  since  CE.BE= AB.AC,  it  is  evident  that  CE  :  AB 
:  :  AC  :  BE;  whence  (V.  17.  El)  CE  :  AB  : :  AE:  2BD 
or  (V.  3.  El.)  DE  :  BD ;  and  alternately,  CE  :  DE  : : 
AB  :  BD,  and  (V.  9.  El.)  CD :  DE  or  AD  : :  AD  :  BD ; 
Wherrfore  (V.  6.  El.)  CD.BD=AD». 


/* 
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This  last  case  is  evidently  subject  to  litnitatSon ;  for  the 
rectangle  AB,  AC  being  equal  by  construction  to  CE.BE, 
must  not  exceed  the  square  of  the  half  of  BC,  which  (II. 
1>.  cor.  1.  £1.)  is  the  greatest  rectangle  contained  under 
the  segments  of  BC.  Consequently,  if  £  coincide  with 
the  middle  point  O,  it  limits  the  problem ;  but  then  AB.  AC 
=BOS  or  ABAC  +  BO*  =  (11.  17.  cor.  2.  £1..  AO*  = 
2BO*,  and  therefore  AO  is  the  diagonal  of  a  square  de- 
scribed on  BO.  Whence  AB :  BC :  :  \^2 — 1  :  2,  or  1:2 
+  VS;  that  is,  the  ratio  of  AB  to  BC  has  attained  its 
maximum,  when  it  is  that  of  half  the  side  of  a  square  to  the 
sum  of  the  side  and  the  diagonal. 


PROP.  XVI.     PROB. 

In  the  same  straight  line,  three  points  being 
given,  to  find  a  fourth,  such  that  the  square  of  its 
distance  from  the  first,  shall  have  a  given  ratio  to 
the  rectangle  under  its  distances  from  the  second 
and  third  points. 

Let  it  be  required  to  find  a  point  D,  such  that  AD' 
shall  be  to  CD.DB  in  a  given  ratio. 

1.   When  D  lies  between  A  and  B. 

ANALYSIS. 

On  BC  describe  a  semicircle,  and  draw  the  tangent  D£ ; 
then  (III.  26.  cor.  2.  £1.)DE*  =  CD.DB,  and  consequent- 
ly the  square  of  AD  is  to  the  square  of  D£  in  the  given 
ratio ;  whence  the  ratio  of  AD  to  D£  is  given.  Draw 
the  radius  £F,  and  produce   £D  to  meet  AG  a  per- 
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pendicular  to  AC.  The 
triangles  ADG  and  EDF 
are  evidently  simUar,  and 
therefore  AD  :  AG  :  : 
DE :  EF,  or  alternately 
AD.:  DE  :  :  AG  :  EF; 
and  since  the  ratio  AD 
to  DE  is  given,  the  ra- . 
tio  of  AG  to  EF  is  also 

given,  tod  the  radius  EF  being  given^  AG  and  the  point  G 
are  thence  given ;  wherefore  the  tangent  GE  and  its  inter- 
section D  with  AC  are  given. 

COMPOSITION. 

Let  M :  N  be  the  given  ratio,  and  to  these  find  (VI.  16. 
£1.)  a  mean  proportional  O,  on  BC  describe  a  semicircle, 
make  O  :  M : :  BF  :  AG,  a  perpendicular  erected  from  A, 
and  (III.  22.  El.)  draw  the  tangent  GDE;  *the  intersec- 
tion D  is  the  point  required. 

For,  the  triangles  DAG  and  DEF  being  similar, 
AD :  AG : :  DE :  EF,  and  alternately  AD :  DE : :  AG :  EF, 
or  M  :  O;  wherefore  (V.  22.  cor.  1.  El.)  AD*  :  DE*  :  : 
M'  :  O*,  that  is,  (V.  24.  El.)  M  :  N ;  but  (III.  26.  cor.  2, 
EL)  DE*  =  CD.DB,  and  consequently  AD*  :  (PD.DB  : : 
:  :  M  :  N. 

2.  WHen  D  lies  between  the  points  B  and  C. 

ANALYSIS. 

On  BC  describe  a  semicircle,  draw  DF  perpendicular  to 
the  diameter,  and  meeting  the  circumference  in  F,  and  join 
AF. 

Because  (III.  26  cor.  5.  El.)  BD.DC-DF*,  the  ratio 
of  AD*  to  DF*  is  given,  and  coiibtqUtntlj  that  of  AD  to 
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DF  ;    but    the    angle 

ADF9     contained     by 

these  sides,  being  a  right 

anglei    is    given,    and 

therefore    th^   triangle 

AFD  is  given  in  species. 

Hence  the  angle  DAF 

is  given,  and  the  straight  '  ' 

line  AF  given  in  position ;  wherefore  the  intersection  F 

or  F^  the  perpendicular  FD,  or  F'D',  and.  the  point  D», 

or  D^  are  all  given. 

COMPOSITION. 

Let  M  :  N  express  the  given  ratio,  and  to  these  find 
(VI.  16.  £1.)  a  mean  proportional  O,  make  (VL  3.  £1.) 
M  to  O  as  AC  to  the  perpendicular  C£,  join  A£  meeting 
the  circumference  of  a  semicircle  described  on  6C  in  the 
point  F  or  F^  and  let  fall  the  perpendicular  FD  or  F'D' ; 
then  M  :  N : :  AD*  :  BD.DC  or  Ajy*  :  BD.D^C. 

For  the  triangle  AC£  is  evidently  similar  to  ADF  or 
AD'F',  and  therefore  AC :  C£ : :  AD :  DF,  and  AC  :  CE* 
: :  AD*  :  DF* :  but  (V.  2*.  £1.)  M  :  N  : :  M*  :  0%  or  as 
AC*  :  CE*,  and  consequently  AD* :  DF%  that  is  BD.DC, 
:  :  M  :  N.^ 

This  problem  evidently  requires  limitation;  for  if  AE 
should  diverge  too  much  from  AC,  it  will  not  meet  the  cir- 
cumference at  all.  Hence  an  extreme  case  will  occur, 
when  AE  touches  the  circle.  But  the  ratio  of  AC  to  CE, 
or  of  AD  to  DF,  will  then  be  the  same  as  that  of  a  tangent 
from  A  is  to  the  radius  HB  ;  and  consequently  the  limits 
ing  ratio  is  the  duplicate  of  this, — or  the  ratio  of  M  to  N 
can  never  approach  nearer  to  the  ratio  of  equality  (l^an 
tfiat  of  AB. AC,  or  AH*— HB*,  to  HP*. 
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3.  When  the  point  D  lies  beyond  B  and  C. 

ANALYSIS. 

On  BC  describe  a  semicirclei  draw  the  tangent  DE»  and 
produce  it  to  meet  the  perpendicular  AG,  and  join  E  with 
the  centre  F. 

Because  (III.  26.  cor.  2.  El.)  BD.DCnDE*,  the  ratio 
of  AD^  to  D£'  is  given,  and  consequently  that  of  AD  to 
DE.     But  the  angle  DEF,  being  (III.  24.  EI.)  a  right  an- 
gle, is  equal  to      ^ 
DAG,  and  the 
angle  at  D  is 
common  to  the 
triangles  DG  A 
and       DFE, 
which  are 

therefore  simi- 
lar, and  hence 
AD  :  AG  :  : 

DE  :  EF,  or  ' ' 

alternately  AD  :  DE  :  :  AG  :  EF.  And  since  the  ratio 
of  AD  to  DE  is  given,  that  of  AG  to  EF  is  also  given, 
and  EF,  the  half  of  EC  being  given,  AG  and  the  point  G 
are  thence  given.  Wherefore  the  tangent  GE  and  its  in«> 
tersection  D  with  AC  are  given. 

COMPOSITION. 

Let  M  :  N  be  the  given  ratio,  and  find  the  mean  pro- 
portional O;  make  O  :  M  :  :  BF  :  AG,  a  perpendicular 
to  AC,  and  draw  (IIL  22.  El.)  the  tangent  GED;  then 
M  :  N  : :  AD* :  BD.DC. 

For  join  EF.    Because  the  triangles  ADG  and  EDF 


O 
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are  similar,  AG :  AD  t :  £F :  ED,  and  alternately  AG :  £F 
:AD:ED;  but  AG:EF::  M  :  O,  and  therefore  M :  O 
:  AD :  ED,  and  M*  :  O*  :  ;  AD*  :  ED*,  that  is,  M :  N   , 
:  AD* :  ED*  or  BD.DC. 


PROP.  XVII.    PROB. 

In  the  same  straight  line,  four  points  being  gi- 
ven, to  find  a  fifth,  such  that  the  rectangle  under 
its  distances  from  the  first  and  second  points,  shall 
have  a  given  ratio  to  the  rectangle  under  its  dis- 
tances from  the  third  and  fourth. 

Let  it  be  required  to  find  a  point  E,  so  that  AE.EB : 
DE.EC  : :  M  :  N. 

1.  Let  M :  Nbe  a  ratio  of  equality* 

ANALYSIS. 

Because  AE.£B=:DE.EC;  it  is  manifest  that  AE :  C£ 
:   :   DE  :  EB  ; 

whence (V. 9. and      a B-   ^       C l> 

8.  El)  AC :  BD        '       TT  ^~JE      '  ' 

:  :  CE  :  EB,  and 

(V.  9.  El.)  AC+BD  :  BD : :  BC :  EB ;  but  the  ratio  of 
AC+BD  to  BD  is  given,  whence  that  of  BC  to  EB,  and 
therefore  BE  and  the  point  E,  are  giv^n. 

COMPOSITION. 

Make  AC + BD  :  BD : :  BC  :  EB,  and  £  is  the  point  re-* 
quired.  For  (V.  10.  El.)  AC  :  BD  :  :  CE :  EB,  and  (V. 
19.  cor.  1 .  El.)  AE :  ED : :  CE :  EB,  and  hence  (V.  6.  EI.) 
AE.£B=CE.Eb. 
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2.  Let  M:Nbe  a  ratio  of  majority  or  minority. 

ANALYSIS. 

Find,  by  the  preceding  ooDstructioDi  a  point  F,  such 
that  AF.FB=DF.FC. 

Because  AE.EB: 
DEEC::M:N,it  '  ' 


followsthatAE.EB:      ^*  ' 

AE.EB  — DE.EC    V B     ^   ^  C  p 

::  M:M— N;  but  ^^- 

AE.EB  — DE.EC  =  (AE.EB  — AFFB)  +  (DF.FC— 
DE.EC),  that  is,  =  EF  ( AF  +  BE)  +  EF  { DF  +  CE), 
or=EF(AD+BC.)  Wherefore  AE.EB:  EF(AD+BC) 
: :  M  :  M — N ;  consequently  the  point  E  is  assigned  by 
Prop,  i  4.  of  this  Book. 

The  composition  of  the  problem  is  thence  easily  derived, 
by  retracing  the  steps. 

PROP.  XVIIL     PROS. 

In  the  same  straight  line,  four  points  being  gi- 
yen  to  find  a  fifth,  such  that  the  rectangle  under 
its  distances  from  the  extreme  points  shall  have  a 
given  ratio  to  the  rectangle  under  its  distances 
from  the  mean  points. 

Let  it  be  required  to  find  a  point  E,  so  that  AE.ED  : 
BE.EC::M:N. 

1.  Let  AB=CD. 

ANALYSIS. 
Because  AE.ED=(AB+BE)  (AB+EC),  it  is  evident 
that  AE.ED  =  AB.AC  +  BE.EC,  whence  AE.ED  ; 
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AB.  AC : :  M :  M— N. 

The*  ratio  of  AE.ED  ^' 

to   AB.AC   is  there-  -^^ « 

fore    given»    and   the  Pi — j 4 


rectangle    under    AE    v  B  C  I> 

and  ED,  the  segments    ^'  *        EE^        '  ^ 

of   AD,    being  thus 
given,  the  point  E  is  assigned  by  VI.  17.  of  the  Elements* 

COMPOSITION. 

Make  M— N :  M :  i  AB :  P,  and  (VI.  19.  El.)  cut  AD 
in  E  or  E',  such  that  AE.ED = P.AC;  E  is  jthe  point 
required.  For  (V.  7.  El.)  M :  M— N : :  P :  AB,  and  hence 
(V.  25.  cor.  2.  EI.)  M  :  M--N  :  :  P.AC,  or  AE.ED : 
AB.AC;  consequently  M:  N:  :AE.ED:  AE.ED— BA.AC, 
orBE.EC. 

2.  Let  AB  and  CD  be  unequal. 

ANALYSIS- 

Because  AE.ED = (BE +AB)  (EC+CD)=BE.EC+ 
BE.CD  +  AB.ED,  consequently  AE.ED  —  BE.EC  = 
BE.CD  +  AB.ED  =  BP.CD  —  ED.CD  +  AB.ED  = 
BD.CD+(AB— CD)  ED.  Produce  AD  to  F,  so  that 
(AB^CD)  DFziBD.CDi  and  since  AB,  CD  and  BD 

are  aU  given,      ^^^ ^ 

DF  and  the      ^, 
point   F  are 

given.   Thus  -^ 5 |    f'    -p  ^ 

from       con-  ^ 

struction  AE.ED— BE.EC  =  (AB— CD)  (DF+ED)  = 
(AB— CD)  EF.  Now,  since  the  ratio  of  AE.ED  to 
BE.EC  is  given,  the  ratio  of  AE.ED  to  EF  (AB— CD) 
is  also  given ;  wherefore  AB — CD  being  given,  and  the 
points  A|  C9  and  F,  the  point  E  is  given  by  Prop.  H. 
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Applying  that  proposition,  the  coostrttction  of  the  pro- 
blem is  easily  obtained. 

It  yet  remains  to  assign  the  limitations  of  this  problem. 

On  AD  describe  a  circle,  erect  the  perpendiculars  BI 
and  6CH9  join  lOH,  and,  parallel  to  tbi^,  draw  JiEL 
through  the  point  of  section  £,  join  OG,  EG,  apd  IBp 
which  produce  to  the  circumference,  and  join  MG  and 
ML. 

The,  point  O  is  evidently  given.  But  the  ratio  of  AE.ED 
to  BE.EC  may  be  considered  as  compounded  of  the  ratio 
of  AE.ED,  or  (III.  26.  £1.)  lE.EM,  to  KE.EL,  and  of 
the  ratio  of  KE.EL  to  BE.EC. 

Now,  since  BK  and  CL  are  parallel,  K£:  EL : :  BE:  EC, 
or  alternately  K£ :  BE : :  EL :  EC,  and  therefore  (V.  29. 
£1.)  KE^  :  B£^  :  :  KE.EL  :  BE.EC.  Again,  K£  and 
10  being  parallel,  KE  :  lO  : :  BE  :  BO,  or  alternately 
KE :  BE : :  lO :  BO,  and  h^ce  KE*  :  BE*  : :  10*  :  BO*. 
Wherefore  10*:  BO*: :  KE.EL: BE.EC,  and  consequent- 
]y  the  ratio  of  these  rectangles  is  given ;  let  it  be  that  of 
PQ  to  ST. 

Hie  angle  MOL,  being  equal  (III.  16.  El.)  to  MIH 
in  the  same  segment,  is  equal  (I.  22.  El.)  to  the  exterior 
angle  MEL,  and  consequently  (III.  17.  cor.  2.  EL)  the  qua- 
drilateral figure  MGEL  being  thus  contained  in  a  circle, 
the  angle  LME  is  equal  to  LGE.  Draw  LN  making 
the  angle  MLN  equal  to  EGO,  and  (I.  30.  EL)  the  ex- 
terior angle  LNE  will  be  equal  to  CGO.  But  the  trian- 
gles GOC  and  HOC  are  obviously  equal,  and^  therefore^ 
the  angle  CGO  =  CHO  =  CLE  =  EKL  Whence 
the  triapgles  lEK  and  LEN  are  similar,  and  IE :  KE : : 
£L:£N|  and  consequently,  (V.  6.  EL)  KE.EL  =:IE.EN. 

F 
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Mak^  therefore,  PQ  to 
PR,  w  EN  to  EM. 
The  ratio  of  AE.ED  to 
B£.£C  u  hence  com- 
pounded of  that  of  PR 
to  PQv  and  of  FQ  to 
8T,  or  it  is  the  same 
with  the  ratio  of  PR  to 
ST.  But  as  the  point 
of  section  £  approaches 
toO,  the  angle  EGO, 
or  MLN,  evidently  di- 
~  minishes,  and  conse- 
qaently  the  point  N,  in 
a  corresponding  degree,  approximates  to  M.  Hence  the 
extreme  term  which  PR  can  never  pass,  is  PQ;  and 
therefore  the  limiting  ratio  of  the  rectangle  A£,  £D  to 
B£,  EC  is  that  of  PQ  to  ST,  or  of  the  square  of  lO  to  the 
square  of  BO. 

The  point  O  of  ultimate  section  is  hence  easily  deter- 
mined. Because  BI  and  CH  are  parallel,  BI :  CH  : : 
BO  :  OC.  and  BI*  or  AB.BD  :  CH»  or  AC.CD  :  : 
BO*  :  OC*.  Wherefore  BC  must  be  divided  (I.  24. 
Anal.)  into  segmeDts  BO  and  OC,  which  are  in  the  sub- 
duplicate  ratio  of  the  rectangle  AB,  BD  to  AC,  CD. 


But  the  limiting  ratio  may  be  found  in  a  more  direct 
manner.  For  join  IG,  and  draw  DV  perpendicular  to  it, 
join  DG,  DI,  CV,  and  BV,  and,  having  dra«rn  the  dia- 
meter IZ,  join  GZ.  Because  the  angles  DGC  and  DIV 
■tand  upon  equal  arcs  DH  and  DG,  they  are  equal  (III. 
17.  El.};  but  the  quadrilateral  figures  DCGV  and  DBIV, 
being  right  angled  at  B,  at  C  and  V,  are  each  contained 
in  a  circle  (III.  17.  cor.  1.  EI.);  wherefore  (IIL  16.  El.)  the 
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angle  DGC  is  equal  to  DVC,  and  the  angle  DIV  to 
DBV,  and  consequently  the  angles  DVC  and  DBV  are 
equal.  Hence  the  triangles  CDV  and  VDB,  having  be« 
sides  a  common  vertical  angle,  are  similar;  and,  there* 
fore,  BD:DV::DV:DC,  and  (V.  6.  EI.)  BD.DCrsDV** 
But(yi.  15.  cor.  £1.)  DG'sAD.DC,  and  consequent- 
ly DG*— DV»  or  (11. 10.  El.)  GV*=AD.DC— BD.DC, 
or  AB.DC.  In  the  same  manner,  it  is  shown  that  IV^= 
AC.DB.  Whence  IG  is  given,  being  the  difierence  be« 
tween  the  sides  of  two  squares  that  are  equal  to  the  rect^ 
angles  AC,  DB,  and  AB,  DC.  Again,  the  angle  BIOj 
being  equal  to  the  alternate  angle  GHI,  is  equal  (IIL  16. 
£].)  to  GZI,  and  the  right  angle  OBI  is  equal  to  the 
angle  IGZ  in  a  semicircle;  wherefore  the  triangles  lOB 
and  ZIG  are  similar,  and  lO  :  BO  : :  IZ  or  AD  :  IG« 
Hence  the  limiting  ratio  of  AE.ED  to  BE.EC,  or  that 
which  marks  the  state  of  a  minimum  f  is  the  duplicate  ratio 
of  AD  to  the  difference  of  the  sides  of  squares  that  are 
equal  respectively  to  the  rectangle  AC,  DB  and  to  th^ 
rectangle  AB,  DC. 

PROP.  XIX.    THEOR. 

If  a  triangle  have  a  given  angle,  the  excess  of 
the  square  of  the  sum  of  the  containing  sides  above 
the  square  of  the  base,  has  a  given  ratio  to  the 
area  of  the  triangle. 

Let  ABC  be  a  triangle,  in  which  AB  is  produced  till 
BD  be  equal  to  BC ;  the  excess  of  the  square  of  AD  above 
the  square  of  AC,  has  a  given  ratio  to  the  area  of  the  tri- 
angle. 
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ANALYSIS. 

Draw  AB  parallel  to  BC,  and 
meeting  DC  prodiiced  in  E,  from 
B  let  fall  the  perp^dicular  BF, 
and  join  BE. 

Tbe  triangle  CBD.  being  isos-. 
coles,  the  angle  GDB  (I.  10.  El.) 
is  equal  to  DCB,  but  (L  22.  El.) 
DGB  is  equal  to  CEA ;  hence  the 
angles  EDA  9nd  DE  A  are  equal, 
and  the  triangle  DAE  is  isosceles. 
Wherefore  (II.  20.  El.)  AD»  = 
AC* +DC.CE,  or  AD*~AC»  = 
DCCE.  Again,  because  AE  is 
puk^Hel  to  BC,  the  triangle  ABC 
kas  (lb  1.  El.)  the  same  area  as  EBC,  or  (II.  6.  EL)  is 
half  the  rectangle  BF.GE.  Consequently  the  excess  of  the 
square  of  AD  above  the  square  of  AC,  is  to  the  area  of  the 
triangle  ABC,  as  DCCE  tofBRCE,  that  is,  (V.  23.  cor. 
2.  El.)  as  DC  to^BF,  or  (V.  3,  El.)  as  4DF  to  BF.  But 
the  given  angle  ABC,  being  (I.  32.)  equal  to  the  two  an* 
gles  CDB  and  BCD,  is  double  of  either,  and  thus  the  an- 
gle BDF  IS  given ;  whence  the  right-angled  triangle  DFB 
h  given  in  species,. and  therefore  the  ratio  of  DF  to  BF  is 
given.  It  thence  follows,  that  the  ratio  of  4DF  to  BF,  or 
that  of  the  excess  of  the  square  of  AD  above  the  square  of 
AC  to  the  area  of  the  triangle  ABC,  is  given. 

COMPOSITION. 

The  same  construction  remaining,  DCCE  :  BP.CE  :  : 
DC :  BF ;  but  DCCE= AD*— AC»,  and  BF.CE  is  dou- 
ble  of  the  triangle  ABC ;  whence  2DC  is  to  BF,  as  the  ex- 
cess of  the  square  of  AD  or  that  of  the  sum  of  the  sides  AB 
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and  BC  above  the  square  of  the  bate  AC,  to  the  area  of 
^tbe  triangte  ABC. 

PROP.  XX.    PROB. 

Jf,  from  the  extremity  of  the  diameter  of  a  cir- 
,  cle,  a  straight  line  be  drawn  to  a  point  in  the  per- 
.pendicular  radius,  such  that  triple  its  square  be 
equal  to  the  square  of  a  perpendicular  from  the 
circumference  and  the  squares  of  the  segments 
into  which  the  diameter  is  thus  divided;  the 
straight  line  that  joins  the  points  of  section  and  of 
termination  will  make  a  given  angle  with  the  dia- 
meter. 

« 
In  the  semicircle  ADB^  EF  and  the  radius  CD  being  at 

right  angles  to   AB,  and  AG  drawn  so  that  SAG*  = 

AE*-l.EF»+EB*  ;  if  EG  be  joined,  the  angle  CEG  is 

given. 

ANALYSIS. 

For  join  CF.  Because 
•  AB  is  bisected  in  C,  AE* 
+EB*  =  2AC*+2EC* 
(II.  18.  cor.  El.)  and  con- 
sequently, irom  the  hypo- 
thesis, SAG*  =  2  AC*  + 
SEC*  +  EF*  5  but  (II. 

10,  El.)  EC*  +  EF*  =  CF*,  or  AC*,  and  hence  3AG*  = 
SAC*  +  EC*.  Again,  AG*  =  AC*  +  CG*,  or  3AG*  = 
3AC*  +  SCG*;  wherefore  EC*  =  3CG*,  or  EG*  =  4CG* 
and  EG  =  2CG.  The  ratio  of  EG  to  CG,  and  the  right 
angle  at  C  being  thus  given,  the  triangle  LGC  is  (VI.  i4. 
£1.)  given  in  species^  and  cootequently  the  angle  CEG  is 
given* 
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COMPOSITION. 

Inflect  BH  equal  to  tbe  radius  of  tlie  circUi  join  A^» 
draw  EO  parallel  to  it  meeting  CO  in  Gj  and  join  AG } 
then  5AG*=AE'  +  EF*  +  EB'. 

For  join  CF.  The  triangles  AHB  and  ECG  being  e- 
Tidently  rimilar,  AB  :  BH  :  :  EG :  CO  i  but  AB=SBH, 
and  therefore  {V.  6.  El.)  EG  =  SCO.  Whence  EG"  =s 
♦CG»,  and  EC'=3CG»;  consequently  3AG»=3AC'+ 
SCG»=3AC*  +  EC»=2AC*+2EC»+AC»— EC*.  Now 
SAC  +  2EC'  =  AE*  +  EBS  and  AC»— {XJ*  =  EF» ; 
Ther^ore  SAG»=AE»+EF*+EB*, 

PROF.  XXI.    PROB. 

To  find  a  point  in  the  diameter  of  a  circle,  such 
tliat  the  square  of  a  straight  line  inSect^  from  it 
9t  a  given  angle  to  the  circumference,  shall  have 
a  given  ratio  to  the  rectangle  under  the  segments 
of  the  diameter. 

Let  it  be  required,  from  tbe  diameter  AD,  to  draw  DE 
at  a  given  angle  with  it,  and  such  that  the  square  of  DE 
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6D£  is  giveoi  and  thence  BAH;  wherefore  the  chord  AH 
is  given.  Again,  the  rectangle  AD, 
DB,  being  eqaal  to  FD.DE  (III. 
26.  EL),  is  also  equal  to  DE.EO; 
and  therefore  DE*  is  to  DE.EG, 
or  (V.  25.  cor.  2.  El.)  DE  is  to  EG, 
in  the  given  ratio ;  but  (VI.  2.  £{.), 
DE :  EG :  ':  AI :  IH,  consequent- 
ly AI  is  to  IH  in  a  given  ratio, 
and  hence  AH  is  to  HI  likewise  in 

a  given  ratio.  Wherefore  since  AH  is  given,  IH  and  the 
point  I  are  given ;  and  thence  IC,  the  point  E,  and  DE 
are  all  given, 

COMPOSITION. 

Draw  AH  at  an  inclination  with  AB  equal  to  the  ^ven 
angle,  and  produce  it  to  I,  so  that  AI  shall  be  to  I H  in 
the  given  ratio,  join  IC,  and  draw  ED  parallel  to  XA;  D 
is  the  point  required^ 

For  produce  ED  to  meet  the  circumference  in  F,  and 
join  CF  and  CGH.  Because  AI :  IH  : :  DE  :  EG,  (VI. 
2.  El.)  DE  has  to  EG  the  given  ratio,  and  consequently 
DE^  has  to  DE.EG  the  same  ratio.  But  FE  being  paraU 
lei  to  AH,  the  arc  HE  (III.  18.  El.)  is  equal  to  AF,  and 
thence  the  angle  HCE  is  equal  to  ACF ;  the  triangles 
CGE  and  CDF,  having  thus  the  side  CE  equal  to  CF, 
and  the  angles  ECG  and  CEG  equal  to  FCD  and  CFD,— 
are  (I.  20.  EI.)  equal,  and  hence  the  side  EG  is  equal  to 
FD.  Wherefore  DREG = DE.FD = AD.DB,  and  conse- 
quently  DE*  is  to  AD.DB  in  the  given  ratio. 

Cor.  It  is  obvious  that  DE*  cannot  be  equal  to  AD.DB^ 
unless  the  point  H  coincide  with  A;  in  which  case,  AI  be- 
comes a  tangent,  and  DE  a  perpendicular  to  the  diame- 
tejr,  and  the  proposition  merges  in  (III.  26.  cor.  1.  £1.) 
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PROP.  XXII,    PROS. 

From  two  given  points  in  the  circumference  of 
a  given  circle,  to  inflect  straight  lines  to  another 
point  in  the  opposite  circumference,  such  as  to 
intercept;  on  either  side  of  the  centre,  equal  seg- 
ments of  a  given  diameter. 

Let  it  be  required,  from  the  points  A  and  B,  to  inflect 
AC  and  BC,  so  as  to  intercept,  on  the  diameter  D£^  equal 
^rtions  from  the.  centre. 

ANALYSIS. 

Join  BA,  and  produce  it  and  the  diameter  ED  to  meet 
in  M,  draw  COL,  from  O  let  fall  the  perpendicular  OK 
upon  AB,  join  LK,  through  A  draw  AHI  parallel  to  DE, 
and  join  HK. 

The  parallels  FG  and  AI  are  cut  proportionally  by  the 
diverging  lines 
CA,  CH,  and 
CI(VLl.El.)j 
hut  FO  is  equal 
to  OG,  and 
consequently 
AH  is  equal 
to  HL  Where- 
fore  (11.  4.  El.)  HK  is  parallel  to  IB,  and  the  angle 
AKH  is  equal  to  ABI  (I.  22.  EL);  and  since  the  an- 
gle ABI  or  ABC  is  equal  to  ALC  (III.  18.  :pi.),  the  an- 
gle  AKH  48  equal  to  ALC  or  ALH,  and  hence  (IIL  18. 
cor.  El.)  the  quadrilateral  figure  AHKL  is  contained  in  a 
circle.  Consequently  (III.  16.  EI.)  the  angle  HAK  is  e- 
cjual  to  HLK;  but  HAlf  is  equal  (L  22.  El.)  to  OMK, 
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whith  w  tberelbre  eqind  to  HLKor  OLK,  and  thence  the 
qaadrilfltend  figure  MOKL  is  also  contained  in  a  circle. 
WherefiNre(ni.  16.  El.)  the  angle  MLOis  equal  to  MKO; 
but  MKO  is  a  right  angle,  and  consequently  MLOis  like- 
wise a  right  angles  and  ihence  (HI.  20.  El.)  ML  is  a  tan* 
gent.  But  the  point  M,  being  the  concourse  of  ED  and 
BA,  is  given,  and  therefore  the  tangent  ML  to  the  given 
circle  is  given  (IIL  22.  £1.);  whence  the  diameter  LC^ 
and  the  point  C  are  given. 

COMPOSITION. 

Produce  ED  and  BA  to  meet  in  M,  draw  the  tangent 
ML  and  the  diameter  LC ;  the  straight  lines  AC  and  BC 
wiU  cut  off  from  the  centre  equal  portions,  OF  and  OOy 
of  the  given  diameter  ED. 

For  draw  A I  parallel  to  DE,  and  OK  perpendicular  to 
ABy  and  join  LK  and  KH. 

Because  ML  is  a  tangent,  MLO  is  a  right  angle,  and^ 
therefore^  equal  to  MKO;  consequently  (III.  16.  El.) 
MKL  is  equal  to  MOL,  that  is,  (I.  22.  El.)  to  AHL. 
Wherefore  the  quadrilateral  figure  AHKL  is  contained 
in  a  circle,  and  hence  (III.  16.  El.)  the  angle  ALH  is  e- 
qual  to  AKH ;  but,  for  the  same  reason,  ALH  or  ALC  is 
equal  to  ABC  or  ABI,  and  consequently  AKH  is  equal  to 
ABI,  and  (1. 22.  £1.)  KH  parallel  to  BL  Now  since  AK 
is  equal  to  KB,  it  follows  that  AH  is  equal  to  HI,  and 
hence  that  FO  is  equal  to  OG. 

PROP.  XXIIL    PROB. 

Two  straight  lines  being  given,  to  draw,  through 
a  given  point,  another  straight  line,  cutting  off 
segments  which  are  together  equal  to  a  given 
straight  line. 
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Let  AB,  AC  be  two  straight  lines,  and  D  a  given  point, 
through  which  it  is  required  to  draw  a  straight  Kne  EF, 
so  as  to  cut  off  the  s^ments  A£  and  AF,  that  are  toge* 
ther  equal  to  ON. 

The  point  D  may  lie  either  withui  or  without  the  angle 
formed  by  the  straight  lines  AB  and  AC* 

1.  Let  Dhave  an  internal  position* 

ANALYSIS. 

Draw  DG  and  DH  (I.  23.  £1.)  parallel  to  AB  and  AC. 
Because  the  pomt  D  is  given,  and  AB,  AC  are  given  in 
position,  the  paral- 
lelogram AGHD  is 
given.  And  since 
the  triangles  EDO 
and  DFH  are  evi- 
dently similar,  EG : 
QD  :  ;J)H:HF, 
and  therefore 
EG.HF=GD.DH. 
But  AG  and  AH, 
or  DH  and   GD, 

being    given,    the     ^ 

rectangle  GD,  DH    O  i  ^ 

is  given,  and  therefore  EG,  HF  is  given.  Make  FKs 
^G,  and  the  rectangle  HF,  FKis  hence  given;  but  HK, 
being  equal  to  HF  and  FK  or  the  excess  of  AF  and  AE 
above  GD  and  DH,  is  given,  and  consequently  (VI.  17. 
El.)  its  segments  HF,  FK  are  given ;  whence  the  point  H 
being  given,  the  point  of  section  F  or  F^,  and  the  straight 
line  EDF  or  E'DF',  are  given. 

COMPOSITION. 
Draw  the  parallels  DG  and  DH.    From  ON,  the  sum 
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of  the  two  sqrments  AE  and  AF,cut  off  OP=AG+ AH, 
and  make  HK  =  PN.  On  HK  describe  a  semicircle,  from 
the  extremities  of  the  diameter  erect  the  perpendiculars 
HI  and  KL  equal  to  AH  and  AG,  join  IL,  and  at  right 
angles  to  this,  and  from  the  point  or  points  where  it  meets 
the  circumference,  draw  MF  or  M'F';  EDF  or  E'DF  it 
the  straight  line  required. 

For  (VI.  17.  El.)  HI.KL=HF.FK,  and  consequently 
AH. AG = HF.FK.  But,  from  the  similar  triangles  EGD 
and  DHF,  EG  t  GD  or  AH: :  DH  or  AG  :  HF,  and 
therefore  (V, 6,  El.)  AH,AG=  HF.EG;  whence  HF.FK 
?=HF.EG,  and  FK  =  EG.  And  since  AG  +  AH  = 
OP,  and  HF+EG=HK  =  PN,  it  follows  that  AG+EG 
f  AH+HF,  or  AE+AF=zON. 

2,  Ijet  the  point  D  have  an  external  position  with  respect 
to  the  straight  lines  AB  and  AC. 

ANALYSIS, 

Draw  DG  parallel  to  AB,  and  DH  parallel  to  AC  and 
meeting  AB  produced.  The  triangles  EDG  and  DHF 
being  similar,  EG  :  DG  :  :  DH  :  HF,  and  (V.  6.  El.) 
EG.HF=DG.DH;  but  DG  and  DH  are  both  given, 
and  hence  the  rectangle  under  EG  and  HF  is  given* 
Make  FK=EG,  and  therefore  HK=HF— EG=DG+ 
AF— (DH—AE)  =  AF+AE—(DH— DG);  whence  HK 
and  the  rectangle  HF,  FK  are  givep,  apd  consequently 
(VI.  17.  EI.)  the  point  F  is  given. 

If  DF^E'  intersect  the  straight  lines  AB  and  AC  on  the 
other  side  of  their  vertex  A,  the  triangles  E'DG  and  DF'H 
are  still  similar,  and  E'G  :  DG  :  ;  DH  i  HF;  wherefore 
E'G.HF',  being  equal  to  DG.DH,  is  given.  Make  F'K' 
=  E'G,  and  thence  HK'  =  E'G— HP  =  AE'+DH-, 
(DG-AF)  :^  AF  +  AE^  +  (DH-DG)  i  consequentiy 
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PROP.  XXV.    PROB. 

Through  a  given  point,  to  draw  a  straight  line, 
such  that  the  part  of  it  intercepted  between  two 
concentric  circles  shall  be  equal  to  a  given  straight 
line. 

Let  it  be  reqaired,  through  the  point  A,  to  draw  the 
straight  line  ABC,  so  that  the  part  BC  intercepted  by 
the  two  concentric  circles  HECM  and  IFBL  shall  be 
equal  to  D. 

ANALYSIS. 
From  any  point  H,  in  one  of  the  circumferences,  inflect 
HM=EC,  and  upon  these  let  fidl  the  perpendiculars  OK 
and  06.  The  equal  chords  HM  and  EC  are  therefore 
(III.  10.  El.)  equidistant  from  the  centre,  and  reciprocally 
IL  is  equal  to  FB ;  conse-^ 
quently  the  halves  of  these 
are  equal,  or  HK  =  GC, 
and  IK= GB ;  whence  the 
difference  HI,  being  equal 
to  BC,  is  given.  But  since 
the  point  H  is  given,  the 
point  I  and  the  chord  HM 
are  given ;  and  the  circle 
which  touches  at  K  being  given,  the  tangent  AGC  is  also 
given. 

COMPOSITION. 

In  the  circumference  of  one  of  the  circles,  having  as- 
sumed a  point  H,  insert  HI  equal  to  D,  and  produce  it 
t^  M,  upon  this  let  fall  the  perpendicular  OK,  with 
which  as  a  radius  describe  a  circle»  and  apply  it  to  the 
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P'N'=ON+(DH— DG),  and  consequently  AF+ AE'=: 
ON. 

PROP.  XXIV.    PROB. 

Through  a  given  point,  to  draw  a  straight  line, 
30  that  the  part  intercepted  by  the  circumference 
of  a  given  circle,  shall  be  equal  to  a  given  straight 
line. 

Let  A  be  a  point,  through  which  it  is  required  to  draw 
a  straight  line  HI,  limited  by  a  given  circumference  and 
equal  to  B. 

ANALYSIS. 

Take  any  point  D  in  the 
^iven  circumference,  and 
inflect  DE  equal  to  B*  Be- 
cause DE  is  equal  to  B,  it 
is  equal  to  HI,  and,  there- 
fore, (III.  10.  El.)  the  chords 
HI,  DE  are  equally  distant 
from  the  centre  of  the  circle, 
or  CG=CF.    But  DE  be-  3h 


ing  given,  CF  is  given,  and  thence  the  circle  described 
from  C  through  F  and  G ;  wherefore  the  point  A  being 
given,  the  tangent  AG  to  that  circle  is  given,  and  conse^ 
quently  HI  is  given  in  position. 

COMPOSITION. 

Inflect  DE  equal  to  B,  from  C  let  fall  the  perpendicu- 
lar CF,  with  which  distance  describe  an  interior  concen- 
tric circle,  and  draw  (IIL  22.  El. )  the  tangent  H AI. 

It  is  evident  that  the  chords  HI  and  DE,  being  equi« 
distant  from  the  centre,  are  both  of  them  equal  to  B. 
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PROP.  XXV.      PROS. 


Through  a  given  point,  to  draw  a  straight  lin^ 
such  that  the  part  of  it  intercepted  between  two 
concentric  circles  shall  be  equal  to  a  given  straight 
line.   ' 

Let  it  be  required,  through  the  point  A,  to  draw  the 
straight  line  ABC,  so  that  the  part  BC  intercepted  hy 
the  two  concentric  circlet  HECM  and  IFBL  shall  be 
egnal  to  D. 

ANALYSIS. 

From  any  point  H,  in  one  of  the  circumferences,  inflect 
HM=EC,  and  upon  these  let  &1I  the  perpendtcuiars  OK 
and  OG.  The  equal  chords  HM  and  EC  are  therefore 
(IIL  10.  £1.)  equidistant  from  the  centre,  and  reciprocally 
IL  is  equal  to  FB ;  conse- 
quently the  halves  of  these 
are  equal,  or  HK  =  GC, 
and  IK  =  GBi  whence  the 
difference  HI,  being  equal 
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tangent  ABC;  then  will  the  intercepted  portion  BC  be 
equal  to  D. 

For  the  chords  EC  and  FB  are  (IIL  10.  £1.)  equal  to 
the  equidistant  chords  HM  and  IL;  consequently  their 
halves  are  equals  or  GBsIK,  and  6C=HK,  and  hence 
BC=HI=D. 

It  is  evident,  that  the  interval  BC  between  the  concen- 
tric circles  will  be  least  when  AC  passes  through  the 
centre,  and  greatest  when  it  touches  the  inner  circle. 
Wherefore  D  is  limited  on  both  sides  $  not  being  less  than 
the  difference  of  the  radii  of  the  circles,  nor  its  square 
greater  than  the  difference  of  their  squares. 

PROP.  XXVI,    PROS. 

Two  circles  described  upon  the  same  straight 
line  being  given,  to  draw  from  a  point  similarly 
placed  in  it  another  straight  line,  so  that  the  part 
intercepted  by  the  circumferences  shall  be  equal 
to  a  given  straight  line. 

Let  D,  £  be  the  centres  of  the  two  circles,  and  let 
AD:  AE : :  DI :  EK ;  it  is  required  from  A  to  draw  ABC, 
such  that  BC  shall  be  equal  to  L. 

ANALYSIS. 
Join  BD  and  CE.  Because  AD  :AE::DI  or  DB:EK, 
or  EC,  therefore  (VI.  1.  cor. 
El.)  DB  is  parallel  to  EC; 
whence  AD  :  DE : :  AB  :  BC, 
and  since  AD  and  DE  are  gi- 
ven,  the  ratio  of  AB  to  BC  is      an  a — Di: 
given ;  but  BC  is  given,  and 
consequently  AB  is  given,  both  ^ 

in  magnitude  and  position. 
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COMPOSITIOlt 

Make  (VI.  3.  El.)  EK— DI :  DI : :  L :  M,  and  from  A 
inflect  AB  equal  to  M  ;  ABC  is  the  straight  litie  required. 

^or  since,  by  hypothesis,  AB :  AE : :  BI  or  DB :  EK  or 
EG,  DB  is  parallel  to  EC?  wherefore  BB  or  Dt:  EG 
or  EK  :  :  AB  :  AC,  and  consequently  (V.  11.  cor.  EL) 
EK— DI:DI::BC:AB;  but  EK— DI :  DI : : L : M  or 
AB,  whence  BC :  AB  : :  L :  AB,  and  therefore  (V.  def.  10. 
El.)  BC=L. 

PROP.  XXVIL    PROB. 

Two  circles  described  upon  the  same  straight 
line  being  given,  to  draw,  from  the  extremity  of 
either  diameter,  another  straight  line,  so  that  the 
part  of  it  intercepted  by  the  circumfisrences  shall 
be  equal  to  a  given  straight  line*     . 

Let  it  be  required  to  draw  ABC,  so  that  the  intercept* 
ed  portion  BC  shall  be  equal  to  QR. 

ANALYSIS. 

Join  B6,  CH,  and  FP,  from  E,  the  centre  of  the  ex- 
terior circle,  let  fall  upon  AC  the  perpendicular  EI,  cut 
off  IL=IB  and  draw  LK  parallel  to  BG,  ii>,  the  ^tension 
of  AH  make  (VI.  3.  El.)  AK :  AG : :  AF :  AM,  and,  from 
the  point  M ,  draw  MN  parallel  to  FP,  and  meeting  thp 
production  of  AC. 

Because  LK  is  parallel  to  BG  and  FP  to  MN,  there- 
fore (VI.  1.  El.)  AK  :  AG :  :  AL  :  AB,  and  AF :  AM  :  : 
AP :  AN;  but,  by  construction,  AK :  AG : :  AF :  AM,  apd 
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•oDseqaentljri  AK: 

AG>  :  AL<:  AB  :  : 
^P:AN.  Wlience 
(V.igLEl.)AK:AG 
:rAL4AP0r  PL 
:AB+ANorBN. 
Now,  since  (III. 
4.  El.)  IP  =  IC, 
and  IL=IB,  there- 
fore PL  =  BC  or 
QR ;  and  LK,  IE, 
and  BG  being  paral-  ' 

lei  lines,  KE=EG  (VI.  1.  EI.)  and  thence  AK  is  given; 
wherefore  three  terms  of  the  analogy  being  given,  the 
fourth  term  BN  is  given,  and  consequently  BN+BC^  or 
NC,  is  given.  But  the  angle  ACH  is  equal  to  AFP  (lUw 
16.  El.)  which  again  (I.  22.  El.)  is  equal  to  AMN,  and 
hence  the  triangles  CAH  and  ANM,  having  also  the  sdme 
vertical  angle,  are  similar,  consequently  AH  :  AC  :  : 
AN:  AM,  and  (V.  6.  El.)  AH.AM=AC.AN,  wherefore 
NC  and  the  rectangle  under  its  segments  AC,  AN  being 
given,  AC  is  given  in  magnitude  (VI.  17.  El.)  and  hence 
likewise  in  position. 

COMPOSITION. 

Having  cut  off  KE = EG,  make  (VI.  3..  El.)  AK :  AG : : 
AF :  AM,  and  AK :  AG : :  QR  :  QS,  divide  (VI.  19.  El.) 
SR  in  O,  such  that  SO.OR= AH.AM,  and  inflect  AC= 
OR ;  AC  is  the  straight  line  required* 

For  join  CH,  BG,  FP,  and  draw  MN  parallel  to  FP, 
and  EI  and  KL  parallel  to  CH.  Since  IL  =  IB  and  IP 
=  IC,  therefore  PL=BC.  The  triangles  CAH  and  ANM 
are  similar,  AH ;  AC::  AN :  AM,  and  AH.  AM = AC.  AN ; 
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but,  by  construction,  AH.AM=SO.OR,  and  ACssOR, 
consequently  AN=SO.  Now,  from  the  prbperiy  of  p^* 
rallels,  AK :  AG: :  AL :  AB,  and,  by  hypothesis,  AK :  AG 
: :  AF :  AM^or  AP :  AN ;  wherefore  (V.  19.  El.)  AK:  AG 
:  :  AL+ AP  or  BC :  AN+ AB  or  BN.  Whence  BC :  BN 
: :  QR  :  QS,  atkl  (V.  11.  El.)  BC:  CN:  :  QR  :  SRj  but 
CNsSR^  and  consequently  BCzQR^ 

PROP.  XXVIII.    PROB. 


From  the  extremity  of  the  diameter  of  a  giveii 
circle,  to  draw  a  straight  line,  so  that  the  part  of 
it  intercepted  between  a  given  perpendicular  and 
the  circumference,  shall  be  equal  to  a  given 
straight  line. 

Let  it  be  required  from  A  to  draw  AG»  such  that  the 
intercepted  portion  BC  shall  be  equal  to  GH. 

ANALYSIS. 

Join  BD.  The  angle  ABD^  being  in  a  semicircle^  is  a 
right  angle,  and  there- 
fore equal  to  AEC ; 
consequently  the  tri- 
angles  DAJS  and  CAE, 
having  besides  a  com^i- 
mon  angle  at  A,  are  si- 
milar, and  AB :  AD :  i 
AE  :  AC,  and  hence 
AB.AC=:AD.AE.But 
the  rectangle  AD^  AE  ^ 
is  given,  and  thence  AB,  AC ;  and  since  BC  is  given  in 
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xnagnitude,  therefore  (VI.  17.  £1.)  AB  is  given  in  magni- 
tude,  and  consequently  in  position. 

COMPOSITION- 

JProduce  GH  (VI.  17.  EI.)  till  GI.IH  r=  AD.AE,  and 
inflect  IH  from  A  to  B ;  AB  is  the  straight  line  required. 
For  join  BD.  The  triangles  ABD  and  AEG  being  eYi* 
dently  similar^  AB  :  AD  :  :  AE :  AC,  and  cohseqaendy 
AB.AC=:I AD.AE=GI.IH ;  but  AB=IH,  whence  ACrr 
GI,  and  therefore  BC = Glh 


PROP.  XXIX.    PROB. 

Through  a  given  point  in  the  line  bisecting  a 
given  angle,  to  draw  a  straight  line  limited  by  the 
sides,  and  equal  to  a  given  straight  line. 

Let  it  be  required,  through  the  point  D,  situate  in  the 
straight  line  AD  which  bisects  the  angle  BAC,  to  draw 
BC  equal  to  a  given  straight  line. 

ANALYSIS. 

About  the  points  B,  A  and  C,  describe  (III.  9.  cor.  EL)  a 
circle,   draw  the    diameter 
EF,  and  join  AF.    Because  J^ — ^ 

BC  and  the  angle  BAC  are 
given,  thecircumscribingcir- 
cle  (III.  23.  £1.)  and  conse- 
quently the  triangle  BAC, 
are  given  in  magnitude :  But 
since  the  angle  B  A£  is  equal 
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to  CAE,  the  arc  BE  is  (III. 
16.  cor.  El.)  equal  to  CE; 
and  hence  the  chord  BC  is 
bisected  at  right  angles  by- 
the  diameter  EF.  Where- 
fore AD  being  given,  AE  is, 
by  ^helast  proposition,  given 
ia  magnitude,  and  thence 
DB  is  given  in  magnitude, 
and  consequently  in  position. 

COMPOSITION. 

On  the  given  straight  line  describe  (III.  23.  El.)  a  seg- 
ment BAG,  containing  an  angle  equal  to  the  given  angle, 
and  complete  the  circle,  bisect  the  arc  BAG  in  E,  and  from 
that  point  draw,  by  the  la^t  proposition,  EAD,  such  that 
AD  shall  be  equal  to  the  distance  of  the  given  point  from 
the  vertex ;  and  DB,  DC  are  the  segments  of  the  required 
line,  from  which  its  position  is  immediately  determined. 

For  the  angle  BAG  is  equal  to  the  given  angle,  and  AD 
bisects  it,  since  the  arc  BE=:  CE ;  but  AD  is  besides  equal 
to  the  distance  of  the  given  point  from  the  vertex,  and  BG 
is  equal  to  the  given  straight  line.  Wherefore  all  the  points 
and  lines  retain,  by  this  construction,  their  relative  posi- 
tion.   •    .        • 


Cor.  Since  AE  cannot  exceed  the  diameter  FE,  the  !!• 
miting^case  will  occur  when  these  lines  coincide ;  wherefore 
BG  is  the  least  possible  when  it  is  at  right  angles  to  AD^. 
and  consequently  intercepts  equal  segments  AB  and  AC* 
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PROP.  XXX.    PROS; 

Between  the  side  of  a  given  rhombus  and  its 
adjacent  side  produced,  to  insert  a  straight  line  of 
a  given  length  and  directed  to  the  opposite  cor- 
ner. 

Let  ABCD  be  a  rhombus,  of  which  the  side  DC  is  pro- 
duced ;  it  is  required,  from  the  opposite  corner  A,  to  draw 
AEF,  such  that  the  exterior  portipn  £F  shall  be  equal  to 
a  given  straight  line. 

ANALYSIS. 

Join  AC,  and,  meeting  this  produced,  draw  EG,  mak- 
ing the  angle  AEG  equal  to 
ACF.  The  triangles  CAF 
and  EAG  are  evidently  simi- 
lar, and  AC:  CF: :  AE :  EG; 
but  CE  being  parallel  to  AB, 
BC:CF::AE:EF(VL  1. 
EL) ;  whence  (V.  17.  El.) 
AC :  BC :  :  EF  :  EG.  But 
AC,  BC,  and  EF  being  gi- 
ven, EG  is  (VI.  3.  El.)  also 
given.  Again,  the  angle  ACD  is  (L  2.  El.)  equal  to  ACB, 
and  therefore  to  FCG ;  consequently  adding  ECF  to 
each,  the  whole  angle  ACF,  or  AEG,  is  equal  to  ECG. 
Hence  the  triangles  AGE  and  EGC  are  similar,  and 
AG :  EG :  :  EG  :  GC,  or  AG.GC  =  EG*.  Wherefore 
the  rectangle  AG,  GC  is  given,  and  consequently  (VI.  17. 
£1.)  the  point  G,  and  thence  the  point  E  and  the  straight 
Une  AF. 
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COMPOSITION. 

Let  the  intercepted  segment  be  equal  to  K^  join  AC, 
make  AC :  BC : :  K  :  L,  divide  AC  in  G  (VI.  17.  El.)  so 
that  AG.GC=:L^»  and  from  G,  with  the  radius  L,  de- 
scribe a  circle  cutting  CD  in  E ;  AEF  is  the  straight  line 
required. 

For  since  AG.GC=L*  =  EG*,  AG :  EG  : :  EG :  GC^ 
and  therefore  the  triangles  AGE  and  EGC  are  similar,  and 
the  angle  AEG  is  equal  to  ECG,  or  ACF ;  whence  the 
triangles  AFC  and  AGE  are  likewise  similari  and  AC :  CF 
:  :  AE  :  EG ;  but  (VI.  I.  EI.)  BC :  GF : :  AE  :  EF,  and 
consequently  (V.  17.  El.)  AC  :  BC  : :  EF  :  EG.  No^r 
AC :  BC ::  K :  L  or  EG ;  wherefore  EF=K. 

Oiket'wise  thus. 

ANALYSI;?. 

Draw  FG  making  the  angle  AFG  equal  to  ADC,  cut 
off  CH=CE,  from  C  inflect  CN:;=CA,  and  join  CG  and 
AH. 

The  triangle  ACN  being  isosceles,  the  angle  CAN  is 
(L  10.  El.)  equal  to  CNA  ;  and  since  the  diagonal  AC  bi« 
sects  the  angle  BCD  of  the  rhombus,  the  triangles  ACE 
and  ACH  are  (t.  3,.  El.)  likewise  equal,  and  hence  AE  is 
equal  to  AH,  and  the  angle  CAE  equal  to  CAH.  And 
because  the  triangles  ADE  and  AFG  are  similar,  AD : 
AE : :  AF  :  AG  and  AD.AG:=  AE.AF.  But  the  angle 
ACD,  being  equal  to  CAD,  is  equal  to  CNA,  and  conse* 
quently  the  triangles  ADC  and  ACN  are  simibr ;  whence 
AN  J  AC : :  AC :  AD,  and  therefore  AN.  AD  =  AC*.  A- 
gain,  because  AC  bisects  the  vertical  angle  HAF  (VI.  17. 
El.)  FA.  AH  =  AC*  +  FC.CH,  that  is,  FA.AE=r  AC*+ 
FC.CE;  wherefore  FC.CE  =  FA.AE— AC*,  that  is. 
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AG. AD— AN. AD,  or  NG. AD.    But  BA  tnd  CE  beiqg 

p«»Ud,  FC  :  EF  : :  AD:  AE::  AF  :  AG,  aad  CE :  EF 

: :  ABor  AD :  AF;  conse- 

qaenUy(V.22.El.)FC.CE 

:  EF*  :  :  AD  :  AG  ? :  (V. 

35.  cor.  3.  El.)  NG.AD : 

lfG.AG;  iince  therefore 

FC.CE= NG.AD,  it  fol- 

lows  (V.  8.  and  4.  El.)  that 

J:F»  =  NG.AG.     Hence 

(VI.  17.  El)  AG  and  the  x,v_ — m 

point  G  are  given,  and  the 

angle  AFG,  being  equal  to  ADC,  is  (III.  28.  El.)  contain- 
ed in  a  given  segment  of  a  circle ;  wherefore  the  intersec- 
ftion  F  and  the  inflected  line  AF,  are  given. 

GOMPOSITION. 

Let  K  be  equal  to  the  intercepted  portioQ  of  the  straight 
line  which  is  to  be  inflected  from  A,  and  find  (II.  1 2.  EL) 
L  the  side  of  a  square  equivalent  to  the  squares  of  K  and 
of  the  diagonal  AC|  produce  AD,  and  from  C  place  CG 
equal  to  L,  upon  AG  describe  (III.  28.  El.)  a  segment  of 
a  drcle  containing  an  angle  equal  to  ADC,  and  join  A 
with  the  point  of  intersection  F ;  AF  is  the  straight  Unci 
required. 

For  inflect  CN=CA,  and  join  GF  and  AH. 
The  triangles  AHC  and  AEC  are  equal ;  for  the  a^iglq 
AFG,  being  by  construction  equal  to  ADC^  is  equal 
(I.  22.  El.)  to  the  alternate  angle  formed  by  the  produce 
tion  of  BA  with  AD,  and  coq^equently  (HI.  21.  cor.  El.) 
AB  touches  the  circle  at  A ;  whence  the  angle  BAH  ;;: 
UFA=:DAE,  and  taking  these  from  the  equal  anglcp 
BAG  and  DAC,  there  remains  CAHssCAE,  but  the  an- 
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gles  ACHr  and  ACE  are  also  eqaal,  and  tbe^  side  AC  it 
comipan  ta  the  two  triangles;  wherefore  AH=f  AE,  and 
CH=:CE.  And  because  the  triangles  ADE  and  AFG 
are  similar,  AD :  AE: :  AF:  AG,  and  AD.AG=AE.AF. 
Again,  the  triangles  ANC  and  ACD<  being  similar, 
AN  :  AC  :  :  AC  :  AD,  and  AN.AD=  AC*.  But  FC 
EF : :  AD  :  AE : :  AF :  AG,  and  CE  :  EF : :  AB  or  AD 
AF ;  consequently  FC.CE :  EF* : :  AD :  AG : :  NG.AD 
NG.AG;  and  since  AC  bisects  the  angle  FAH,  FC.CH+ 
AC*=FA.AH=FA.AE=AG.AD=:AN.AD+NG.AD, 
it  follows  that  FC.CH,  or  FC.CE = NG.AD,  and  hence 
EF*  =  NG.Aa  Now  K*  =  CG*— AC*=:  (11.  17.  cor.) 
NG.AG;  wherefore  EF^sKS  andEFsK.  . 


PROP.  XXXI.     PROB. 

Through  two  given  points,  to  describe  a  circle 
touching  a  straight  line  given  in  position. 

Let  it  be  required  to  describe  a  circle  through  the  points 
A,  B,  and  touching  the  straight  line  CD. 

It  is  evident  that  CD  must  either  be  parallel  or  inclined 
to  the  straight  line  which  joins  the  points  A  and  B. 

1 .  Let  CD  be  parallel  to  AB. 

ANALYSIS. 

From  the  point  of  contact  E,  draw  (I.  6.  £1)  EG  per- 
pendicular to  CD.  Hence  (IIL  20. 
cor.  'Ei.)  EG  passes  through  the  cen- 
tre of  the  circle,  and  since  k  is  also 
perpendicplar  to  AB  (I.  22.  EI.)  it  bi- 
sects tbftt' chord  at  right  angles  (III. ' 
4.  El.)  the  point  G  is  therefore  given, 
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and  the  peipeBdicuIar  6£  $  odnsequentlj  the  ihree  pointt 
A,  £^  and  B  being  thus  given,  the  circle  AEB  is  given. 

COMPOSITION. 

Draw  (I.  7*  El.)  G£  bisecting  AB  at  right  angles,  and 
(III.-  9.  cor.  El.)  through  the  points,  A,  E  and  B  describe 
a  circle;  this  will  touch  the  straight  line  CD. 

For  (III.  6.  El.)  6E  must  pass  through  the  centre  of 
the  circle,  and  (I.  22.  El.)  it  meets  the  parallels  CD  and 
AB  at  right  angles ;  whence  (III.  20.  El.)  CD  is  a  tan-  ' 
gent  to  the  circle. 

-2.  Let  CD  he  inclined  to  AB. 

ANALYSIS. 

Produce  BA  to  meet  CD  in  F.  Then  (III.  26.  cor.  2.  El.) 
FE*=AF.FB;but 
the  point  of  con- 
course being  given, 
the  rectangle  AF, 
FB  is  given,  and 
consequently  FE 
and  the  point  E. 
Wherefore  since  the 
three  points  A,  E,  and  B  fyre  giyeD)  tfie  circle  AEB  is  gi-* 
ven. 

COMPOSITION.. 

Produce  BA  to  meet  CD  in  F,  find  (VI.  16.  El.)  FE 
or  FE^  a  mean  proportional  to  AF  and  FB,  and  (III.  10. 
corr^  Ei.)  through  the  points  A,  B,  and  E,  or  A,  B,  and 
E',  describe  a  circle  \  this  will  touch  the  straight  line  CD. 

For  since  AF  :  FE  :  :  FE  :  FB,  therefore  (V.  6.  El.) 
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FE*s?AF.FB,  and  consequently  (|IL28t  i^)  V^^¥E.\ 
tonebes  the  cird^^ 


PROP.  XXXII.    PROB. 

Through  a  given  point,  to  describe  a  circle 
touching  two  straight  lines  given  in  position. 

Let  it  be  req[uired,  through  the  point  £,  to  describe  ^ 
circle  touching  AB  and  CD. 

1.  men  AB  is  parallel  to  CD. 

« 

ANALYSIS, 

Through  the  centre  O  draw  the  parallel  FQ  and  the 
eammon  perpendicular  KI. 
It  is  evident  that  the  radius 
OI  is  given,  apd  consequent- 
ly FO  is  given  in  position  ; 
but  0£,  being  equal  to  OI, 
is  given,  and  therefore  th^ 
centre  O  is  given. 
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COMPOSITION. 

Draw  a  parallel  FO  bisecting  the  distance  between  the 
itraight  lines  AB  and  CD,  and  from  £  with  a  radius  equal 
to  half  that  distance  intersect  FO  in  O,  or  O' ;  this  point 
U  the  centre  of  the  circle  required.  For  0£=OI=:OK|^. 
Md  the  circle  which  passes  from  £  must  touch  at  K  and  I. 


£«  When  CD  is  inclined  to  AB. 


Ill 
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ANALYSIS. 

Produce  BA  md  DC  to  naeet  in  F,  join  OI,  OK,  and 
OF,  and  froflsi  |B  draw  EGH  perpendicular  to  OF, 

The  triangles  OKF  and  OIF,  being  (III.  20.  El.)  right- 
angled,  and  haying  the  side  OK  equal  to  OI  and  the  side 
OF  common,  are  (I.  M.  El.)  equal,  and  consequently  the 
angle  OFK  is  equal  to 
OFI ;  wherefore  since 
the  point  of  concourse  F 
Is  given,  the  straight 
line  OF  is  given.  But, 
tl)e  point  E  being  given, 
the  perpendicular  EH  is 
thence  given,  and  (III. 
4.  D.)  OH  being  equal 
to  GE,  the  opposite  point  H  is  giveq.  Two  points  £^ 
H,  and  a  straight  line  AB,  are  thus  given,  and  therefore, 
by  the  last  proposition,  the  circle  EHKI  is  given. 

COMPOSITION. 

Produce  BA  and  DG  to  meet  in  F,  draw  (I.  5.  El.)  FO 
bisecting  the  angle  BFD,  from  E  (I.  6:  El.)  let  fall  the 
perpendicular  EG,  and  extend  it  both  ways,  making  GH 
:=:GE,  find  (VI.  16.  El.)  LI,  or  LP,  a  mean  proportional 
to  HL  and  LE,  and  through  the  points  H,  E,  I,  or  H, 
E,  I^  describe  a  circle;  this  circle  will  touch  both  the 
straight  lines  AB  and  CD. 

For  the  centre  of  th^  circle  which  passes  through  E  and 
H,  must  (III.  5.  EI.)  occur  in  FO ;  let  it  be  O,  join  OI 
and  draw  the  perpendicular  OK.  Because  HL.LE=LI^, 
the  circle  touches  AB  at  1,  and  hence  OIF  is  a  right  an- 
gle ;  consequently  the  triangles  KOF  and  lOF  having  the 
jungles  OKF  and  OFK  equal  to  OIF  and  OFI,  and  the 
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side  OF  common^  are  (L  20.  WL)  equal,  and  therefore  01 
sz  OK  ;  wheoce^he  circle  described  from  O  passes  through 
K,  and  (III.  20.  £1.)  must  toudi  CD  at  that  point. 

Cor^  If  the  given  point  E  should  fall  on  AB,  and  thus 
coincide  with  the  point  of  contact9--rthe  problem  will  be- 
come much  simpler ;  for  the  centre  O,  lying  in  the  inter- 
mediate or  bisecting  line  FO5  will  be  determined  by  the  in- 
tersection of  the  perpendicular  lO. 

PROP.  XXXIII.    PROB. 

Through  two  given  points,  to  describe  a  circle 
touching  a  given  circle. 

Let  it  be  required,  through  the  points  A  and  B,  to  de- 
scribe a  circle,  touchmg  another  cirde  whose  centre  is  C. 

ANALYSIS. 

Through  D,  the  point  of  contact,  draw  ADE  and  BDF, 
join  EF,  at  F  (I.  5.  cor.  2.  EL)  apply  the  tangent  FG, 
and  draw  BHCL 

Because  FG  touches  the  given  circle,  the  angle  BFG  is 
(III.  21.  £1.)  equal  to  FED,  and  therefore  equal  to  BAD^ 
since  (III.  24.  El.)  FE  and  AB  are  parallel ;  but  the  tri- 
angles BGF  and  BD  A  have 
likewise  a  common  angle  at 
B,  and  are  hence  similar ; 
therefore  BF ;  BG  : :  B  A : 
BD,and(V.6.El.)BA.BG 
=  BF.BD=  (IIL26.  El.) 
BLBH.  ButBIandBH 
are  given,  and  thence  the 
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rectangle  B A|  B6  is  given, 
and  consequently  (11. 8.  EL) 
the  point  G  is  given.  Hence 
the  tangent  GF,  and  D, 
th6  intersection  of  BF,  are  - 
given  J  wherefore  the  cir- 
cle that  passes  through  the 
three  points  A,  D,  and  B  is  given. 

COMPOSITION. 

Make  (VI.  3.  El.)  BA:BI ::  BH :  BG,  draw  (III.  SO.  El.) 
the  tangent  GF,  join  BF  cutting  the  given  circumference  in 
D^  and  (III.  9.  cor.  EL),  through  the  points  A,  D^  and  6, 
describe  a  circle ;  this  will  touch  the  circle  FDE. 

For  draw  ADE,  ^oin  FE,  and  draw  BHCI.  Since 
BA  :  BI  : :  BH  :  BG,  therefore  (V.  6.  El.)  BA.BG  =z 
BI.BH  =  (III.  26.  El.)  BF.BD ;  whence  BF  :  BG : : 
BA :  BDy  and  consequently  the  triangles  BGF  and  BD A, 
having  the  same  vertical  angle,  are  (VI.  IS.  EL)  similar, 
and  hence  the  angle  BFG  is  equal  to  BAD.  But  (III. 
21.  EI.)  BFG  is  equal  to  FED,  and  thus  the  alternate  an- 
gles B AE  and  FEA  are  equal,  and  FE  is  parallel  to  AB ; 
whence  (III.  24<.  El.)  the  two  circles  touch  at  D. 

It  is  obvious,  that  the  tangent  GF  will  have  two  posi- 
tions, and  consequently  the  line  BDF  may  cut  the  given 
circle  in  two  points.  The  circle  which  passes  through  AB 
and  D  may  therefore,  in  each  case,  have  an  exterior  as  well 
as  an  interior  position,  though  here  omitted,  to  avoid  con* 
fusing  the  figure^ 
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PROP.  XXXIV*    PROB. 

Through  a  given  point,  to  describe  a  circle, 
'touching  a  giv^  circle  and  a  straight  line  which 
is  given  in  pcsition. 

Let  it  be  required,  through  the  point  A,  to  describe  a 
circle  touching  the  straight  line  CD  and  the  circle  whose 
centre  is  B. 

ANALYSIS. 

From  the  centre  of  the  given  circle  let  &I1  the  peipendi> 

culsr  EBG,  join  £1  and  extend  it  to  H  in  the  straight 

line  CD,  ako  draw  FIK  and  join  HK. 

The  angle  HIK,  being  equal  to  EIF  which  stands  in  a 

semicircle,  is  (III.  19.  £1.)  a  right  nngle>  and  consequeQt>- 

ly  HK  is  the  diameter  of 

the  circle  ILA,and  H  the 

point  of  contact.   The  tri- 
angles H£0  and  FEI  are 

Uierefore  similar,  HE:EG 

::£F:  EI,  whence  HE.EI 

z=  EG.EF.      Join   ELA 

and  (IIL  26.  EI.)  AE.EL 

=H£.E1  or  EG.EF;  but 
the  rectangle  EG,  EF  is  gi- 
ven, and  consequently  that 
of  AE,  El  ;  now  AE  being 
^ven,  the  point  L  is  hence 
given.  Wherefore,  since 
the  two  points  A,  L,  and 
the  straight  line  CD,  are  all  ^Teo, — the  circle  HIA  ii 
given. 


1B00K  If;  111 

COMPOSITION. 

Join  EA|  draw  the  perpendicular  EG,  make  (VL  3. 
EL)  AE  :  EG  :  :  EF :  EL,  and  by  Prop.  31.  of  this 
^ook,  describe  a  circle  through  the  points  A,  L,  and 
touching  the  straight  line  CD  ;  this  circle  will  also  touch 
the  given  circle. 

For  draw  the  diameter  HK,  join  £H  cutting  the  cir- 
cumference EIF,  and  draw  FIK  meeting  HK. 

The  triangles  HEG  and  FEI  being  evidently  similar, 
HE:  EG  : :  EFi  EI,  and  HE.EI=EG.EF;  but  At : 
EG  :  :  EF  :  EL,  and  AE.EL=EG.EF;  wherefore 
HE.£I= AE.EL,  and  (IIL  28.  EI.)  the  point  I  must  lie  in 
the  circumference  IIIK.  But  the  two  circles  also  touch 
in  I ;  for  EG  being  parallel  to  tiK,  the  angles  lEF  and 
IHK  are  equal,  which  are  again  equal  to  those  made  by  a 
tangent  with  IF  and  IK. 

Cor,  The  problem  will  be  greatly  simplified,  if  the  given 
point  A  should  occur  in  the  straight  line  or  in  the  circle, 
and  hence  coincide  with  either  of  the  points  of  contact  H 
or  I  i  for  EIH  and  FIK  being  drawn,  the  perpendicular 
HK  is  the  diameter  of  the  required  circle. 

tROP.  XXXV.    PROB 

Through  a  given  point,  to  describe  a  circle 
touching  two  given  circles. 

Let  it  be  required,  through  the  point  C,.  to  describe  a 
circle  touching  two  given  circles  whose  centres  are  A  and 

ANALYSIS. 
Join  the  centres  A,>6  and  O,  and  produce  AB  and  the 
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straight  line  connecting  E,  F,  ^  points  of  contact,  till 
they  meet  in  D;  join  aliso  BH  and  DC^  and  extend  this 
to  cut  the  circle  in  L. 

Since  EOF  and  FBH  are  isosceles  triangles,  the  vertical 
angles  OFE  an^  BFH  are 
equal  to  OEF  and  BHF, 
which  are  therefore  equal, 
and  consequently  (1. 22.  El.) 
£0  is  parallel  to  BH; 
whence  (VI.  2.  El.)  AE  : 
BH:  :DA:DB,  and  the 
point  D  is.  therefore  given. 
Again (Vl.  l.EI.)DA:DB 

: :  DE :  DH,  or  (V.  25.  cor.  T> ^C  31 

2.  EI.)  DE.DF  :  DH.DF ;  but  the  rectangle  DH,  DF, 
being  equal  (III.  ^6,  EI.)  to  the  rectangle  under  the  seg- 
ments of  DB  intercepted  by  the  circle  B,  is  given,  and 
hence  DE.DF  or  DC.DL  are  given  rectangles;  wherefore 
DC  being  given,  DL  and  the  point  L  are  likewise  given. 
The  problem  is  thus  reduced  to  Proposition  33.  of  this 
Book. 


COMPOSITION. 

Make  (VI.  3.  El.)  AE :  BH : :  AD  :  BD,  join  DC,  and 
produce  it  to  L,  such  that  the  rectangle  DC,  DL  shall  be 
to  the  rectangle  formed  by  a  secant  drawn  from  D  to  the 
circle  B,  in  the  ratio  of  AE  to  BH,  and  (II.  S3.  Anal.)  de- 
scribe a  circle  through  the  points  C  and  L,  and  touching 
the  circle  A ;  this  will  also  touch  the  circle  B. 

For  join  OA,  OB,  EH,  and  draw  BH  parallel  to  AO. 
Because  AE :  BH  : :  AD  :  BD,  it  is  evident  that  EH,  be- 
ing produced,  will  meet  AD  in  D;  hence  AE :  BH : :  DE 
:  DH,  or  (V.  25.  cor.  2.  El.)  DE.DF :  DH.DF  i  but, 
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by  construction,  A£ :  BH ; :  DC.DL :  DH.DF,  and  con- 
sequently DC.DL  is  equal  to  DE.DF)  and  the  point  F 
lies  in  the  circle  <0.  Wherefore  the  triangle  EOF  is  isos- 
celes, and  likewise  the  similar  triangle  HBF ;  hence  F  be- 
longs also  to  the  circle  B  and  (III.  24;  EL)  is  the  point  of 
mutual  contact. 

If  L  should  coincide  with  the  point  C,  the  construction 
will  be  effected  by  the  corollary  to  the  preceding  Proposi- 


tion. 
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To  describe  a  circle  that  shall  touch  a  given 
circle  and  two  straight  lines  given  in  position. 

Let  it  be  required  to  describe  a  circle  touching  the 
straight  lines  AB  and  CD,  and  another  circle  whose  cen- 
tre is  E. 

ANALYSIS. 

Join  FE,  draw  FH ,  FI  to  the  points  of  contact,  from 
F,  with  the  radius 
FE,  describe  a  cir- 
cle meeting  FH  and 
FI  produced  in  K 
and  L,  and,  at  these 
points,  apply  the  tan- 
gents MN  and  OP. 

Because  FE=FK 
=  FL  and  FG  = 
FH=FI,  therefore 
.GE=HK=IL.But 
the  tangents^CD  and 
OP^  being  perpendir 
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cular  to  FK^  are  parallel ; 
and,  for  the  same  reasoiiy  the 
tangents  AB  and  MN  are  pa- 
rallel. Wherefore  OP  and 
MN  are  given  in  position,  and 
consequently,  by  Prop  32.  the 
circle  EKL  is  given  ;  and 
thence  the  concentric  circle 
GHI. 


COMPOSITION. 

At  a  distance  equal  to  the  radius  of  the  given  cir^Icj 
draw  MN  and  OP  parallel  to  AB  and  CD ;  and  by  Prop. 
32.  of  this  Book,  find  F  the  centre  of  a  circle  which 
passes  through  £  and  touches  MN  and  OP ;  F  is  likewise 
the  centre  of  the  required  circle. 

For  join  F£,  and  draw  FK  and  FL  to  the  points  of  con- 
tact. And  because  G£=HK=IL,  it  is  evident  that  FQ 
=:FH=FI.  But  the  circle  also  touches  at  the  points  H 
and  I,  since  CD  and  AB  are  perpei^dicular  to  FK  and 
FL. 

Scholium.  The  six  preceding  propositions  are  only  cases 
of  a  general  problem  :  "  Three  things  being  given, — whe- 
ther points,  or  straight  lines,  or  circles, — to  describe  a  cir* 
cle  limited  by  them  all."  This  problem  comprises  ten  dis- 
tinct cases.  Two  of  these  have  been  already  given  in  the 
Elements  :  To  describe  a  circle  through  three  given  points^ 
forms  the  9th  Prop.  Book  III. :  To  describe  a  circle  that 
shall  touch  three  straight  lines  given  in  position,  is  the  ba- 
sis of  Prop.  10.  Book  IV.,  and  appears  complete  in  the  con- 
struction of  Prop.  29.  Book  VI.  The  same  principle,  it 
may  be  perceived,  runs  through  all  the  solutions  already 
given ;  the  conditions  of  the  problem  are  only  repeat- 
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•dly  exemplified,  each  of  the  linear  or  circalar  data  being 
exchanged  in  succession  for  a  point.  Two  oases  still  re« 
main :  When  there  are  given  three  circles  or  two  circles 
and  a  straight  linc^  to  describe  another  circle  limited  by 
these  data.  These  are  easily  reduced,  however,  to  the 
cases  already  solved,  as  in  the  concluding  proposition, — by 
drawing  a  parallel,  or  describing  a  concentric  circle,  at  dis- 
tances, according  to  the  relative  position  of  the  data,  equal 
to  the  sum  or  difference  of  the  given  radii. 

A  beautiful  general  theorem  respecting  the  mutual  tan- 
gency  of  circles,  was  celebrated  among  the  ancient  geome- 
ters, and  styled  by  them,  from  the  resemblance  of  its  dia^ 
gram,  the  c^fifjKog,  or  shoemaker^s  knife :  If,  on  the  two 
segments  AB  and  BC  of  the  diameter  of  a  semicircle,  other 
'  semicircles  be  constructed,  and  between  these  and  the  exte- 
rior circumference  a  series  of  circles  be  inscribed,  each  of 
them  touching  in  three  several  points,  and  if  perpendiculars 
be  let  fall  from  their  centres  on  the  diameter  AC;  the  first 
perpendicular  OG  will  be  equal  to  the  diameter  of  the  cir- 
cle about  O,  the  second  perpendicular  PS  will  be  double  of 
the  diameter  of  the  circle  about  P,  the  third  perpendicu- 
lar QT  will  be  triple  the  diameter  of  the  circle  about  Q, 
the  fourth  perpendicular  RN  will  be  quadruple  the  dia- 
meter of  the  circle  about  R,  and  so  on  continually.  In- 
scribed circles  might  likewise  be  carried  from  O,  on  the 
other  side  towards  C,  or  even  downwards  to  B,  whose 
diameter  shall  have  the  same  continued  relations  to  the 
perpendiculars  from  their  centres. 

The  demonstration  of  this  remar^ble  property,  as  it  em- 
braces a  variety  of  circumstances,  will  necessarily  extend  to 
some  length. 

1.  Join  A,  C,  the  extremities  of  the  diameter  of  the  ex- 
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terior circle,  with  L  ita  point  ofcontactwiththefirat  inscribe 
«d,  and  {in,'24.EJ.}  the  Hne  IK, which  connects  their  inteiH 
MctioDswrth  that  circle  must  be  parallel  to  AC ;  itisalsoa 
diameter,  aince  ALC  being  contained  in  a  semicircle,  is  (IIL 
19.  £1.)  a  right  angle.  For  the  same  reason,  if  straight  linei 
be  drawn  from  BtotbepoinUofcontactDand  E,they  miut 
terminate  in  1  and  K,  the  extremiti^  of  the  diameter  IK. 
Now,  from  the  nature  of  the  circle  (III.  i6.  El.)  LA.AI 
=  KA.AD;  but  the  triangles  LAC  and  FAI,  having  com- 
mon angles  at  A,  and  the  right  angles  ALC  and  AFI,  are 
similar,  and  consequently  AL  :  AC  :  :  AF  :  AI,  and  (V. 
6.  El.)  LA.AI  =  CA.AF.  Moreover,  the  triangles  HAK 
and  DAB  are  evidently  similar,  and  HA  :*  AK : :  AD :  AB; 
whence  HA.  AB  =  K  A.  AD:  Whertfore  CA.  AF=  H  A.  AB, 
and  AB:  CA  :  :  AF  :  HA,  consequently  (V.  iK  EL) 
AB  :  BC  : :  AF  :  FH.     Again  (IIL  26.  EU)  LC.CK  a 


IC.CE  J  but  the  triangles  LCA  and  HCK  being  similar, 
AC  :  CL  : :  CK  :  CH,  and  AC.CH  =  LC.CK;  and  the 
triangles  ICF  and  BCE  being  also  similar,  10  :  CF : : 
BC  :  CE,  and  1C.CE  =  BC.CF  j  wherefore  BC.CF  = 
AC.CH,  and  AC  :  BC :  :  CF :  CH  j  whence  (V.  1 1.  El) 
AB:BC::FH:CH.    But  it  was  proved  that  AB  :BC 
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t  :  AF  :  FH,  coniequeiitly  AF  :  FH  : :  FH  :  CH/and 
AF.CH  s=  F H.*,  Again)  the  triangle  ALC  being  evidently 
equiangular  to  AFI  and  KHC,  these  are  mutiially  similar^ 
and  therefore  AF :  FI : :  KH :  CH,  and  AF.CH  =  FI.KH 
or  FI*.  Whence  Fl*  =«FH*,  and  the  diameter  IK  equal 
to  IF  or  to  the  perpendicular  OC 

8.  At  A  apply  a  tangent,  and  produce  the  line  joining  OP 
to  meet  it  in  X;  join  A P,  and  produce  it  to  meet  the  exten- 
sion of  the  perpendicular  GO  at  N.  Because  AB  :  CA  : : 
AF:HA,itfollow8(V.12.EI.)AB  +  CA:BC::2AG:FH, 
or  having  bisected  BC  in  a,  Aa  :  Ba  : :  AG :  FG  or  OZ.  In 
like  manner,  it  may  be  shown,  that  Aa  :  Ba  :  :  AS :  PZ ; 
whence  by  identity  of  ratios,  AG :  OZ : :  AS :  PZ,  or,  alter-' 
nately,  AG  :  AS  :  :  OZ  :  PZ,  and  OZ  :  PZ : :  AG:  AS:: 
OX:  PX ;  that  is,  the  line  OP  joining  two  centres  is  cut  in- 
ternally in  Z,  and  externally  in  X,  in  the  same  ratio.  If  PQ 
were  joined,  and  produced  to  the  tangent  AX,  it  wduld  like- 
wise be  divided  in  a  similar  way*  But  a  line  joining  the 
points  where  the  circles  O  and  P  touch  the  circle  on  AB, 
would^  if  produced,  concur  in  the  point  X ;  for  radii  being 
drawA  from  the  centres  to  the  small  intercepted  chords 
would  evidently  form  similar  isosceles  trianglei^  since  these 
are  equiangular  to  the  isosceles  triangle  made  by  connecting 
the  chord  DW  with  the  centre  of  the  circle  on  AB.  A- 
gain  OD  or  OZ  :  Pc  or  PZ  :  :  OX  :  PX;  and  this  analo- 
-gy^  by  division,  becomes  OZ  :  PZ : :  XZ  :  X&,  and  conse- 
quently (V.  3.  El.)  OZ  :  PZ  : :  XZ*  :  XZ.Xft ;  but  OZ  :  PZ 
: :  OX  i  PX : :  XD :  Xc : :  XD.X W :  Xc.X  W ;  wherefore, 
by  identity  of  ratios,  XZ*  :  XZ.X6: :  XD.X  W:  Xc.X W; 
but  (III.  26.  El.)  XZ.Xft=Xc.XW,  and  hence  XZ*= 
XD.X W = AX*,  and  XZ = AX.  The  triangle  AXZ  is 
therefore  isosceles,  and  consequently  (I.  22,  £1.)  ZOM  is 
abo  isosoelesy  and  the  line  AZ^  meets  the  perpendicular 
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GO  At  M,  the  extreiYiiCy  of  the  diaibeter.  And  fAnt§ 
Py :  MN : :  PA  !  NA : :  PX:OX:  I  PZ  :02  :  :  Py:  OM, 
tbereford  (V.  4.  £1.)  MN  is  equal  to  OM,  and  Py  to  PZ» 
Now  (VI.  fi.  El.)  Py :  PSt  :  NM :  NG  or  Z6 :  PS : ;  NO 
:  NG )  but  NO  has  been  shewn  to  be  double  of  N0> 
and  consequently  PS  is  double  of  Z6.  "* 

d.  In  the  same  way^  it  may  be  demonstrated  that  a  h'ne 
dfawn  from  A  through  Q  will  meet  the  perpendicular  SP 
at  a  distance  above  P,  equal  to  the  diameter  of  its  circle; 
consequently  the  ratio  of  thi^  perpendicular  to  the  cor^ 
responding  diaineter  being  the  same  as  that  of  the  per- 
pendicular QT  to  the  diameter  of  the  circle  Q,  is  the  ratio 
of  three  to  one»  The  like  reasoning  will  apply  succes*- 
dvely  to  the  rest  of  the  series  of  perpendiculars. 

The  process  might  easily  be  carried  farther  and  more 
circles  iriserted,  but  it  would  render  the  figure  very  com^ 
plicated.  To  avoid  6uch  confusion,  likewise^  the  series  of 
circles  on  the  other  side  from  O  towards  G  along  the  con^ 
cave  circumference^  and  also  a  similar  decreasing  series  of 
interior  circles  downwards  from  O  to  B,  are  omitted* 

,It  may  be  worth  while  to  notice  here  another  el^ant 
property  connected  with  the  tangency  of  circles :  Let  there 
be  any  three  circles  whose  centres  are  A,  B  and  C;  if  a 
pair  of  tangents,  applied  on  both  sides  of  the  first  and  se- 
cond circles^  meet  at  the  point  D,  and  a  pair  of  tangents 
applied  to  the  second  and  third  circles  meet  at  E;  then  will 
the  tangents  applied  to  the  first  and  third  circles  meet  at 
some  point  F  in  the  straight  line  D£.  For  let  the  dia- 
meters of  the  circles  described  about  i A,  B  and  C,  be  ex- 
pressed by  df  b  and  c.  It  is  evident,  from  the  inspection 
of  tbe  figure  in  Case  II*  of  the  thirty-second  Fropositioa 
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of  this  Book,  that  each  pair  of  tangents  will  meet  in  the  ex- 
tension of  a  straight  line 
joining  the  centres  of 
two  circles^  and  divide 
externally  the  distance 
between  these  centres 
in  the  ratio  of  the  dia- 
meters. Wherefore 
a  lb  II  AD  :  DB,  and 
i  :  c  :  :  BE  :  EC,  but 
CG  being  drawn  pa- 
rallel to  AD,  BE  :  EC 
:  :  BD  :  CG,  and  by  composition  of  ratios  a\c\:  AD  :  CG 
:  :  (VI.  1.  El.)  AF:  FC.  Hence  the  tangents  applied  to  the 
circle  described  from  A  and  C  meet  also  at  F. 
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DEFINITION. 


If  a  point  vary  its  position  according  to  some  determin- 
ed law,  it  wiii  trace  a  line  which  is  termed  its  Locus. 

PROP.  I.    THEOR. 


If  a  straight  line,  drawn  through  a  given  point  to 
a  straight  line  given  in  position,  be  divided  in  a 
given  ratio,  the  locus  of  the  point  of  section  is  A 
straight  line  given  in  position. 

Let  the  point  A  and  the  straight  line  BD  be  given  in 
position,  and  let  AB,  limited  by  these,  be  cut  in  a  given 
ratio  at  C  j  this  point  will  lie  in  a  straight  line  which  is 
given  in  position. 

ANALYSIS. 

From  A  let  fall  the  perpen- 
dicular AD  upon  BD,  and, 
through  C,  draw  CE  parallel 
to  BD.  It  is  evident  (VI.  1. 
El.)thatAC:AB::AE:AD, 
and  consequently  that  the  ratio 
of  AE  to  AD  is  given  ;  but 
AD  is  given  both  in  positicm 
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^nd  magnitade,  and  hence  AE  and  the  point  E  are  given, 
and  therefore  CE,  which  stands  at  right  angles  to  AD,  is 
given  in  position* 

COMPOSITION. 

Let  &11  the  perpendicular  AD,  which  divide  at  E  in  the 
given  ratio,  and  erect  the  perpendicular  CE ;  this  straight 
line  is  the  locus  required.  For  CE  being  parallel  to  BD, 
AC :  AB : :  AE :  AD,  that  is,  in  the  given  ratio. 


PROP.  II.    THEOR. 

If  a  straight  line,  drawn  through  a  given  point 
to  the  circumference  of  a  given  circle,  be  divided 
in  a  given  ratio,  the  locus  of  the  point  of  section 
will  also  be  the  circumference  of  a  given  circle. 

Let  AB,  terminating  in  a  given  circumference,  be  cut  in 
a  given  ratio;  the  segment  AC  will  likewise  terminate  in  a 
given  circumference. 

ANALYSIS. 

Join  A  with  D  the  centre  of  the  given  circle,  and  draw 
CE  parallel  to  BD.  It  is  ob- 
vious (VI.  1.  El.)that  AC :  AB 
: :  AE  :  AD  ;  whence  the  ratio 
of  AE  to  AD  being  given,  AE 
and  the  point  E  are  given. 
Again,  since  (VI.  2.  Ei.) 
AC  :  AB : :  CE  :  BD,  the  ra- 
tio of  CE  to  BD  is  given,  and 
consequently  CE  is  given  in 
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fliagnicdde.  Wherefore  the  one  extremity  E  being  given, 
the  other  extremity  of  CE  must  trace  the  circumference  of 
n  given  circle. 

COMPOSITION. 

Join  AD,  and  divide  it  at  £  in  the  given  ratio,  and  in 
the  same  ratio  make  DB  to  the  radius  ECj  with  which,  and 
from  the  centre  £,  describe  a  circle. 

For  draw  AB  cutting  both  circumferences,  and  join  CE 
and  BD.  ^  Because  ,CE  :  BD  :  :  AE  :  AD,  alternately 
CE  :  AE  : :  BD  :  AD ;  wherefore  the  triangles  CAE  and 
BAD,  having  likewise  a  common  angle,  are  similar,  and 
consequently  AC :  CB : :  AE  :  AD,  that  is  in  the  given  ra*> 
tio. 

PROP.  III.    THEOR. 

If,  through  a  given  point,  two  straight  lines  be 
drawn  in  a  given  ratio  and  containing  a  given  an- 
gle ;  if  the  one  terminate  in  a  straight  line  given 
in  position,  the  other  will  also  terminate  in  a 
straight  line  given  in  position. 

Let  the  ratio*BA  to  AC,  with  the  angle  BAC  and  its 
vertex  A,  be  given  ;  if  the  extremity  B  lie  in  the  straight 
line  BD,  the  extremity  C  will  have  for  its  locus  another 
straight  line  given  likewise  in  position. 

ANALYSIS. 

Let  fall  the  perpendicular  AD  upon  BD,  dr^w  AE  form- 
ing with  AD  an  angle  DAE  equal  to  BAC,  and  make 
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AB  :  AC  : :  AD  :  AE;  C£  being  joined,  is  the  locus  re- 
quired. 

Because  the  angle  DAE  is,  by  construction,  equal  to 
BAG,  it  is  given  ;  and  the  perpendicular  AD  being  given, 
the  straight  line  AE  is,  therefore,  given  in  position.  But 
AB  :  AC  :  :  AD  :  AE,  and  this  being  a  given  ratio,  AE 
is  hence  given  also  in  magnitude.  Again,  since  the  angle 
BAC  is  equal  to  DAE,  the  angle  BAD  is  equal  to  CAE; 
and  because  AB :  AC : :  A  D :  AE, 
akemately  AB:  AD ::  AC :  AE; 
wherefore  the  triangles  ABD 
and  ACEy  having  their  vertical 
angles  equal,  and  the  sides  con- 
taining those  angles  propor- 
tional, are  (VI.  13.  El.)  similar, 
and  consequently  the  angle 
CE A  is  equal  to  BD A,  and  therefore  a  right  angle :  con- 
sequently the  straight  line  EC  is  given  in  position. 

COMPOSITION. 

Having  let  fall  the  perpendicular  AD,  and  made  the  an- 
gle DAE  equal  to  BAC,  make  AD  to  AE  in  the  given  ra- 
tio, and,  at  right  angles  to  AE,  draw  £C;  this  is  the  /o- 
cus  required.  For  the  triangles  BAD  and  CAE,  having 
their  vertical  angles  equal,  and  the  angles  at  D  and  E  right 
angles,  are  similar,  and  consequently  AB :  AD : :  AC  :  AE, 
or  alternately  AB  :  AC  :  :  AD :  AE,  that  is,  in  the  given 
ratio. 

PROP.  IV.    THEOR. 

If,  through  a  given  point,  two  straight  lines  be 
drawn  in  a  given  ratio,  and  containing  a  given  an- 
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gle ;  if  the  one  terminate  in  a  given  circumference^ 
the  other  will  also  terminate  in  a  given  circomft- 
rence. 

Let  the  angle  BAG,  its  vertex  A,  and  the  ratio  of  its 
sides,  be  given  ;  if  AB  be  limited  by  a  given  circley  the 
locus  of  C  will  also  be  a  given  circle. 

ANALYSIS. 

Join  A  with  D  the  centre  of  the  given  circlei  draw  AE 
at  the  given  angle  with  AD,  and  in  the  given  ratio,  and 
join  DB  and  EC. 

Because  the  point  A  and  the  centre  D  are  given,  the 
straight  line  AD  is  given  ;  and  since  the  angle  DAE,  being 
equal  to  BAC,  is  given,  AE  is  given  in  position.  But  AD 
being  to  AE  in  the  given  ratio,  AE  must  be  given  also  in 
magnitude,  and  consequently 
the  point  E  is  given. 

Again,  the  whole  angle  BAC 
being  equal  to  DAE,  the  part 
BAD  is  equal  to  CAE;  and 
because  AB  :  AC  : :  AD :  AE ; 
alternately  AB  :  AD  :  :  AC  : 
AE ;  wherefore  the  triangles 
ADB  and  AEC  are  similar, 
and  hence  AB  :  BD : :  AC :  CE,  or  alternately  AB :  AC : : 
BD:CE;  consequently  the  fourth  term  CE  is  given  in 
magnitude ;  and  its  extremity  E  being  given,  the  other 
must  lie  in  a  given  circumference. 

COMPOSITION. 

Having  drawn  A  E  at  the  given  angle  with  AD,  make 
AD  to  A£  in  the  given  ratio,  and  in  the  same  ratio  let 
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PB  be  made  to  EC ;  a  circle  described  from  the  centre 
£.wilh  the  distance  EC,  is  the  locus  required. 

For  AD  :  AE  : :  DB  :  EC,  and  alternately  AD  :  DB  : : 
AE  :  EC ;  but  the  angle  BAD  is  equal  to  CAE,  because 
the  whole  BAC  is  equal  to  DAE ;  consequently  the  trian- 
gles ABD  and  ACE  are  similar,  and  AB :  AD  : :  AC :  AE, 
or  alternately  AB  :  AC  : :  AD  *  AE,  that  is,  in  the  given 
ratio. 

Scholium.  Since  the  tangent  of  a  circle  is  only  the  extreme 
limit  of  its  adjacent  arc,  which,  in  proportion  as  the  circle 
expands,  must  continually  approach  to  that  ultimate  posi* 
tion — the  rectilineal,  may  be  derived  from  the  circular, 
locus.  Thus,  in  Prop.  2.  of  this  Book,  if  the  centres  E 
anci^  D  be  supposed  to  retire  to  a  distance  indefinitely  re* 
mote,  the  arcs  which  pass  through  C  and  B  may  be  view- 
ed as  merging  in  their  tangents  or  in  perpendiculars  let 
fall  from  those  points  upon  AD,  which  is  the  first  propo- 
sition. In  like  manner,  if  the  circles  in  Prop.  4.  be  sup- 
posed immeasurably  ^expanded,  the  arcs  in  which  the  points 
B  and  C  lie  may  be  conceived  to  pass  into  tangents  per* 
pendicular  to  AD  and  AE,  as  in  Prop.  3. 


PROP.  V.    THEOB. 

If  a  straight  line,  drawn  from  a  given  point  to 
a  straight  line  given  in  position,  contain  a  given 
rectangle,  the  locus  of  its  point  of  section  will  be 
a  given  circle. 

Let  the  rectangle  AB,  AC  be  given,  while  the  point  B 
and  the  straight  line  BD  are  given  in  position  ;  the  point 
C  will  lie  in  the  circumference  of  a  given  circle. 
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ANALYSIS. 

Draw  AD  perpendicular  to  6D,  and  make  tbe  rect- 
angle AD.AE=AB.AC.  Since  AD  is  ef|dently  giTen 
both  in  position  and  magnitude,  AE 
and  the  point  E  are  given.  Join 
CE.  Because  AD.AE  =  ARAC, 
AD  :  AB  : :  AC  :  AE,  and  the  tri-  a[ 
angles  DAB  and  CAE,  having  the 
sides  about  the  common  angle  at  A 
proportional,  are  therefore  similar; 
and  consequently  the  angle  ACE  is  equal  to  ADB,  or  a 
right  angle.  Whence  (III.  19.  El.)  the  point  C  must  lie 
in  a  semicircle,  of  which  AE  the  diameter  is  given. 

COMPOSITION. 

Having  drawn  the  perpendicular  AD,  make  the  rect* 
angle  AD,  AE  equal  to  the  given  space,  and  upon  the 
diameter  AE  describe  a  circle ;  this  is  the  locus  required. 
For  draw  AC  and  CE.  The  triangles  ABD  and  AEC  are 
similar,  since  they  have  a  common  angle  at  A,  and  those 
at  D  and  C  right  angles  5  wherefore  AB  :  AD  : :  AE  :  AC, 
and  AB.AC= AD.AE,  that  is,  equal  to  the  given  space. 


PROP.  VI.    THEOR. 

If  a  straight  line,  containiftg  a  given  rectangle, 
be  drawn  through  a  given  point  to  the  circumfe- 
rence of  a  given  circle,  the  locus  of  its  point  of 
section  will  be  either  a  straight  line  given  in  po- 
sition or  a  given  circle,  according  as  it  orginates 
or  not  in  the  given  circumference. 
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Let  the  rectangle  AC,  AB  be  equal  to  a  given  space, 
and  the  segment  AC  terminate  in  a  given  -circumference, 
the  point  of  origin  A  may  lie  either  in  that  circumference 
or  not* 

1.  Suppose  the  given  point  A  lies  in  the  given  circtanfe" 
rence  /  the  locus  of  B  is  a  straight  line  given  in  posit iom 

ANALYSIS. 

Draw  the  diameter  A£,  and  make  AE.AD=:AB*AC  ; 
wherefore  the  point  D  is  given. 
Join  CE  and  BD ;  and  because 
AE.AD=AB.AC,  AC  :  AE  :  : 
AD :  AB  ;  whence  the  triangles 
CAE  and  DAB,  having  likewise 
a  common  angle  at  A,  are  simi- 
lar. Consequently  the  angle 
ADB  being  thus  equal  to  ACE, 
is  a  right  angle,  and  the  straight  line  DB  is  hence  given 
in  position.  ^ 

COMPOSITION. 

Having  drawn  the  diameter  AE,  make  the  rectangle 
AE,  AD  equal  to  the  given  space,  and  erect  the  perpendi- 
cular DB;  this  is  the  locus  required.  For  draw  ACB,  and 
join  CE.  The  right-angled  triangles  ACE  and  ADB  be- 
ing evidently  similar,  AO.  AE : :  AD  :  AB,  and  AC.AB= 
AE.AD,  or  the  given  space. 

2.  Suppose  that  the  point  A  does  not  lie  in  the  given  cir^ 
cumference :  then  the  locus  of  B  is  a  given  circle. 
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ANALYSIS. 
Draw  the  diameter  EAD,  and  produce  CAF  to  the  cir- 
comference.     The  rectangle  AC,  AF,  beuig  (III.  2(5.  Ek) 
equal  to  AD,  AE,  is  given, 
and  has,  therefore,  a  given  ra- 
tio to  the  rectangle  AC,  AB; 
whence  (V.  3.  El.)  the  ratio 
of  AF  to  AB  is  given,  and 
consequently  (III.  2.  Anal.) 
AB  terminates  in  the  cir- 
cumference of  a  given  cir- 
cle. 

COMPOSITION.' 
Having  drawn  the  diameter  EAD,  make  (It.  8.  EL)  the 
rectangle  AD,  AH  equal  to  the  given  space,  and  (III.  2. 
Anal.)  descril)e  a  circle  EBGF,  such  that  a  straight  line 
pasjiing  through  it  shall  be  cut  by  the  circumference  ia 
the  ratio  of  AE  to  AH  ;  this  circle  is  the  loctis  required. 
For  AE :  AH : :  AF :  AB  : :  AF.  AC :  AB. AC ;  wherefore 
AF.AC :  AB.AC : :  AE.AD  :  AH.  AD,  and  the  first  term 
of  this  analogy  being  equal  to  the  third,  the  second  term 
is  equal  to  the  fourth,  or  AB.  AC= AH.AD,  that  is,  equal 
to  the  given  space. 

tROP.  VII.    THEOR. 

If  two  straight  lines,  containing  a  given  rect- 
angle, be  drawn  from  a  given  point  Jtt  a  given 
angle  ;  should  the  one  terminate  in  a  straight  line 
given  in  position,  the  other  will  terminate  in  the 
circumference  of  a  given  circle. 

Let  the  point  A,  the  angle  BAC,  and  the  rectangle  un- 
der its  sides  BA,  AC  be  given;  if  the  direction  BD  be 
given,  then  will  the  locus  of  C  be  a  given  circle. 

I 
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ANALYSIS. 

From  A,  let  fall  the  perpendi- 
cular AD  upon  BD.  Draw  (I.  4. 
El.)  AE,  to  contain  with  AD  an 
angle  equal  to  the  given  angle,  and 
(II.  8.  £1.)  a  rectangle  equivalent 
to  the  given  space;  and  join  CE. 

Since  AD  i8  evidently  given  in 
position  and  magnitude,  AE  is  likewise  given  in  position 
and  magnitude;  and  the  rectangle  AD,  AE  being  equal 
to  AB,  AC,  therefore  (V.  6.  El.)  AD :  AB : :  AC :  AE;  but 
the  angle  DAE  is,,  by  construction,  equal  to  BAC,  and 
hence  DAB  is  equal  to  EAC.  Wherefore  the  triangles 
ABD  and  AEC,  having  each  an  equal  angle  and  its  con- 
taining sides  proportional,  are  (VI.  IS.  El )  similar;  and 
consequently  the  angle  ACE  is  equal  to  the  right  angle 
ADB.  Whence  the  locus  of  C  is  a  circle,  with  AE  for  its 
diameter. 


COMPOSITION. 

Having  let  fall  the  perpendicular  AD,  draw  AE,  making 
the  angle  DAE  equal  to  the  given  angle,  and  the  rectan- 
gle DA,  AE  equivalent  to  the  given  space,  and  on  AE> 
as  a  diameter,  describe  a  circle ;  this  is  the  loais  required. 

For  join  CE  ;  and  the  triangles  DAB  and  EAC  being 
right-angled  at  D  and  C,  and  having  the  vertical  angles  at 
A  equal,  are  evidently  similar,  and  consequently  AD :  AB 
: :  AC :  AE ;  and  hence  the  rectangle  AB,  AC  is  equal  t» 
AD,  AE,  that  is,  to  the  given  space. 
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PROP.  VIII.    PRO?. 

To  find  the  locus  of  the  extremity  of  a  straight 
line,  which  bisects  the  angle  contained  in  a  given 
segment  of  a  circle,  and  is  equal  to  half  the  sum 
of  its  sides. 


Let  BD,  equal  to  half  the  sum  of  the  sides  AB  and  BC, 
bisect  the  angle  ABC  contained  in  the  segment  AFC ;  it 
IB  required  to  discover  the  loctis  of  the  point  D. 

ANALYSIS. 

Having  completed  the  arc  AFC,  bisect  it  in  F,  and  with 
the  chord  AF  or  CF  as  a  radius  describe  a  circle  catting 
the  diameter  FE  in  I,  produce  AF  and  AB  to  G  and  H, 
and  join  GH,  BF  arid  D£. 

Since  the  arc  AF  is  equal  to  CF,  the  supplementary  arc 
AE  is  equal  to  CE,  and  con- 
sequently BD,  which  bisects 
the  angle  ABC,  forms  one 
straight  line  with  DE.  A* 
gain,  the  angle  ABC  being 
equal  (in.  16.  El.)  to  AFC 
is  (III.  15.  El.)  double  of 
AHGorBHG;  but  (L  SO. 
EL)  it  is  equal  to  both  the 
angles  BCH  and  BHC,  and 
consequently  these  are  mutu- 
ally equal,  and  the  triangle 
CBH  is  isosceles.  Naw  the  angle  FAB  or  GAH  is  (III. 
16.  £1.)  equal  to  FEB,  and  the  angles  AHG  and  EBF 
being  contained  in  semicircles,  are  right  angles ;  where- 
fore the  triangles  AGH  and  EFB  are  similar>and  AG :  AH 
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: :  £F :  EB.  But  BD,  being  half  the  sum  of  AB  and  BC, 
19  evidently  the  half  of  AH,  and  IF  is  equal  to  AF  or 
the  half  of  AG;  consequently  EF  :  EB  :  :  IF :  BD,  and 
ID  (VI.  cor.  1*  £1.)  must  be  parallel  to  FB;  the  angle 
IDE,  being  thus  equal  to  FBE,  is  hence  a  right  angle,  and 
contained  in  a  given  semicircle.  The  locus  of  the  point  D 
is  therefore  given. 

COMPOSITION. 

Complete  (III.  14.  EI.)  the  circte  of  which  ABC  19 
a  segment ;  draw  the  diameter  FE  perpendicular  to  AC  ^ 
make  FI  equal  to  the  chord  AF  or  EF,  and  on  IE  de- 
scribe a  circle ;  this  cirde  will  be  the  locus  of  D,  the  ex- 
tremity of  BD,  which  bisects  the  angle  ABC,  and  is  half 
tb^  sum  of  the  sides  AB  and  CB. 

For  (III.  IS.  £1.)  the  diameter  EF  evidently  bisects 
the  arcs  AFC  and  AEC;  so  that  BD  being  produced 
would  terminate  in  E.  About  F,  with  the  distance  AF^ 
IF  or  CF,  describe  a  circle ;  produce  AF  and  AB  to  G 
and  H,  and  join  GH,  FB  and  ID. 

The  right-angled  triangles  AGH,  EID  and  AFB,  con- 
tained in  semicircles,  have,  besides  the  angle  GAH  or 
FAB  equal  to  FEB,  and  are  consequently  similar;  where- 
fore AG:  AH  :  :  EF:  EB : :  (VL  1.  El.)  EI  :  ED  : :  (V. 
10.  El.) :  :  FI :  BD^  but  FI  is  the  half  of  AG,  and  hence 
BD,  which  bisects  the  angle  ABC,  is  the  half  of  AH,  that 
is,  from  what  has  been  shown,  the  half  of  the  sum  of  AB 
and  BC. 

PROP.  IX.    THEOR- 

If  two  straight  lines,  in  a  given  ratio,  stand  at 
given  angles  on  two  diverging  lines  which  are  gi- 
ven in  position,^  the  locus  of  their  vertex  will  be 
likewise  a  straight  line  given  in  position. 
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I«t  the  straight  lines  AB,  AC,  in  a  given  ratio,  form 
given  angles  ABD  and  ACD  with  the  given  diverging 
lines  DE,  DF;  then  will  their  vertex  A  lie  in  a  given  di- 
rection. 

ANALYSIS. 

Join  DA,  and  produce  BA  to  meet  DF  in  G.  The  tri- 
angle DBG  IS  given  in  species ;  For  the  angles  at  D  and 
B  are  given,  and,  consequently,  the  angle  at  G.  Again, 
the  triangle  ACG  is  given 
in  species,  since  all  its 
angles  are  given.  Hence 
the  ratio  of  AC  to  AG 
is  given  ;  but  the  ra- 
tio of  AB  to  AC  is  gi-      ^ i- Yq Q-i- 

ven,    and    consequently 

that  of  AB  to  AG  and  that  of  BG  to  AG  are  likewise  gi- 
ven. Hence,  also,  the  ratio  of  BG  to  DG  is  given,  and 
therefore  the  ratio  of  AG  to  DG ;  and  the  angle  at  6 
being  given,  the  triangle  DAG  is  (VI.  IS.  £1.)  consequent- 
ly given  in  species.  Wherefore  the  angle  GDA  is  given^ 
and  hence  the  straight  line  DA  is  given  in  position. 

COMPOSITION. 

In  DE  take  any  point  H,  and  draw  HI  and  HL,  ma- 
king with  DE  and  DF  angles  equal  to  the  respective  in- 
clinations of  the  bounded  lines;  produce  IH  to  M,  so  that 
MH  shall  have  to  HL  the  given  ratio ;  find  (VI.  3.  cor.  EI.) 
IN  a  third  proportional  to  IM  and  IH,  and  join  DNA; 
this  straight  line  is  the  locus  required. 

Because  IM  :  IH  : :  IH  :  IN,  therefore  (V.  10.  EL) 
MH:IH::NH:IN;but(VI.2.El.)AB:AG::NH:IN, 
and  the  triangles  ACG  and  HLI  being  evidently  si^ 
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milar,  AG:  AC  ::  IH:  HL;  therefore (V.  16.  El.)  AB :  AC 
::  MH :  HL,  that  isi  in  the  given  ratio. 

PROP.  X.     THEOR. 

Three  diverging  lines  being  given  in  position, 
if  a  straight  line  cut  them  at  given  angles,  and 
Buch  that  the  rectangle  of  its  first  segment,  by  a 
given  line,  shall  be  equal  to  both  the  rectangles 
of  its  second  and  third  segments  by  given  lines  ; 
the  locus  of  its  point  of  origin  will  be  a  straight 
line  given  in  position. 

Let  ABCD  cut  the  diverging  lines  £F,  EG  and  EH  at 
given  angles,  and  let  AB.KL=  AC.ML-f  AD.NM;  then 
will  the  locus  of  the  point  A  be  a  straight  line  given  in  po- 
ution. 

ANALYSIS. 

Because  AC.ML=:  AB.ML+BC.ML,  and  AD.NM  =: 
AB.NM  +  BD.NM,  therefore  AB.KL  =  ABML  + 
BC.ML+AB.NM+BD.NM,  and  consequently  AB.KL 
=  AB(ML+NM)+BC.ML+BD.NM,  and  AB.KN= 
BC.ML+ BD.NM.  Make 
BC:BD::NM:MO,  and 
BC.MO=BD.NM;  whence 
AB.KN=BC(ML+MO) 
=BC.OL,  andAB:BC:: 
OL  :  KN.  The  ratio  of 
AB  to  BC  is  therefore  gi- 
ven ;  but  the  triangle  BCE 
being  given  in  species,  the 
ratio  of  BE  to  BC  is  given, 
and  consequently  the  ratio 
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^f  AB  to  BE  is  giv^  ;  and  since  the  contained  angle  ABE 
is  given,  the  triangle  B£A  is  likewise  given  in  species  $ 
and  thence  the  point  A,  and  the  straight  line  EAf  are  gi- 
ven in  position. 

COMPOSITION. 

Having  assumed  in  EH  any  point  H>  draw  HGF  in 
the  given  inclination,  make  F6:  FH::NM:MO,  and 
produce  HF  till  KN :  OL  : :  FG  :  IF  5  EI  is  the  straight 
line  required.  For  BC :  AB  :  FG  :  IF : :  KN :  OL,  and 
AB.KN=BC.OL;  but  BC:  BD::  FG:  FH  : :  NM:  MO, 
and  BC.MO=BD.NM.  Wherefore  AB.KNsrBCOL 
=  BC.ML+BD.NM,  and  AB.KM=AB.NM+BC.ML 
+  BD.NM=BC.ML+ADNM,  and  hence  AB.KL  = 
AB.ML+BC.ML+AD.NM=AC.ML+AD.NM. 


PROP.  XL    THEOR. 

Four  diverging  lines  being  given  in  position,  if 
a  straight  line  cut  them  at  given  angles,  and  such 
that  the  rectangles  of  its  first  and  second  segments 
by  given  lines  shall  be  equal  to  both  the  rectan- 
gles of  its  third  and  fourth  segments  by  given 
lines ;  the  locus  of  its  point  of  origin  will  be  a 
straight  line  given  in  position. 

Let  ABODE  cut  the  diverging  lines  FG,  FH,  FI,  and 
FK  at  given  angles,  and  let  AB  MN+ AC.NO  =  AD.OP 
4-  AE.PQ ;  then  will  the  loacs  of  the  point  A  be  a  straight 
line  given  in  position. 

ANALYSIS. 
Because  AB.MN+AC.NO= AD.OP+AE.PQ,  it  fol- 
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lows,  by  decomposition,  that  AB.  MO + BC.NO = AB.OQ 
+BD.OP+BE.PQ,  and  consequ^tly  AB.MQ+ BC.NO 
xBD.OP-f  BE.PQ.  Make 

BD  :  BC  :  :  NO  :  OR, 
and.BD:BE::  PQ:  PS; 
then  BD.OR  =  BC.NO, 
and  BD.PS  =  BE.PQ  ; 
whence  AB.MQ+ BD.OR 
=  BD.OP  +  BD.PS,  or 
•AB.MQ  =  BD.SR,  and 
therefore,  AB  :  BD  : :  SR : 
MQ.  But  the  triangle  BDF 
being  given  in  species,  the 
ratio  of  BD  to  BF  is  given ; 
and  consequently  the  ratio 
of  AB  to  BF  is  given,  and  the  contained  angle  ABF  being 
given,  the  triangle  BFA  is  likewise  given  in  species  j  and 
hence  the  straight  line  FA  is  given  in  position. 

COMPOSITION. 

Having  assumed  in  FK  any  point  K,  draw  KIHG  at 
the  given  inclination,  make  GI  ^  GH  : :  NO  :  OR,  and 
GI  :  GK  : :  PQ  :  PS,  and  produce  KG  till  MQ  :  SR  : : 
GI  :  GL  ;  FL  is  the  straight  line  required. 

For  BD :  BC : :  GI :  GH  J :  NO  2  OR,  and  BD.ORr: 
BC.NO;  but  BD ;  BE :  2  GI :  GK : :  PQ :  PS,  and  BD.PS 

=  BE.PQ  }  again,  MQ  :  SR  :  :  GI  :  GL  :  :  BD  :  AB, 
and  AB.MQ= BD.SR.  Whence  AB.MQ+BC.NO= 
BD.SR+BD.OR=BD.SO=BD.PS+BD.OP=BE.PQ 
+  BD.OP,  addto  each  AB.OQ=AB.NQ+AB.NO,  or 
AB.PQ+AB.OP,  and  AB.MN  +  AC.NO  =  AD.OP+ 
AE.PQ. 
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PROP.  XIL    THEOR. 

If  a  straight  line  given  in  position,  be  cut  at  gi- 
ven angles  by  two  straight  lines,  which  intercept, 
from  two  given  points  in  it,  segments  that  have  a 
given  ratio,  the  locus  of  the  point  of  concourse  is 
a  straight  line  given  in  position. 

■ 

Let  AB  and  AC  be  drawn,  such  that  the  angles  ABF 
and  ACF,  with  the  ratio  of  DB  to  EC,  are  given ;  the 
loais  of  A,  the  point  of  concourse,  is  a  straight  line  given 
in  position. 

ANALYSIS 

Make  FD  to  F£  in  the  given  ratio,  and  join  FA.  Since 
therefore  FD :  FE : :  DB :  EC,  it  follows  (V.  19.  EI.)  that 
FD  :  FE : ;  FB :  FC  i  consequently  the  ratio  of  FB  to  FC, 
and  thence  that  of  FB  to  BC,  are  each  given.  But  the 
angles  FBA  and  FCA  being  given,  the  triangle  BAC  is 
evidently  given  in  species, 
and  therefore  the  ratio  of 
AB  to  BC  is  given,  and 
hence  the  ratio  of  FB  to 
AB  is  also  given.  The 
triangle  FBA  having  thus 
two  sides  containing  a  gi- 
ven angle  and  in  a  given 
ratio,  is  (VL  18.  El.)  given  in  species;  and  consequently 
the  angle  BFA  is  given,  and  the  straight  line  FA  given 
in  position. 

COMPOSITION. 
Having  made  FD  to  FE  in  the  given  ratio,  draw  DG 
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and  EG  at  the  given  angles  with  FI»  and  join  F  with  their 
point  of  concourse  >  FOH  is  the  locui  required. 

For,  from  any  point  A  in  FH,  draw  AB  and  AC  at 
the  given  angles  with  Fl,  and  consequently  parallel  to  GD 
and  0£.  Because  AB  is  parallel  to  GD,  and  AC  to  G£, 
FG :  FA  : :  FD :  FB : :  FE:  FC  (VI.  1.  EI.)f  and  alternate- 
ly  FD;FE:2  FB:  FC;  wherefore  (V.  19.  cor.  1.  El.) 
DB :  EC : :  FD  :  FE,  that  is,  in  the  given  ratio. 

PROP.  XIU.    THEOR. 

If,  from  two  given  points,  there  be  inflected 
two  straight  lines  in  a  given  ratio,  the  locus  of 
their  point  of  concourse  is  a  straight  line,  or  a  cir- 
cle given  in  position. 

Let  AC  und  BC,  drawn  from  the  points  A  and  B,  have 
a  given  ratio ;  then  will  C,  the  point  of  concourse,  lie  in  a 
straight  line  given  in  position,  or  in  the  circumference  of 
a  given  circle. 

1.  fV/i£n  the  inflected  lines  are  equals  they  terminate  in  a 
straight  litie  given  in  position* 

ANALYSIS. 

Bisect  AB  in  E,  and  join  EC.  The 
triangles  ACE  and  BCE,  having  the 
sides  AE  and  AC  equal  to  BE  and  BC, 
and  EC  common,  are  equal  (L  2..  El.) ; 
wherefore  the  angle  AEC  is  equal  to 
BEC,  and  EC  is  perpendicular  to  AB, 
and  consequently  given  in  position. 

COMPOSITION. 

Bisect  AB  by  the  perpendicular  EC,  which  is  the  locus 
required.     For  draw  AC  and  BC  to  any  point  in  it,  and 
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the  triangles  AEC  and  BEC  are  (L  S.  £1.)  evidently  e- 
quail  and  hence  AC  is  equal  to  BC- 

S.  fVkeu  the  inflected  lines  AC  and  BC  have  a  ratio  of 
ineqnaUiy^  their  point  of  concourse  lies  in  the  circumference 
of  a  given  circle. 

ANALYSIS. 
Draw  CD|  making  the  angle  BCD  equal  to  BAC,  and 

^  meeting  AB  produced  in  D.  Tlie  triangles  DAC  and 
DCB,  having  the  angle  at  D  common,  and  the  angles  at 
A  and  C  equal,  are  evidently  similar ;  and  hence  AD :  AC 
: :  DC  :  BC,  and  alternately 

wAD :  DC : :  AC :  BC,  that  is, 

in    the    given    ratio.       But 

^D  :  DC  :  :  DC  :  BD,  and 

^consequently  AD  is  to  BD  in 

the  duplicate  of  the  given  ratio 

of  AD  to  DC,  and  which  is 

^erefore  likewise  given.  Con- 
sequently BD,  and  the  point  D,  are  given ;  and  DC  be- 
ing thence  given,  its  extremity  C  must  lie  in  the  circum- 
ference of  a  circle  described  with  that  radius. 

COMPOSITION. 

Divide  AB  {VI.  4-.  El )  in  the  given  ratio  at  E,  and  in 
the  same  ratio  make  ED  to  BD ;  the  circle  described  from 
the  centre  D  and  with  the  radius  DE,  is  the /ocz/^req: fired. 

For,  since  AE  :  BE  : :  ED :  BD,  it  follows  (V.  19.  El.) 
that  AD  :  ED  or  DC : :  ED  or  DC  :  BD  j  hence  the  tri- 
angles DAC  and  DCB,  having  the  sides  which  contain 
their  common  angle  at  D  proportional,  are  siniilar,  and 
therefore  AC  :  AD  : :  BC  :  DC,  or  alternately  AC  :  BC  : : 
AD :  DC  or  ED,  that  is,  in  the  given  ratio. 

Scholium,  Since,  in  the  second  case,  AC :  BC: :  AD:  ED, 
it  is  obvious,  that  as  the  ratio  of  AC  to  BC  approaches 
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to  equality,  the  centre  D  must  continually  recede  from 
A  or  Ey  and  consequently  the  arc  EC  may  be  conceived 
as  ultimately  passing  into  the  tangent  which  bisects  AB  at 
right  angles ;  thus  comprehending  the  first  case  of  the  pro* 
position. 

PROP.  XIV.     PROB. 

To  inscribe  in  a  circle  a  quadrilateral  figure^  of 
which  the  sides  are  given. 

Let  it  be  required  to  find  a  circle  that  will  circumscribe 
the  quadrilateral  figure  A  BCD,  contained  by  given  sides. 

ANALYSIS. 

Join  the  diagonal  BD>  from  D  draw  (I.  4*.  El.)  DE 
making  with  the  side  CD  an  angle  CDE  equal  to  ABD| 
and  meeting  BC  produced  in  E. 

The  exterior  angle  DCE  of  the  inscribed  quadrilateral 
(III.  17.  cor.  2.  £1.)  is  equal  to  BAD,  and  the  angle  DCE 
is  by  construction  equal  to  ABD ;  wherefore  the  triangles 
ADB  and  DEC  (VL  11.  El.)  are  similar,  and  AB :  AD :: 
CD :  CE  ;  but  the  three  terms  of  this  analogy  being  given, 
the  fourth  (VI.  :^.  EI.)  is  also  given,  and  thence  the  point 
E.  Again,  from  the 
similitude  of  the  same 
triangles,  AB  :  BD  :  : 
CD  :  DE.  and  alter- 
nately AB  :  CD  :  : 
BD :  DE ;  but  AB  and 
CD  being  both  given, 
their  ratio  is  given,  and 

consequently  that  of  BD  to  ED.  The  points  B  and  E  being 
thus  given,  and  likewise  the  ratio  of  the  inflected  lines  BD 
and  £D|  the  locus  of  their  concourse  D  is,  by  the  last 
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proposition,  a  given  circle.  But  CD  is  givent  and  there- 
fore the  point  D,  and  the  three  points  B,  C9  and  D,  being 
all  given,  the  circle  which  passes  through  them  (III.  9.  El.) 
is  hence  given. 

COMPOSITION. 

Let  L,  M,  N,  and  O  express  in  succession  the  several 
sides  of  the  quadrilateral  figure;  make  L  i  M  :  :  N  :  CE, 
and  annex  this  in  the  same  straight  line  with  the  fourth  side 
O  or  BC*,  describe,  by  the  preceding  proposition,  a  circle^ 
which  is  the  /ocus  of  lines  inflected  from  B  and  E  in  the  ra- 
tio of  L  to  N ;  from  C  inflect  to  that  circle  CD  equal  to  N ; 
about  the  three  points  B,  C,  and  D»  describe  another  circle, 
in  which,  from  B,  insert  AB  equal  to  L ;  and  AD,  being 
joined,  will  be  equal  to  M.  For  join  BD  and  ED.  Since, 
from'  the  property  of  loci^  AB  :  CD  :  :  BD  J  DE,  al- 
ternately AB:  BD  : :  CD  :  DE,  and  (III.  17.  cor.  2.  El.) 
the  angle  ECD  being  equal  to  BAD,  the  triangles  ABD 
and  CDE  are  similar,  and  AB  :  AD  s :  CD :  CE ;  but  by 
construction  AB :  M  : :  CD :  CE,  and  consequently  (V.  17. 
EI.)  AD :  M : :  CD  :  CD,  and  AD  is  equal  to  M.  The 
circle  described  admits,  therefore,  all  the  four  chords  which 
form  the  sides  of  the  quadrilateral  figure. 

PROP.  XV.    PROB. 

Given  the  hypotenuse  of  a  right-angled  triangle^ 
and  the  sum  or  difierence  of  the  base  and  perpen- 
dicular, to  construct  the  triangle. 

ANALYSIS. 

In  the  base  AB,  or  its  production,  make  BD  or  BE 
equal  to  the  perpendicular  BC,  and  join  CD  or  CE. 
The  triangles  CBD  and  CBE  are  right-angled  and 
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isoscelesi  and  therefore  the  angles  at  D  and  £  are  each  of 
them  half  a  right  angle.  If  AD, 
the  sum  of  AB  and  BC,  be  gi- 
ven,  the  point  D  is  given,  and 
consequently  the  straight  line 
DC,  making  a  given  angle  with 
DA,  is  given  in  position ;  or  if 
A£,  the  difference  between  the 
base  and  perpendicular,  be  gi- 
ven, the  point  £  is  given^  and  the  straight  line  £C  is  given 
in  position.  But  the  hypotenuse  AC  being  given,  the 
point  C  must,  therefore,  occur  in  the  contact  or  intersep- 
tion  of  a  circle  described  from  A  with  that  radius  and  the 
straight  line  CD  or  C£.  Consequently  C  is  given,  the 
perpendicular  CB,  and  thence  the  right-angled  triangle 
ABC. 

COMPOSITION. 

Make  AD  or  A£  equal  to  the  sum  or  difference  of  AB 
and  BC ;  draw  (1. 5.  and  4.  £1.)  DC  or  £C  at  an  angle 
CD£  or  CED  equal  to  half  a  right  angle ;  from  A  with  the 
radius  AC  describe  a  circle  meeting  DC  or  £C  in  the 
point  C,  and  from  C  (I.  6.  £1.)  let  fall  the  perpendicular 
CB  :  ACB  is  the  triangle  required. 

For  the  rig^ht  angled  triangles  CBD  and  CB£  are  evi- 
dently isosceles,  and  therefore  AD  is  equal  to  the  sum^  and 
A£  to  the  difference,  of  AB  and  BC. 

PROP.  XVI.     PBOB. 

Given  the  base  of  a  triangle,  its  altitude,  and 
the  rectangle  under  its  two  sides, — ^to  determine 
the  triangle. 
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ANALYSIS. 

I 

About  the  triangle  ABC  describe  (III.  9.  cor.  £1.)  a 
circle,  and  draw  the  diameter  BF  and  the  radii  A£  and 
CE. 

Because  the  given  rectangle  AB.BC  is  (VI.  18.  El.)  equi- 
valent to  BD.  BF,  this  rectangle  is  Ukewise  given  j  and  since 
the  perpendicular  BD  is  given,  the 
diameter  BF,  and  therefore  the 
radii  AE|  CE,  are  given.  But  the 
base  AC  being  given,  the  triangle 
A£C  is  hence  given,  and  ocmse- 
quently  the  centre  E  and  the  cir- 
cle ABdP  are  given.  Again,  be- 
cause BD,  the  distance  of  the  ver- 
tex of  the  triangle  from  its  base,  is  given,  that  point  must 
occur  in  the  parallel  BB',  and,  being  thus  placed  in  the 
contact  or  intersection  of  a  given  straight  line  with  a  given 
circle,  is  itself  given. 

COMPOSITION. 

On  BD  construct  (II.  9.  El.)  a  rectangle  equivalent  to  the 
given  space ;  also  form  on  AC  the  triangle  AEC,  having 
AE  and  CE  each  equal  to  half  the  greater  side  of  that  rect- 
angle; from  E  with  the  radius  EA  describe  a  circle;  on 
AC  erect  a  perpendicular  DB  equal  to  the  altitude  of  the 
triangle,  and  through  B  draw  a  parallel  meeting  the  cir- 
cumference in  B  or  B' :  ABC  is  the  triangle  required. 

For  ABC  has  evidently  the  given  altitude  BD,  and  the 
rectangle  AB.BC,  being  equivalent  (VI.  18.  El.) to  BF.BD, 
is  therefore  equivalent  to  the  given  space. 
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PROP.  XVIL    PROS. 

To  construct  a  triangle  which  has  two  sides  gi' 
ven,  and  its  base  equal  to  the  altitude. 

Let  the  triangle  ABC  have  iu  base  AC  equal  to  tbe  al- 
titude BD,  and  let  llie  sides  AB  and  BC  be  equal  to  the 
givai  lines  K  and  L>  to  coostnict  tbe  triangle. 

ANALYSIS. 
Assume  any  base  AF ;  draw  FE  parallel  to  CB  meetii^ 
AB  or  iu  extension,  and  let  foil  the  perpendicular  EG.  It  k 
eTident(VI.  I  EI.)  that  AC  :  AF:  :AB:  AE: :  BD:EGj 
but  BD  i*  by  hypothesis  equal  to  AC,  and  therefore  (V. 
4.  El.)  EG  is  e- 


saine  as  that  of  AB  to  BC,  is  given,  and  consequently  (by 
Prop.  13.  of  this  Book,)  the  locus  of  E  is  a  given  circle. 
The  triangle  AEF  is  hence  given;  but  the  side  AB  being 
^ven,  the  similar  triangle  ABC  is  also  given. 

COMPOSITION. 

Having  assumed  a  base  AF,  divide  {VI.  ♦.  El.)  h  inter- 
nally and  ezternully  at  H  and  I  i::  the  ratio  of  K  to  L ;  on 
HI  describe  a  semicircle,  and  at  a  distance  equal  to  ^F 
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draw  a  parallel  meeting  the  circumference  in  E  $  join  A£ 
and  FE  ;  make  AB  equal  to  K,  and  draw  BC  parallel  to 
EF;  ABC  is  the  triangle  required. 

For  K:L::  AE:FE::AB:BC;  but  AB  was  made 
equal  to  K,  and  therefore  BC  is  equal  to  L.  Again^ 
AF :  AC : :  AE  :  AB  : :  EG :  BD,  and  since  EG  is  by  con- 
struction equal  to  AF,  the  altitude  BD  must  be  equal  to 
the  base  AC. 


PROP.  XVIII.    THEOR. 

A  point  and  a  straight  line  being  given  in  po- 
sition, the  locus  of  another  point,  the  square  of 
\yhose  distance  from  the  former  is  equal  to  the 
rectangle  under  its  distance  from  the  latter  and  a 
given  straight  line — is  a  given  circle. 

The  point  A  and  the  straight  line  DC  being  given  in 
position,  let  the  squai*e  of  BA  be  equal  to  the  rectangle  un- 
der the  perpendicular  BC  and  K;  tHe  locus  of  B  is  a  gi- 
ven circle. 

ANALYSIS. 

Draw  DFA  parallel  to  CB,  make  AO  equal  to  the  half 
of  K,  and  bisect  it  in  G,  join  BO,  and  let  fall  the  perpen- 
dicular BF. 

Because  AG  is  bisected  in  ^ 
G,  OB*  _  AB*,  or  AB'*—  ^ 
OB'*,  (11.21.  El.)=2AO.GF  ' 
=  K.GF;  but  AB*  =  K.BC,  j) 
or  K.DF,  and  hence  0B*  = 
K.DG.     Since  therefore  DG 
is  given,  OB  is  also  given;  and 
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the  one  extrefmity  O  being  giveti,<  tHe  other  extremity'  B 
must  lie'  in  the  circamftrence  of  a  giv^n  circle. 

COMPOSITDON. 

Havings  drawn  3  A  paralld  to  CB^  make  AOs^K,  and 
AG=2!jAO;  andfhid'OKa-mean  proportional  between  K 
and  DG;  a  circle  described  fromO  with  the  radius  OH 
is  the  locus  required. 

For  OB*— AB*,  or  AB'*~OB'*,  =2AO.GF=K.GF; 
and  since,  by  construction,  OH-*  or  OB*  =  K.DG,  it  fol- 
lows^that  AB»=K.DF  or  K.BC. 

Car.  If  the  given  point  A  lies  in  DC,  or  coincides  with 
D,  then.  DG^-jK  and  OH=4K,  or  the  circle  likewise 
passes  through  D^  whence  AB  becomes  a  chord,  and  its 
square  (VL  15.  cor.  1.  EL)  is  equivalent  to  the  rectangle 
under  the  segment  DF,  and  the  diameter  or  K. 


PROP.  XIX.    THEOR. 

BP,  from  two  given  points^  there  be  inflected 
two  straight  lines,  such  that  the  difference  of  die 
square  of  the  one  and  a  given  space  shall  have  to 
the  square  of  the  other,  a  given  unequal  ratio — 
their  point  of  concourse  vriil  lie  in  the  circumfe- 
rence of  a  given  circle. 

Let  AC  and  BC  be  the  inflected  lines,  and  the  rectan- 
gle AC,  AD  be  made  equal  to  the  given  space;  then  ii 
the  difierence  between  the  square  of  AC  and  that  rectan- 
gle, or  the  remaining  rectangle  AC,  CD,  have  a  given  un- 
equal ratio  to  the  square  of  BC,  the  locus  of  the  point  C 
will  be  a  given  circle. 
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ANALYSIS. 

Make  (VI.  4.  El.)  AE  to  BE  in  the  given  ratio ;  join 
CE  and  BD ;   produce  q 

CB  to  meet  the  circum- 
ference of  a  circle  describ- 
ed about  the  triangle 
ADB,  and  join  AF. 

Because  (III.  26.  El.) 
the  rectangle  AC,  CD  is 
equal  to  FC.BC,  it  fol- 
lows  that  the  rectangle 
FC,  BC  is  to  the  square  of  BC,  or  (V.  25.  cor.  2.  El.)  FC 
is  to  BC,  in  the  given  ratio  of  AE  to  BE ;  wherefore 
(VI.  1.  cor.  1.  El.)  A F  is  parallel  to  CE,  and  consequent- 
ly the  angle  ECB  is  equal  to  AFB,  which  is  equal  to  CDB, 
the  opposite  exterior  angle  6f  the  quadrilateral  figure 
ADBF.  Through  the  points  C,  D,  B,  describe  a  circle 
cutting  AB  in  G,  and  join  CG  and  DG ;  then  (III.  26. 
El.)  the  rectangle  BA,  AG  is  equal  to  CA.AD,  or  to  the 
given  space,  and  hence  AG,  and  the  point  G  are  given. 
The  angle  CDB,  or  ECB,  is,  therefore,  equal  to  CGB, 
and  consequently  the  triangles  BEC  and  CEG  are  simi- 
lar, and  GE  :  CE::CE:BE;  whence  CE*  =  GE.BE, 
which  is  a  given  rectangle,  and  thus  CE  is  given,  and  con- 
sequently the  locm  of  C  is  a  given  circle. 

COMPOSITION. 
Make  (III.  8.  EI.)  the  rectangle  AB,  AG  equal  to  the 
given  space,  and  (VI.  4.  El.)  AE  to  BE  in  the  given  ra- 
tio, and  find  (VI.  16.  El.)  EH  a  mean  proportional  be- 
tween GE  and  BE ;  the  locus  required  is  a  circle  descri- 

* 

bed  from  E  with  the  radius  EH. 

For,  (III.  9.  cor.  El.)  through  the  points  A,  D,  B,  and 
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through  Q  B,  6,  describe  circles ;  produce  CB  to  F,  and 
join  AF,  CG,  and  DG.  Because  GE.BE=H£%  there- 
fore (V.  6.  EL)  GE  :  HE  or  CE  : :  HE  or  CE :  BE,  and 
hence  the  triangles  GEC  and  CEB,  having  a  common  ver- 
tical angle,  are  (VL  13.  EL)  similar,  and  the  angle  £GC 
is  equal  to  ECB ;  but  the  angle  EGC,  or  BGC,  is  equal 
to  CDB,  which  again  is  equal  to  AFB ;  consequently  the 
alternate  angles  ECB  and  AFB  are  equal,  and  (I.  22.  EL) 
the  straight  lines  CE  and  AF  parallel.  Wherefore 
AE  :  BE  : :  FC :  BC : :  FC.BC  or  AC.CD  :  BC*.     But 

•  _  • 

CA.AD  =  BA.AG,  or  the  given  space;  and  hence  the 
difference  between  the  square  of  AC  and  that  space,  or  the 
rectangle  AC,  CD,  is  to  the  square  of  BC,  in  the  given 
ratio. 

Scholium*  If  this  local  theorem  were  extended  to  the 
extreme  cases,  it  would  include  other  propositions  which 
are  generally  exhibited  in  a  separate  form.  Thus,  suppo- 
sing the  given  ratio  to  be  that  of  equality,  the  sum  or  dif- 
ference of  the  squares  of  AC  and  BC  will  be  equivalent  to 
the  given  space,  according  as  this  is  greater  or  less  than  the 
square  of  AC.  When  the  given  space  exceeds  the  square 
of  AC,  the  centre  E  of  the  circle  bisects  AB,  as  in  the  first 
case  of  the  twenty-second  proposition  of  this  Book.  But 
when  the  square  of  AC  is  deficient  by  the  given  space,  the 
ratio  of  AE  to  BE  being  that  of  equality,  the  centre  E, 
lying  beyond  B,  must  be  thrown  to  an  infinite  distance, 
and  consequently  the  arc  which  crosses  AB  will  merge  in 
a  tangent  bisecting  GB  at  right  angles,  as  in  Proposition  20. 
Again,  if  the  deficient  space  be  supposed  to  vanish,  while 
the  ratio  pf  the  squares  of  AC  and  BC,  or  that  of  the  in- 
flected line3  themselves  is  given,  the  point  G  will  coincide 
with  A,  and  the  centre  and  radius  of  the  circle  are  hence 
determined)  after  the  same  manner  as  in  Proposition  13. 
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PROP.  XX.    THEOR. 

If  from  two  given  points  there  be  inflected  two 
straight  lines,  of  whose  squares  the  difference  is 
given,  the  locus  of  their  point  of  concourse  will  be 
a  straight  line  given  in  position. 

Let  AC  and  BC,  drawn  from  the  points  A  and  B,  have 
the  difference  of  their  squares  given ;  the  locus  of  C,  the 
point  of  concourse,  is  a  straight  line  given  in  position. 

ANALYSIS. 

Draw  CD  perpendicular 
to  AB,  which  bisect  in  £• 
The  difierence  between  the 
squares  of  AC  and  BC  is 
(U.  21 .  £1.)  equal  to  twice 
the  rectangle  under  AB 
and  ED;  consequently  that 
rectangle,  and  its  contain- 
ing side  ED,  are  given ; 
whence  the  point  of  bisec- 
tion E  being  given,  the 
point  D  is  given,  and  the  perpendicular  CD  is  therefore 
given  in  position. 

COMPOSITION. 

> 

Bisect  AB  in  E,  and  make  (II.  8.  El.)  the  rectangle  un- 
der twice  AB  and  ED  equal  to  the  given  space ;  the  per- 
pendicular DC  is  the  locus  required. 

For  (II.  21.  El.)  AC»— BC*=AB.2ED=:2AB.ED,, 
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2.  fThen  three  points  are  given. 

Let  the  gtraigfat  lines  AP,  BP  and  CP,  inflected  from 
the  points  A,  B,  and  C,  have  the  snm  of  their  squares  gi- 
ven ;  the  locus  of  their  point  of  concourse  is  a  given  circle. 

ANALYSIS. 
Bisect  AB  in  E,  and  (U.  22.  El.)  AP»+BP'=2AE»+ 
2EP*  ;  consequently 
AP'  +  BP*  +  CP*  = 
SAE'+gEP^  +  CP*. 
Now2AE*  =  AB.BE, 
and,  letting  fall  the  per- 
pendicular PF,(IMO. 
.  EL)  2EP»  =  2EF*  + 
2PFSandCP»  =  PF'  + 
CF».  WhereforeAP'-|-BP'  +  CP»  =  AB.BE  +  SPP*+ 
2EF'  +  CF*.  Trisect  EC(L  S6.  £1.)  in  the  point  O,  and 
join  PO;  and,  by  the  Lemma,  2EF»+CP=EC.CO+ 
SOF*.  Whence  AP»  +  BP'  +  CP*  =  AB.BE+ EC.CO+ 
3PF»+30F»  =  AB.BE+EC.CO+SPO'.  But  the  inter- 
mediate  points  of  division  E  and  O  ore  evidently  giv«i, 
and  thence  the  rectangles  AB,  BE  and  EC,  CO,  are  gi- 
ven j  wherefore  3  PO*  is  given,  and  consequently  PO  it* 
tdf.  Since  one  extremity  <^  that  line  then  is  given,  the 
other  extremity  P  must  lie  in  the  ciroiniference  of  a  ^en 
circle. 

COMPOSITION. 

Bisect  AB  in  E,  trisect  EC  in  O,  and  find  (IIL  27.  EI.) 
OP  such  that  its  square  shall  be  triple  the  excess  of  the 
given  space  above  the  rectan^es  AB,  BE  and  EC, 'CO; 
the  locus  required  is  a  circle,  of  whidi  O  is  the  centra  and 
PO  the  radios.     For  SPO"  =:  ^*F»  -^  90F»,  rt»0»  + 
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PROP.  XXL    THEOR. 

If,  from  given  points,  there  be  inflected 
straight  lines,  whose  squares  are  together  equal  to 
-a  given  space,  their  point  of  concourse  will  ter- 
minate in  the  circumference  of  a  given  circle, 

1.  When  there  are  only  two  given  j^oints. 

Let  AP  and  BP,  drawn  from  the  points  A  and  B,  have 
the  sum  of  their  squares  given ;  the  locus  of  their  point  of 
concourse  is  a  given  circle. 

ANALYSIS. 

Bisect  AB  in  0,'and  join  OP.  The  squares  of  AP  and 
BP  are  (IL  22.  £1.)  equal 
to  twice  the  squares  of  AO 
and  OP.  Hence  the  sum 
of  the  squares  of  AO  and 
OP  is  given ;  but  AO  and 
its  square  being  given,  the 
square  of  OP  and  OP  it- 
self must  be  given  ;  wherefore  the  locus  of  the  extremity 
P  is  a  circle,  of  which  the  point  of  bisection  is  the  centre. 

COMPOSITION. 

Bisect  AB  in  O ;  find  (III.  27.  El.)  AF  the  side  of  a 
square  equal  to  half  the  given  space,  and  make  (II.  13.  El.) 
0E*= AF*— AO* ;  the  point  O  is  the  centre,  and  OE  the 
radius,  of  the  required  circle. 

For  (II.  22.  El.)  AP*  +  BP* = 2 AO* + 20P* = 2 AO*  + 
20E*  =:2AF*,  or  the  given  apace. 
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2.  When  three  points  are  given. 

Let  the  Btraight  lines  AP,  BP  and  CP,  inflected  from 
the  points  A,  B,  and  C,  have  the  snm  of  their  squares  gi- 
ven ;  the  locus  oftheirpointofconcoDrseisa  given  circle. 

ANALYSIS. 
BiKCI  AB  in  £,  and  (U.  22.  El)  AP'+BF'=2Ai:*+ 
SEP*  ;     consequently  ^ 

AP'+BP"  +  CP*  = 
2AE*  +  2EP*  +  CP*. 
Now  2AE*  =  AB.BE, 
and,  letting  &II  the  per- 
pendicular PF,(IL  10. 
.  EU  2EP*  =  2EF'  + 
2PF*,andCP*  =  PF'  + 
CF*.  WhereforeAP'+BP"+CP»  =  AB.BE  +  sPF*+ 
SEF*+CF*.  Trisea  EC(L  36.  £L)  in  the  point  O,  and 
join  PO;  and,  by  the  Lemiao,  2EF*+CF*  =  EaCO+ 
30F*.  Whence  AP*  +  BP*  +  CP*  =  AB.BE+ EC.CO+ 
3PF*+S0F*  =  AB.BE+EC.CO+SPO".  Bat  the  inter- 
mediate points  of  division  E  and  O  are  evidently  given. 


BOOK  III. 


153 


EC.CO=3PF*+EC.CO+30F*=3PF*  +  2EP  +  CF* 
=2PE*+PF*+  CF*  =  2PE*  +  CP*  i  consequently  the 
given  space,  or  SPO*+AB.B9+EC.CO=2AE*+2PE* 
+CP*=AP*  +  BP*  +  CP*. 

3.  When  there  are  four  given  points. 

Let  AP,  BP,  CP  and  DP  drawn  from  the  points  A,  B, 
C^^ond  D)  have  the  sum  of  their  squares  given ;  the  locus 
of  their^concouFse  P  is  a  given  circle. 

ANALYSIS. 

Bisect  AB  in  E,  trisect  EC  in  F,  and  join  PE  and  PF. 
It  is  manifest,  from  the  last  case,  that  AP^+BP*+CP^  = 
AB.BE  +  EC.CF  + 
SPF*  ;  add  DP*  to 
«aeh,  andAP*  +  BP* 
+  CP*  +  DP*  = 
AB.BE  +  EC.CF  + 
3PF*  +  DP*.  Let 
&11  the  perpendicular 
POuponDF,anddie 
given  space  is  equal  to 
AB.BE  +  EC.CF + 
3PG*+3FG*+PG* 

+DG*;  and  hence  4PG*  +  3FG*+DG*  must  be  equal 
to  a  given  space.  Let  FO  be  made  the  fourth  part  of  DF^ 
and  join  PO :  then,  by  the  Lemma,  3FG* + DG*  =  FD.DO 
+  40G*.  Wherefore  FD.DO  +  40G*  +  4PG*,  or 
FD.DO-f4?PO*,  is  equal  to  a  given  space,  and  hence 
4PO*,  and  PO  itself  are  given.  Now  the  point  O  being 
given,  P  ma&t  lie  in  the  circumference  of  a  given  circle. 
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COMPOSITION. 

Bisect  AB  in  E,  trisect  EC  in  F,  and  quadrisect  FD  in 
O;  from  the  given  space  take  away  the  accumulate  rect- 
angles AB.BE+EC.CF+  FD.DO,  and  find  (III.  27.  EI.) 
the  side  of  a  square  equal  to  this  difference  :  That  straight 
line  is  the  diameter  of  a  circle,  which  is  the  locus  required. 

For  join  PE,  PF,  PO,  and  let  fall  the  perpendicular 
PG  upon  DF;  then  FD.DO+'ijPO*  =  FD.DO  +  40G* 
+4PG»  =  3FG*+DG»+4PG*=3FG*+3PG*-tDP*  = 
SPF*+DP*.  Wherefore  AB.BE  +  EC.CF  +  SPF*  + 
DP^9  is  equal  to  the  given  space.  But,  from  the  composi- 
tion of  the  last  case,  it  is  manifest  that  AP^4-BP*+CP^ 
=AB.BE+EC.CF+3PF';  consequently  AP»  +  BP*+ 
CP^+DP*  are  together  equal  to  the  given  space. 

By  pursuing  this  mode  of  investigation,  it  is  obvious  that 
^  the  proposition  will  be  successively  extended  to  any  num- 
ber of  given  points. 

Scholium,  The  property  now  demonstrated  is  capable 
of  being  generalized.  Thus,  if  any  multiples  of  the  squares 
of  the  inflected  lines  be  together  equal  to  a  given  spacer 
the  locus  of  their  point  of  concourse  is  still  a  given  circle : 
For,  conceive  so  many  points  to  be  clustered  together  at 
each  centre  A,  B,  C,  &c.  of  inflection,  and  the  squares  of 
the  lines  which  proceed  from  them  will  evidently  receive 
in  efiect  a  corresponding  multipIication.-^But  the  proper- 
ty may  be  traced  out  more  clearly,  and  through  all  its  shad- 
ings, by  help  of  a  simple  extension  of  the  Lemma.  Let  AP 
and  BP  be  two  straight  lipes  inflected  fropi  the  points  A 
and  B^  and  let  the  segment  OB= v.OA ;  theui.  joining  PO 


f. 
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and  drawing  the  perpendicular  PL,  it  was  proved  that 
i;.AL*+BL*=AB.BO+  (t;+i)OL»-, 
add  (v  +  i)  PL*  to  each,  and 
»(AL*+PL»)+BL»  +  PL*  = 
AB.BO+{v+i)  (OL*  +  PL*), 
or  i;.AP*  +  BP*  =  AB.B6  + 
(t^+i)OP*.  Multiply  both  by 
fif  and  suppose  nv  =  m,  and 
there  results  m.AP*  +  n.BP*  = 

n.AB.BO+ {m+n)  OP*.  By  repeated  application  of  this 
principle,  it  may  be  demonstrated  that  m.AP'4-n.BP^-f. 
^.CP*+y.DP»,  &c.  =z{m  +  n+  p+y,&c.)  OP*,  together 
with  certain  multiples  of  given  rectangles,  and  consequent- 
ly that  their  point  of  concourse  has  for  its  locus  a  circle, 
whose  centre  is  O  and  radius  OP.  But  the  property  must 
likewise  hold,  if  all  those  multiple  squares  were  divided  by 
the  same  number,  that  is,  if  instead  of  the  squares  of  the 
inflected  lines,  there  were  substituted  only  similar  rectili- 
neal figures  constructed  upon  them.  If  the  given  space 
should  be  equal  to  the  rectangles,  the  circle  will  evidently 
contract  to  a  point,  and  beyond  this  limit  the  problem  be- 
comes impossible.  It  is  likewise  obvious,  that  the  centre 
O  and  radius  OP  will  turn  out  the  same,  in  whatever  or- 
der the  successive  connected  sections  take  place. 
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DEFINITION. 


A  Porism  proposes  to  demonstrate  that  one  or  more 
things  may  be  founds  between  which  and  innamerable  other 
objects  assumed  after  some  given  law^  a  certain  specified 
relation  is  to  be  shown  to  exist. 

The  nature  of  a  porism  consists  in  affirming  the  possibility 
of  finding  such  conditions^  as  will  render  a  problem  indetermi- 
nate,  or  capable  of  innumerable  solutions. 

PROP.  XXII.    PROB. 

Three  points  being  given,  a  fourth  may  be 
founds  such  that  any  straight  line  drawn  through 
it  shall  have  its  distances  from  two  of  those  equal 
to  its  distance  from  the  third. 

Let  A,  By  and  C,  be  given  points,  another  point  D  may 
be  fonnd,  so  that  HDI  being  drawn  through  it,  the  per- 
pendiculars AH  and  BI,  let  fallion  the  one  side,  shall  be 
equal  to  the  perpendicular  CG  on  the  other  side. 

ANALYSIS. 

Through  th9  point  D,  draw  CDK,  and  upon  this  let  faU 
the  perpendiculars  AK,  BL,  and  join  AB,  meeting  KC  in 
E. 

Since  CDK  passes  through  C,  its  distances  KA  and  LB, 
on  either  side,  from  the  two  remaining  points,  must  evident- 


ly,  from  tbe  hypothesis)  be 
equal.  Hence  (1. 20.  £1.)  the 
right-angled  triangles  A£K 
and  BEL  are  equal,  and  con- 
sequently the  side  A£  is  e- 
qual  to  BE ;  wherefore  E, 
being  thus  the  point  of  bisec- 
tion, i^  given.  Draw  the  per- 
pendicular EF ;  and  it  is  evi- 
dent (II.  9.  El.)  that  2EF=: 
AH  and  BI.  Now  CG  and  EF  being  parallel,  CD :  DE : ; 
CG:  EF,  and  (V.  13.  El.)  CD  :  2DE  : :  CG  :  2FE  or 
AH+BI;  but,  by  hypothesis,  CG=AH+BI,  and  there- 
fore (V.  4.  El.)  CD=2DE.  Whence,  CE  being  given, 
the  point  D  is  given. 

COMPOSITION. 

Bisect  AB  in  E,  join  CE  and  trisect  it  in  D ;  this  is  the 
point  required. 

For  let  fall  the  perpendicular  EF.  Because  CG  and 
EF  are  parallel,  CD :  DE : :  CG  :  EF;  but  CD=2DE, 
and  therefore  (V.  4.  El.)  CG=2EF,  that  is,  AH  +  BI. 

The  porism  now  demonstrated  may  be  viewed  as  origi- 
nating in  the  solution  of  this  problem  : — To  draw,  through 
the  point  M,  a  straight  line  MN,  such  that  the  perpendi- 
culars AH  and  BI,  let  fall  upon  it  from  the  points  A  and  B, 
shall  be  together  equal  to  the  perpendicular  CG,  from  the 
point  C  on  the  other  side.  The  point  D  is  found  as  be- 
fore, and  thence  the  position  of  MDN  is  assigned.  But 
this  straight  line,  it  is  evident,  will  become  indeterminate 
if  the  point  M  should  happen  to  coincide  with  D ;  on  that 
supposition,  the  problem  would  admit  of  innumerable  an- 
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swerS)  or  the  diameter  MDN  might  lie  in  every  possible 
direction. 

PROP.  XXIII.    PORISM. 

A  straight  line  contained  within  a  given  angle 
may  be  found,  such  that  any  other  containing  line 
which  is  cut"  by  it  in  a  given  ratio  shall  intercept 
from  the  sides  of  the  angle  segments  that  are  to- 
gether equal  to  a  given  straight  line. 

Let  BAC  be  a  given  angle,  a  straight  line  DE  contained 
within  it  may  be  found,  such  that  any  other  line  FO  cot 
by  it  in  the  given  ratio  of  FH  to  HG,  shall  intercept  seg- 
ments AF  and  AG,  whose  sum  is  equal  to  a  given  line. 

ANALYSIS. 

Since  the  intercepting  line  FG  is  indeterminate,  DHE 
may  be  viewed  as  one  of  its  positions,  and  consequently  the 
sum  of  AD  and  AE  is  equal  to  the  given  line,  or  to  the  sum 
of  AF  and  AG ;  wherefore  the  excess  DF  on  the  one  side 
is  equal  to  the  defect  EG  on  the  other.  Draw  FI  parallel 
to  AC,  and  (VL  2.  El.) 
AE  :  AD  :  :  FI  :  DF  or  EG; 
but  FH :  HG : :  FI :  EG  or  DF, 
that  is,  AE  :  AD ;  but  the  ra- 
tio of  FH  to  HG  is  given,  and 
therefore  that  of  AE  to  AD, 
whose  sum  is  also  given  ;  whence 
these  segments  themselves  are 
(VI.  4.  Ei.)  each  given.  The 
pointo  D,  E  are  consequently  given,  and  the  straight  line 
DE. 
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COMPOSITION. 

Divide  the  line  equal  to  the  sum  of  the  segments  in  the 
given  ratio,  and  make  AD  and  A£  equal  to  the  two  por- 
tions ;  D£,  being  joined,  will  be  the  line  required. 
For,  assume  any  point  F  in  AD,  cut  off  6£=DF,  and 
join  FHG :  This  line,  which  obviously  forms  segments 
AF  and  AG  equal  to  the  whole  sum,  is  likewise  divided  at 
H  in  the  given  ratio  of  AE  to  AD.  For  draw  FI  parallel 
to  AC,  and  FH  :  HG  : :  FI  :  EG  or  DF  :  :  AE  :  AD. 
The  ratio  of  the  segments  FH  to  HG,  being  thus  the  same 
as  that  of  A£  to  AD,  is  hence  given. 


PROP.  XXIV.     PORISM. 

A  circle  and  a  straight  line  being  given  in  po- 
sition, a  point  may  be  found,  such  that  any  straight 
line,  drawn  through  it  and  limited  by  these,  shall 
contain  a  given  rectangle. 

Let  the  straight  line  AB,  and  the  circle  HDF,  be  given 
in  position ;  it  is  required  to  determine  a  point  F,  which 
may  divide  any  connecting  straight  line  DFE  into  seg- 
ments containing  a  rectangle  that  will  be  given. 

ANALYSIS. 

Through  F  dr^  HFG  perpendicular  to  AB.  By  hy- 
pothesis, the  rectangle  HF.FG  is  likewise  equal  to  the  gi- 
ven space,  and  therefore  equal  to  DF.FE  ;  whence  (V.  6. 
El.)  DF :  HF ;  :  FG :  FE,  and  the  triangles  DFH  and 
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OFE,  having  the  vertical 
angles  at  F  equals  are  (VI. 
13.  £L)  consequently  simi- 
lar, and  the  angle  FDH  is 
thus  equal  to  FGE,  or  is 
a  right  angle.      Where- 
fore HDF  is  a  semicircle^ 
of  which  HF  is  the  diame* 
ter ;  but  the  centre  C  be- 
ing given,  the  perpendicular  HCG  is  thence  given,  and 
consequently  the  extremity  of  the  diameter,  or  the  point 
F.     Again,  the  points  H,  F,  and  6  being  given,  the  rect- 
angle under  the  segments  HF  and  FG  is  given. 

COMPOSITION. 

From  the  centre  C,  let  fall  upon  AB  the  perpendicular 
HCFG,  cutting  the  circumference  in  F ;  this  point  has  the 
property,  that  any  intersecting  line  drawn  through  it  will 
contain  a  given  rectangle.  For  join  DH,  and  the  trian« 
gles  FGE  and  FDH  are  similar ;  whence  FG  :  FE  : : 
FD  :  FH,  and  consequently  FE.FD  =  FG.FH,  which  is 
manifestly  given. 

This  porism  also  may  be  considered  as  arising  out  of  the 
solution  of  a  simple  problem : — Through  the  point  M,  to 
draw  a  straight  line  DMFE,  so  that  its  segments  DF  and 
FE,  intercepted  between  a  circle  and  a  straight  line,  shall 
contain  a  given  rectangle.  The  point  F  being  found  as 
before,  DME  is  consequently  given  in  position.  But  when 
the  point  M  coalesces  with  F,  the  straight  line  DE  can 
thus  have  no  determinate  position,  or  it  will  fulfil  the  con- 
ditions of  the  problem  in  whatever  direction  it  be  drawn. 
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PROP.  XXV.    PORISM. 

A  straight  line  may  be  foiirid,  from  any  point 
of  which  two  tangents  drawn  to  given  circles  that 
do  not  meet  shall  be  equal. 

Let  A  and  B  be  the  centres  of  two  given  circles,  a 
straight  line  CD  may  be  found,  such  that  the  tangents  CE, 
and  CF  drawn  from  any  point  C  shall  be  equal. 

ANALYSIS. 

Let  CD  cut  the  straight  line  joining  the  centres  in  D  ; 
and  this  point  must  have  the  same  property  as  C,  or  the 
tangent  DG  will  be  equal  to 
DH.  If  the  circles  be  equal, 
the  point'  D  will  evidently 
be  equidistant  from  A  and 
B.  *  Suppose  the  radius  of 
the  circle  about  A  to  be  less 
than  the  radius  of  the  circle 
about  B,  and  D  must  then 
lie  nearer  the  centre  B  than 
A.  Wherefore  DG*  =  DH», 
or(ILiO.EI.)AI»— Al)*  = 
BK*  —  BD*,    and   hence 
BK»-.AP  =  BD*~AD*; 
bisect  AB  in  O,  and  BK*— 
AP  =  AB.2DO      but  the 
radii  AI  and  BK  being  both 
given,  the  rectangle  A  B,  DO 

is  given,  and  therefore  DO  and  the  point  D.  Again,  be- 
cause CE*  =  CF%  it  follows  that  AL*— AC*  =i  BM*— BC* 
or  BC*— AC*  =  BM*— AL*  or  BD»— AI)V;  dnd  cohse^ 
quently  CD  is  at  right  angles  to  AB,  and  given  in  position* 
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COMPOSITION. 

Bisect  AB  in  O,  and  make  2AB.OD=BK^— AI%  and 
^rect  tbe  perpendicular  I>C»  which  is  the  straight  lioe  re- 
quired. 

For  (II.  21.  El.)  BC*— AC*  =  BD*— AD*=2AB.0D 
=BK*— AP,  and  consequently  AP— AC*  =  BK*— BC», 
that  is,  (II.  10.  El.)  CE^zsCF*,  and  CE=CF. 

Cor.  If  the  cirdes  laeet,  the  straight  line  CD  will  cither 
touch  at  the  point  of  mutfial  compacti  or  pws  through  the 
points  of  intersection. 

PROP.  XXVI.    PORISM. 

A  circle  and  a  point  being  given,  another  point 
may  be  found,  such  that  straight  lines  drawn  from 
them  to  any  point  in  the  circunoference  shall  have 
a  ratio  which  will  be  given. 

The  point  B  may  be  found,  so  that  AC  and  BC,  inflect- 
ed to  the  given  circumference  ECF,  shall  have  a  ratio 
which  may  be  likewise  assigned. 

ANALYSIS. 

Draw  AB,  cutting  the  circle  in  E  and  F;  join  CE,  CFj 
and  produce  AC.  Because  E,.  F  arc  points  in  the  circoBKr 
ference,  AC :  BC : :  AE  :  EB,  and  AC  :  BC : :  AF :  FB; 
whence  (VI.  10.  cor.  El.)  CE  bisects  the  vertical  angle  ACB^ 
and  CF  the  adjacent  angle  BCD^.  consequently  the  angU 
ECF,  being  the  half  of  both  of  these,  is  a  right  angle^  and 
(III.  19.  El.)  ECF,  a  semicir- 
cle.  Wherefore  AF,  thus 
passing  through  the  centre  O, 
is  given  iu.  poaitipn.  Now,, 
sincjB  A^  :  FB;  :  AE  :  EB,  ,  jf  ;r  b.  ;o  JTT^ 
alterjiateljr  AT  :.  AE : :  ^^ :  EB;    heace  EF,  bepg  j^cs^sy 
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ttmally  and  internally  in  the  same  ratio^  EO  is  (VI.  7.  El.)  a 
mean  proportional  between  AO  and  BO,  or  EO^s  AO.BO. 
But  AO  and  EO  are  giveui  and  therefore  BO  and  the 
point  B  are  given.  Again,  because  AO :  £0 : :  EO :  BO, 
by  division  and  alteiiiation,  AE :  EB  : :  EO :  BO  ;  that  is, 
the  inflected  lines  have  the  given  ratio  of  EO  to  BO. 

COMPOSITION. 

Draw  AF  through  the  centre  of  the  given  circle,  and 
make  AO :  EO  : :  EO :  BO;  B  is  the  point  required.  For 
join  CO.  Because  EO  is  equal  to  CO,  therefore  AO :  CO 
; :  CO  :  BO ;  consequently  the  triangles  ACO  and  CBO, 
having  besides  the  common  angle  at  O,  are  similar,  and 
AC :  AO : :  BC :  CO,  or  alternately  AC :  BC  : :  AO :  CO, 
that  is,  in  a  given  ratio. 

The  porism  now  demonstrated  is  evidently  derived  from 
the  local  theorem,  which  forms  the  12th  Proposition  of  this 
Book. 

PROP.  XXVII.    PORISM. 

If,  from  two  points  in  the  diameter  of  a  circle 
equally  distant  from  its  centre,  straight  lines  be 
inflected  to  the  extremity  of  any  arc,  another 
point  may  be  found  in  the  diameter  from  which  a 
straight  line  drawn  to  the  termination  of  the  doa- 
ble arc  shall  contain  with  the  radius  a  rectangle 
equivalent  to  that  under  the  inflected  lines. 

Let  D£  be  the  diameter  of  a  circle  having  two  oppo- 
site points,  A  and  B,  equally  remote  from  the  centre  O, 
and  AC  and  BC  be  drawn  to  any  point  C  in  the  circum- 
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ference;  bftving^Riadetbe  arc  CF  equftl  to  DC)  a  point  H 
may  be  found  in  tbe) diameter,  such  that  HF  being  joinedi 
the  rectangle  under  MF  and  OD  shall  be  equivalent  to  the 
rectangle  under  AC  and  BC. 

ANALYSIS. 

It  is  obvious,  that,  in'  the  extreme  case,  when  the  arcs 
DC  and  DF  both  vanish,  the  points  C  and  F  must  coin* 
cide  with  the  extremity  of  the  diameter,  and  consequently 
the  inflected  lines  will  pass  into  the  segments  AD  and  BD. 
Wherefore  HD.OD  =  AD.BD;  add  OA*  to  both,  and 
HD.OD+OA*=AD.BD+OA*=(II.  i7.cor.2.El.)OD» 
=  HD.OD  +  OH.OD:  consequently  OA*  =  OH.OD, 
and  (V.  6.  El.)  OD  :  OA  :  :  OA  :  OH,  whence  OH  and 
the  point  H  are  given.  Join 
OC  and  OF,  draw  HG  pa- 
rallel to  AC  and  join  GF  : 
Since,  by  construction, 
OD  :  OA  : :  OA  :  OH,  and 
(VI.  1.  El.)  OA  :  OH  :  : 
OC   :  OG,    therefore,   by 

identity  of  ratios,  OD  :  OA  :  :  OC  :  OG ;  but  OC  being 
equal  to  OD,  the  fourth  term  OG  must  (V.  4.  El.)  be  equal 
to  OA.  Hence  the  triangles  ACO  and  GFO,  having  the 
sides  OC  and  OA  equal  to  OF  and  OG,  and  the  contained 
angle  AOC,  by  hypothesis,  equal  to  GOF,  are  (I.  3.  El.) 
equivalent ;  and  consequently  the  base  AC  is  equal  to  GF. 
Again,  the  triangles  OCB  and  GFH  are  similar  (VI.  13. 
El.) ;  for  OC  :  OA  or  OB  :  :  OA  :  OH  :  :  AC  or 
GF :  GH,  and  the  contained  angle  COB  is  (I.  30.  El.) 
equal  to  the  interior  angles  O  AC  and  OCA  of  the  triangle 
ACO,  themselves  equal  to  OGF  and  OGH,  which  com- 
pose the  other  contained  angle  FGH.     Hence  OC  :  OC 


BOOK  III.  165 

1 :  FG  or  AC :  HF,  and,  therefore,  (V.  6.  El.)  HF.BC= 
AC.BC. 

COMPOSITION. 

Make  OD :  OA  : :  OA  :  OH,  and  H  is  the  point  re- 
qaired.  For  double  the  arc  DC  to  F ;  join  HF  and  OC, 
OF;  draw  HG  parallel  to  AC,  and  join  GF,  the  triangles 
ACO  and  GFO  are  proved  to  be  equal,  and  the  triangles 
OCB  and  GFH  similar.  The  demonstration  is  indeed 
exactly  the  same  with  that  part  of  the  analysis  which  suc- 
ceeds the  determination  of  the  point  H. 

Scholium,  The  equally  eccentric  points  A  and  B  might 
likewise  be  taken  in  the  extension  of  the  diameter  without 
the  circle,  and  then  the  corresponding  point  H  will  lie  be- 
yond them.  When  the  arc  DC  is  a  quadrant,  the  point  F 
will  coincide  with  £,  and  the  inflected  lines  become  equal. 
In  this  case,  AC^  =  OD.HE,  which  is  evident,  since  (II.  10. 
El.)  AC* = OD»  +  O A*  =  0D»  +  OD.OH.  The  rectangle 
under  the  inflected  lines  attains  a  maximum  likewise  in  the 
same  situation ;  for  HE  being  the  greatest  line  that  can  be 
drawn  from  H  to  the  circumference,  the  rectangle  HE, 
OD,  and  consequently  AC,  BC  is  greatest  when  the  point 
C  terminates  a  quadrant.  There  is  another  maximum 
which  belongs  to  the  point  directly  opposite  to  C  below  the 
diameter.  This  rectangle  AC,  BC  has  also  two  minima^ 
when  HF  passes  into  HD  in  the  positions  of  D  and  E^ 
the  inflected  lines  being  AD,  BD,  and  AE,  BE. 

If  the  points  A  and  B  fall  on  the  extremities  of  the  dia- 
meter, the  point  H  will  evidently  coincide  with  D;  and 
consequently  the  rectangle  under  the  chord  of  an  arc,  and 
the  chord  of  its  supplement,  is  equivalent  to  the  rectangle 
under  the  radius  and  the  chord  of  the  double  arc,  a  pro- 
perty demonstrated  in  the  Elements  of  Trigonometry. 
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PROP.  XXVIII.    PORISM. 

A  circle  and  a  straight  line  being  given  in  po- 
sition^  a  pomt  may  be  found,  such  that  any 
straight  line  drawn  from  it  to  the  given  line,  shidl 
be  a  mean  proportional  between  the  segments  in- 
tei^epted  by  the  given  eircumf^rence. 

Let  the  straight  Kne  AB,  atid  the  circle  HKF  be  given 
in  position ;  it  is  possibte  to  assfgti  a  point  D^  tbrongh 
which  a  straight  line  FDC  being  drawn,  CD  shall  be  a 
mean  propoitidnal  between  the  segnvents  C£  and  CF» 


ANALYSIS. 

From  D  let  fall  upon  AB  the  perpendicular  IDG,  and 
join  CI  and  HK.  Because  CE :  CD : :  CD  :  CF,  CD*  = 
CE.CF  =  1;III.  36.  El.)  CK.CI ;  and,  since  GI  passes 
through  the  point  D,  GH  :  GD  :  :  GD  :  GI,  and  GD*  = 
GH.GI.  But  (IL  10.  El.) 
CD*  =  CG*  +  GD*,  and  con- 
sequently  CK.CI  =  CG*  + 
GI.GH  ;  take  these  away 
from  CP  =  CG*  +  GP,  and 
there  remains  Cl.Itl = GLHI. 
Whence  CI :  GI :  :  HI :  KI, 
and  consequently  the  triangles 
CIG  and  HIK,  having  acom- 
mon  vertical  angle,  are  similar. 
Wherefore  the  angle  HKI,  being  thus  equal  to  CGI, 
stands  in  a  semicircle^  of  which  HI  is  the  diameter;  con- 
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sequentljr  GI  is  given  in  position,  and  the  points  G,  H, 
and  I  being  thence  given,  the  rectangle  under  GH  and  GI, 
or  the  square  of  GD,  ifi  given,  and  therefore  the  point  D. 

COMPOSITION. 
Xhrotigh  the  centre  O  draw  the  perpendicuhir  OOI ; 
and  find  (VI.  16.  El.)  GD  a  mean  proportional  to  GH 
and  QI ;  D  is  the  point  required,  f^or  (III.  26.  and  IL 
17.E1.)CE.CF=C0»— HO*=sCG*+GO*— HO*  =  CG* 
+GH.GI;  but  (V.  6.  EL)  GD*=GH.GI,  and  conse- 
quenUy  CE.CFsCG^+GD*  sCD*. 

This  porism  may  be  supposed  to  derive  its  origin  from 
the  problem :— '^  Through  a  given  point  P,  in  the  diame* 
ter  of  a  circle,  to  draw  a  straight  line  CLPM  to  the  per- 
pendicular AB,  so  that  the  rectangle  under  the  segments 
CL  and  CM  shall  be  equal  to  the  square  of  GN.''  Since 
(111.26.  El.)  CL.CM=CK.CI=CP— CI.KI;  but  (II. 
10.  El.)  CP=CG*+GI%  and  CI.KIrrGI.HI;  whence 
CL.CM  =  CG»  +  GI.GH,  or  making  GD»-t=GI.GH, 
CL.CM=:CG*  +  GD*  or  CD*,  and  consequently  CD* 
=GN*,  or  CD=GN.  Wherefore  the  point  D  being 
given,  the  point  C  is  also  given,  and  thence  the  straight 
line  CLPM.  The  problem  then  is  solved  by  finding  GD 
a  mean  proportional  to  GH  and  GI,  and  describing,  from 
D  with  the  radius  GN,  a  circle  to  intersect  the  perpendi- 
cular in  C.  It  is  hence  evident,  that  C  is  independent  of 
the  point  P.  Let  CLM,  therefore,  coincide  with  CEF, 
and  CE.CF=GN*  =  CD*.  But  this  property  must  evi- 
dently  obtain,  whatever  be  the  position  of  the  point  C. 
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l»jaQP.  XXIX.    PORISM. 


A  point  beiflg  given  in  the  diameter  of  a  given 
circle,  another  point  in  the  siame  extension  may 
beifoundy  such  ,th^t  the  angle  contained  by  two 
straight  lines  drawn  from  it  to  the  extremities  of 
a  ^chord  passing  through  the  given  point,  shall  be 
bisected  by  the  diameter. 

In  the  diameter  FH  of  a  given  circle,  let  A  be  a  given 
point  through  which  any  chord  BAC  is  drawn ;  a  point 
D  may  be  found  in  the  extension  of  the  diameter,  so  that 
DC  and  DB.  being  joined|  the  angle  ADC  shall  be  ^qual 
to  ADB. 

ANALYSIS. 

Join  EB,  and  draw  EO  and  BO  to  the  centre  O.  The 
triangles  EOD  and  BOD,  having  the  side  £0  equal  to  BO, 
OD  common,  and  the  angle 
ODE  equal  to  ODB,  and 
being  likewise  of  the  same 
affection,  since  the  angles 
DEO  and  DBO  are  evi- 
dently  both  acute-— are  (I. 
21.  El.)  e(]ual,  and  conse- 
sequently  the  angle  EOG 
18  equal  to  BOG.  Whence  the  triangles  OEG  and  OBG 
are  (I.  3.  Eh)  also  equal,  and  therefore  EB  is  perpendicular 
to  the  diameter  FH.  Wherefore  (VI.  9.  El.)  FA  :  AH : : 
FD:DH;  but  the  ratio  of  FA  to  AH  being  given,  and 
consequently  that  of  FD  to  DH,  the  point  D  (VI.  6.  £1.) 
is  given. 
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COMPOSITION. 

Make  (VI.  S.  EI.)  OA :  OH  : :  OH :  OD,  and  then  D 
is  the  point  required.  For  join  OC  and  OB.  Because 
OH=OC,  OA  :  OC : :  OC :  OD ;  wherefore  the  triangles 
AOC  and  COD,  having  thus  the  sides  about  their  com- 
mon angle  DOC  proportional,  are  similar ;  and  hence  the 
angle  OCA  is  equal  to  ODC.  In  the  same  manner,  it  is 
proved  that  the  angle  OBA  is  equal  to  ODB.  But  BOG 
being  an  isosceles  triangle,  the  angle  OCA  is  equal  to  OBA; 
whence  the  angle  ODC  is  equal  to  ODB. 

This  porism  is  likewise  derived  from  the  local  theorem 
given  in  Prop.  12.  For  AC,  DC,  and  AB,  DB  being  in- 
flected m  the  same  ratio,  AC :  AB : :  DC  :  DB;  and  con- 
sequently (VI.  10.  cor.  £1.)  the  angle  BDC  is  bisected  by 
DA. 

PROP.  XXX.    PORISM. 

A  point  being  given  in  the  circumference  of  a 
circle,  another  point  may  be  found,  so  that  two 
straight  lines  inflected  from  them  to  the  opposite 
circumference,  shall  cut  oflT,  on  a  given  chord,  ex- 
treme  segments,  whose  alternate  rectangles  shall 
have  a  given  ratio. 

Let  the  circle  ADBE,  the  point  A,  and  the  chord  DE, 
be  given  in  position, — another  point  C  may  be  found,  such 
that  the  straight  lines  AB  and  CB  inflected  lo  the  opposite 
circumference,  shall  form  segments  containing  rectangles 
DG,  F£,  and  DF,  G£,  in  the  ratio  of  KM  to  LM. 


170  eEOMETSICAl  ANALYSIS. 

ANALYSI& 

Join  CA»  and  produce  it  Co  meet  the  eztenBion  of  the 
dbord  £D  in  H. 

Because  KM : LM : :  DOFE :  DRGE,  by  divkioo, 
KL3LM::DG.FE— DF.GE:DF.<5Ej  but  DG.FE^ 
DF.GE  =(DF  +  FG)  (GE  +  FG)— DF,GE=FG.DE, 

and  consequently  KL :  LM        K i.  m 

: :  FG.DE :  DF.GE.  Make 

KL:LM::DE:DH,then 

KL  :  LM   :  :    PG.DE   : 

FG.DH ;  whence  FG.DH 

B  DF.GE,     and    adding 

DF.FG  to  both,  FH.FGs 

DF.FE  =  (IIL    46.    El.)  ^~?"^ 

AF.FB.     Wherefore  FH :  FB : :  AF  :  FG,  and  (VI.  IS. 

El.)  the  triangles  AFH  and  GFB  are  similar,  and  conse- 

quently  the  angle  AHF  is  equal  to  FBG ;  but  the  angle 

AHF  is  given,  since  the  points  A,  H,  and  D  arc  given> 

and,  therefore,  the  chord  AC,  cutting  off  fironi  the  given 

circumference  a  segment  that  contains  a  given  angle  ABC 

or  FBG  is  given,  and  thence  the  point  C. 

COMPOSITION. 

Produce  the  chord  ED  to  H  in  the  rettio  of  KM  to  LM, 
join  HA,  and,  at  any  point  B  in  the  circnmference,  make 
the  angle  ABC  equal  to  AHF ;  C  is  the  point  required. 

For,  the  triangles  AFH  and  GFB  being  evidently  simi- 
lar, FH  :  FB  :  :  AF  :  FG,  and  FH.FG  =  FB.AFss 
DF.FE  5  whence  FH.FG—DF.FG=DF.FE— DF.FG, 
or  FG.DH= DF.GE.  But  KL  :  LM  :  :  DE  :  DH  : : 
FG.DE  :  FG.DH,  and  therefore  KL  :  LM  :  :  FG.DE : 
DF.GE }  consequently  (V.  9.  El.)  KM :  LM : :  FG.DE+ 
DF.GE,  or  DG.FE :  DF.GE. 
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The  porism  now  investigated  arkes  natnrally  ont  of  this 
proUem :— »^<  From  two  given  points  A  and  C,  one  of 
which  lies  in  a  given  circumference,  to  inflect  straight  lines 
AB  and  CB^  so  as  to  intercept  on  the  chord  D£  segments 
that  contain  rectangles  DG,  FE  and  DF,  G£»  which  are 
in  a  given  ratio."  For,  the  point  H  t>eing  assumed  as  be- 
fore^ the  analysis  requires  that  the  angle  ABC  should  be 
made  equal  to  AHF.  Whence,  if  on  AC,  a  segment  of 
a  circle  were  described  containing  that  angle,  its  contact 
or  intersection  with  the  given  circumference  would  deter- 
mine the  point  of  inflection.  Supposing,  therefore,  the 
two  circles  entirely  to  coincide,  the  problem  will  in  that 
case  become  indeterminate,  or  admit  of  innumerable  an- 
swers. 


PROP.  XXXI.    PORISM. 

Two  points  and  two  diverging  lines  being  gi« 
ven  in  position,  straight  lines,  inflected  from  those 
points  to  one  of  the  diverging  lines,  intercept  seg- 
ments, on  the  other,  from  points  that  may  be 
found,  and  containing  a  rectangle  which  will  be 
likewise  assignable. 

Let  DF  and  £F  be  inflected,  from  the  points  D  and  E, 
to  the  diverging  line  AC{  they  will  cut  ofl^  segments,  on 
AB,  from  points  I  and  K,  which  may  be  found>  so  that 
the  rectangle  IH|  GK  shall  be  given. 
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E  >r 


ANALYSIS. 

Join  EI  and  EA,  DA  and  DK,  and  produce  ED  to  meet 
AC  in  P.    Since  A,  F,  abd  Pare  so  many  points  of  in- 
fliectioh,  it  is  evident,  from  the  hypothesis,  that  IA.AK=: 
IH.GK  =  IN.NK  ; 
whence  IH  :  lA : :  AK : 
GK,  and,  by  division, 
AH  :  lA :  :  AG  :  GK, 
and  alternately  AH :  AG 
: :  lA :  GK.    Through 
E,  draw  LEM  parallel 
to  AB  and  meeting  AC 
and  FD  produced;  then 
(VI.  t .  El.)  LE  :  LM  :  :  AH  :  AG  :  :  lA  :  GK.     Again, 
because  IA.AK  =  IN.NK,  IN  :  lA  ;:  AK:  NK,  by  divi- 
sion AN  :  lA  : :  AN  :  NK,  and  consequently  lAnNK. 
Wherefore,  by  substitution,  LE  :  LM :  :  NK  :  GK,  and 
LE :  EM  ::  NK :  GN,  or  alternately  LE :  NK : :  EM :  GN, 
that  is,  (VL  *2.  EL)  ED:  DN5  hence  (VL  U.  El.)  the 
triangles  LDE  and  KDN  are  similar,  and  LDK  forms 
one  smgle  straight  line.     Join  DO.      Sinc^  IA=NK, 
LE  :  I A  : :  LE  :  NK,  that  is,  (VI.  2.  El.)  EO  :  OI  :  : 
ED:  DN,  and  therefore  (VI.  1.  cor.  1.  El.)  DO  is  paral- 
lei  to  AB.     But  the  parallels  OD  and  LM  being  given  in 
position,  the  points  O  and  L,  and  thence  I  and  K,  are  gi« 
yen,  and  consequently  the  rectangle  lA,  AK  is  given. 


COMPOSITION. 

Draw  DO,  EL  parallel  to  AB  and  meeting  the  exten- 
sion of  AC ;  join  EO,  LD,  and  produce  them  to  meet  AB 
in  I  and  K  ;  these  are  the  points  required.     For  DF  and 
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EF  being  inflected,  LE  :  lA  :  :  OE  :  OI : :  ED  :  DN :: 
DM:DG : :  LM :  GK,  and  alternately  LE:LM::IA:GK; 
but  LE :  LM  :  :  AH  :  AG,  and  therefore  lA  :  GK  :  : 
AH  .  AG  J  consequently  (V.  8.  and  IL  El.)  IA:IH : : 
GK  :  AK,  and  IA.AK=IH.GK. 

The  porism  thus  investigated  follows  from  this  problem : 
<^  Two  straight  lines  AB  and  AC  being  given  in  position, 
with  the  points  I  and  K,  E  and  D,  to  find  a  point  F,  such 
that  the  inflected  lines  EF  and  DF  shall  intercept  seg- 
ments IH  and  GK,  containing  a  given  space."  For,  when 
the  points  I  and  K  have  the  position  before  assignedi  the 
construction  becomes  indeterminate. 

PROP.  XXXII.     PORISM. 

Three  diverging  lines  being  given  in  position, 
a  fourth  may  be  found,  such  that  straight  lines 
can  be  drawn  intersecting  all  these  and  divided 
by  them  into  proportional  segments. 

Let  AB,  CD,  and  AE  be  given  diverging  lines,  and 
HIKL  any  transverse  line  cut  by  them  in  given  ratios ;  a 
fourth  diverging  line  FG  may  be  found  limiting  the  seg- 
ment KL. 

ANALYSIS. 

Produce  EA  and  GF  to  meet  in  M;  through  K  and  F 
draw  NO  and  PC  parallel  to  AB  and  FG,  and  meeting  in  O; 
join  CO  i  let  HTK^U  be  another  transverse  line  divided  in- 
to proportional  segments ;  draw  P^FO^  parallel  to  PIG  and 
meeting  CO  in  O'.  and  join  O'K'  and  produce  it  to  N^  . 

Because  KG  is  parallel  to  PH,  HI :  IK : :  PI :  IG;  and. 
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situW  the  parallds 
FOandFOarecut 
by  the  divei^Dg 
lines  CP^  CI,  and 
CO,PI:IO::Fr: 
I'Cy  ;  consequently 
HT  :  i'K' : :  PI' : 
I'O,  and   CVN'  ii 

paralldtoON.    A-  j //^  3?V  K    H'» 

gain.  IK  :  KL  :  : 
OK :  RN,  and  I'K' 
:  K'L' : :  (VK'  :  K'N'  ;  wherefore  OK :  KN  t :  (VK'  : 
K'K';  and  hence  the  Hraight  lines  OC,  EA,  and  OF  all 
converge  to  the  same  point  M.  Now  CA  ;  AF  :  :  OK  : 
KN::  IK:  KL  ;  whence  the  ratio  of  CA  to  AF  being  gi- 
ven, AF  and  the  point  F  are  given ;  but  the  point  L  is  gi- 
ven, and,  therefore^  FLO  is  given  in  poatioa. 

COMPOSITION. 

Make  CA  to  AF  in  the  given  ratio  of  the  segment  IK 
to  KL,  and  join  FL ;  this  is  the  diverging  line  required. 
For  draw  NK  and  PI  parallel  to  AB  and  FG,  and  meet- 
ing in  O,  join  CO,  and,  aisuinii^  in  it  another  point  O', 
draw  likewise  the  parallelE  O'K'N'  and  O'I'P',  intersecting 
AE  and  AB  in  K'  and  I' ;  the  transverse  line  H'i'K'L'  i* 
cut  similarly  to  HIKL. 

For,  since  NO,  NO*  are  paralld  to  AB,  and  OP,  CP' 
parallel  to  FG,  it  follows  that  HI :  IK : :  PI :  lO: :  PI' :  FO' 
::H'I':I'K'.  Again,  because  CA:  AF:  :  IK  :  KL  :  : 
OK  :  KN;  whence  OC,  EA,  and  GF  converge  to  the 
same  point,  ahd  consequently  IK  :  KL ;  ;  OK  r'KN  : 
O'K' :  K'N' : :  I'K' :  KL'.  V 
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The  poriim  now  demonstrated  arises  out  of  the  indeter- 
minate case  of  a  celebrated  problem :— -'^  Four  straight 
linesy  ABy  CD,  AE  and  FG,  being  given  in  position^  to 
draw  a  transverse  line,  HIKL^ 
that  shall  be  cut  by  them  into 
segments  in  a  given  propor- 
tion." Suppose  it  done ;  pro- 
dace  6F  and  EA  to  meet  in 
M ;  draw  the  parallels  NKO 
and  PIO,  and  join  MTO.  Be- 
cause TA  :  AF :  :  OK  :  KN 
: :  IK  :  KL,  the  ratio  of  TA 
to  AF  is  given,  and  hence  the 
point  T  and  the  straight  line 
MO  arc  given  in  position. 
Again,  PI  :  10  : :  HI  :  IK, 
and  therefore  the  ratio  of  PI  to  FO  is  given ;  but  the  tri- 
angle CPI,  being  evidently  given  in  species,  the  ratio  of 
CP  to  PI  is  given ;  whence  the  ratio  of  CP  to  PR  is  given, 
and  the  triangle  CPO  is  given  in  species.  The  straight 
lines  MO  and  CO  being,  therefore,  both  given  in  position, 
their  intersection  O  is  given ;  consequently  the  parallels  NO 
and  PO  are  given  in  position,  and  thence  are  likewise  given 
their  intersections  K  and  I,  and  the  transverse  line  HIKL. 

The  construction  is  easily  derived  :  For,  having  produ- 
ced EAand  GF  to  meet  in  M,  make  FA:  AT::Z:Y9 
and  draw  MTO.  Again,  take  any  point  Q  in  CB ;  draw 
QSparalklto  FG,  and  make  QR  :  RS::X:Y;  join  CS 
and  produce  it  to  meet  MO  in  O,  and  draw  OI  and  KO 
parallel  to  FG  and  AB;  HIKL,  which  passes  through  the 
points  of  intersection  I  and  K,  is  the  straight  line  required. 
For  HI:IK::PI:IO::QR:  RS::X:Y,  and  IK:KL 
::OK:KN::TA:AF::Y:Z. 
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NoW)  if  the  ratio  of  C A  to  AF  should  be  the  same  as 
that  of  Y  to  Z,  the  point  T  will  coincide  with  C,  and  the 
straight  line  TO  with  CO.  The  problem,  therefore,  be- 
comes, in  this  case,  porismatic,  or  every  point  whatever 
in  CO  has  the  property  which  belonged  before  to  the 
single  point  O. 


DEFINITION. 


Isoperimetrical  figures  are  such  as  have  equal  perimeters^ 
or  the  same  extent  of  linear  boundary. 

PROP.  XXXIII.    PROB. 

In  a  straight  line  given  in  position,  to  find  a 
point,  whose  distances  from  two  given  points  on 
the  same  side  shall  together  be  the  least  possible. 

Let  it  be  required,  from  the  points  A  and  B  to  some 
point  in  CD,  to  draw  AG  and  BG,  forming  jointly  a  mi" 
nimum, 

ANALYSIS. 

From  B,  either  of  the  given  points,  let  fall  BE  a  per- 
pendicular upon  CD,  and,  having  produced  it  equally  on 
the  opposite  side,  join  GF.  It  is  obvious  that  the  triangles 
BEG,  FEG  are  equal,  and  consequently  that  BG=GF; 
whence  AG  +  GF  is  a  minimum.  But  the  points  A  and 
F  are  evidently  both  given,  and  since  (I.  15.  El.)  the  short- 
est  communication  between  them  is  a  straight  lioe,  its 
intersection  G  with  CD  is  given,  and  therefore  the  in« 
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fleeted  lines  AG  and  BG  are 
given  in  position. 

Cor,  It  hence  appears  that, 
when  the  combined  dis- 
tance of  the  points  A  and  B 
from  the  straight  line  CD 
is  the  least  possible,  the  in- 
cident angles  AGC  and 
BGD  are  equal. 

Scholium.  Hence  also  the  solution  of  a  similar  problem : — 
*^  In  a  straight  line  given  in  position,  to  find  a  point  the 
difierence  of  whose  distances  from  two  given  points  shall 
be  the  greatest  possible."  If  these  points  lie  on  the  same 
side  of  the  straight  line  CD,  it  is  evident  that  the  diffe- 
rence  between  AG  and  BG 
being  (I.  ]5«  El.)  less  than 
the  base  AB,  this  must  be 
the  extreme  limit,  or  the 
difierence  must  reach  its 
maximum  when  AG  and 
BG  coincide  with  AB,  and 
consequently  the  point  G 
occurs  where  the  produc- 
tion of  AB  meets  CD.— But  if  A  and  B  lie  on  opposite 
sides  of  CD,  let  fall  the  perpendicular  BE,  which  produce 
till  EF  be  equal  to  it,  and  join  AF  and  GF.  The  triangles 
BEG,  FEG  are  evidently  equal,  and  therefore  BG=GF ; 
but,  in  the  triangle  AFG,  the  difference  of  AG  and 
GF,  being  less  than  AF,  must  attain  its  greatest  extent, 
when  that  triangle  is  supposed  to  flatten  into  a  straight  Une ; 
in  which  case  the  angle  AGE  is  equal  to  BGC. 
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PROP.  XXXIV.    THEOR. 


Straight  lines  drawn  from  two  given  points  to 
the  circumference  of  a  given  circle  are  the  least 
possible,  when  they  make  equal  angles  with  a  tan- 
gent applied  at  the  point  of  inflection. 

Of  all  the  straight  lines  inflected  irom  the  points  A  and 
B  to  the  circumference  of  the  circle  GDH,.  AD  and  BD, 
which  meet  the  tangent  EF  at  equal  angles^  form  together 
a  minimum. 

For,  by  the  last  proposition,  AD 
and  BD,  falling  at  an  equal  inci- 
dence, are  jointly  shorter  than  any 
other  lines  inflected  from  the  points 
A  and  B  to  the  straight  line  EF; 
but  (I.  16.  EI.)  such  lines  drawn  to 
that  tangent  are  less  than  the  ex- 
terior lines  which  terminate  in  the 
circumference ;  whence,  for  both 
these  reasons  combined,  AD  and  BD  must  form  the  mini" 
mum  of  all  the  straight  lines  inflected  to  the  circumference 
GDH. 

Cor,  It  may  be  shown  nearly  in  the  same  way,  that  the 
lines  from  A  and  B  obtain  their  maximum^  when  they  are 
inflected  to  a  point  where  DC  meets  the  opposite  concave 
circumference." 
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I 

PROP.  XXXV.     PROB. 

To  find  a  point,  whose  distances  from  three  gi- 
ven points  are  the  least  possible. 

"Let  it  be  required,  from  the  points  A,  B,  and  C,  to  draw 
AD,  BDy  and  CD,  such  that  their  sum  shall  be  a  mini- 
mum. 

ANALYSIS. 

If  the  distance  BD  were  supposed  to  remain  constant, 
the  position  of  D,  in  the  circumference  of  n  circle  described 
from  B  with  the  radius  BD,  must,  by  the  last  proposition, 
be  such,  when  AD  and  CD  together  compose  a  minimum^ 
that  the  angle  ADB  shall  be  equal  to  CDB.  For  the  same 
reason,  if  AD  continued  invariable,  BD  and  CD,  comjplet* 
ing  the  minimum^  must  form 
with  it  equal  angles  ADB  and 
ADC.  Whence,  uniting 
these  conditions,  the  straight 
lines  AD,  BD,  and  CD  all 
make  equal  angles  about  their 
point  of  concourse* 

COMPOSITION. 

Connect  the  triangle  ABC,  and  upon  each  of  the  sides  AC 
and  BC  describe  equilateral  triangles,  and  again  circum- 
scribe these  by  circles,  which  will  intersect  in  the  required 
point  D.  For,  the  angles  ADC  and  CDB;  being  the  sup- 
plements of  angles  of  equilateral  triangles,  are  each  equal 
to  two-third  parts  of  two  right  angles,  or  to  one- third  of 
four  right  angles  ;  consequently  three  such  angles  will  stand 
about  the  point  D,    Agah),  while  one  of  the  lines  AI>,  BD 
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and  DC  remains  constant,  the  other  two  making  equal  an* 
gles  with  it  are  the  least  possible,  and  consequently  the  ag-* 
gregate  of  all  the  three  is  a  minimum • 

PROP.  XXXVI.    PROB. 

4 

In  a  straight  line  given  in  position,  to  find  a 
point,  at  which  the  straight  line3,  drawn  to  two 
given  points  on  the  same  side,  shall  contain  the 
greatest  angle. 

Let  it  be  required  to  draw  AC  and  6C,  so  that  the  an- 
gle ACB  shall  be  a  maximum, 

ANALYSIS. 

Describe  a  circle  about  the  points  C,  A)  and  B.  Because 
the  angle  ACB  is  greater  than 
any  other  which  has  its  vertex 
in  D£,  the  circumference  must 
lie  within  that  straight  line, 
and  therefore  DE  touches  the 
circle. 

It  is  hence  evident,  (III.  26. 
cor.  El.)  that  GA.GB  =  GC*,- 
and,  therefore,  the  point  C  is  assigned,  by  finding  GC  a 
mean  proportional  to  GA  and  GB. 

PROP.  XXXVII.     PROB. 

To  find  a  triangle  with  a  given  perimeter,  and 
standing  on  a  given  base,  which  shall  contain  the 
greatest  area. 

Let  it  be  required  to  find  a^  triangle  ABC,  constituted 
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on  the  base  AC,  and  containing,  within  a  given  perimeter^ 
the  greatest  possible  surface. 

ANALYSIS. 

Since  the  base  of  the  triangle  ABC  is  constant  while  its 
trea  forms  a  maximum^  the  corresponding  altitude  must 
evidently  be  the  greatest  possible^  and  consequently  the 
vertex  B  must  lie  in  a  parallel  the  remotest  from  AC.  Sup- 
^posipg,  therefore,  the  parallel  DE  to  retain  its  place,  the 
sum  of  the  sides  AB  and  CB,  and 
consequently  the  whole  perimeter  of 
the  triangle,  will,  by  the  thirty-third 
Proposition  of  this  Book,  be  the  least 
possible^  when  the  angle  ABD  is  equal 
to  CBE.  Whence,  preserving  the 
same  perimeter,  the  parallel  will  be  enabled  to  recede  to 
the  greatest  distance  from  AC,  if  these  incident  angles  still 
maintain  their  equality ;  but  DE  being  parallel  to  AC,  the 
alternate  angles  BAC  and  BCA  (I.  22.  El.)  are  likewise 
equal,  and  consequently  their  opposite  sides  CB  and  AB. 
The  triangle  ABC  is  thus  isosceles ;  and  it  is  also  given, 
for  its  sides  are  all  given. 

Cor.  Hence  an  equilateral  polygon  is  that  which,  under 
a  given  number  of  sides,  contains,  within  the  same  peri- 
meter, the  greatest  possible  surface :  For,  the  rest  of  the 
figure  remaining  constant,  suppose  any  two  adjacent  sides 
to  vary,  and  the  accrescent  triangle  so  formed  will,  by  this 
proposition,  be  a  maximum^  when  those  sides  are  equal. 
The  polygon,  deriving  its  expansion  from  the  aggregate  of 
the  exterior  triangles,  must  therefore  be  the  greatest  pos- 
sible, when  such  triangles  are  in  every  combination  isosce- 
les^  and  consequently  all  the  sides  of  the  figure  equal. 
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PROP.  XXXVIIL    THEOB. 

If  a  polygon  have  all  its  sides  given,  except  one, 
it  will  contain  the  greatest  area,  when  it  can  be 
iqscribed  in  a  semicircle,  of  which  that  indetei- 
ininate  side  is  the  diameter. 

Let  the  polygon  ABCDEF,  having  given  sides  AB,  BC, 
CD,  DE  and  EF,  stand  upon  a  base  AF,  whidi  is  varia- 
ble ;  the  area  will  attain  its  maximum^  when  AF  becomes 
the  diameter  of  a  circnmscribing  semicircle. 

For,  AD  and  FD  being  inflected  to  any  point  D,  the 
spaces  ABCD  and  DEF  will  evidendy  remain  the  aame^ 
while  the  angle  ADF  is  en- 
larged, or  the  points  A  and  F 

are  distended*  Whence  the  ^/^  y^  VX"*^ 
polygon  must  contain  the 
greatest  area,  when  the  in- 
cluded triangle  ADF  contain** 
ed  by  given  sides  AD  and  DF,  is  a  maximum.  Now,  this 
will  take  place  when  the  altitude  of  the  triangle,  or  the 
perpendicular  let  fall  from  the  vertex  F  upon  AD,  is  the 
greatest  possible.  Wherefore  (I.  17.  El,)  ADF  is  a  right 
angle,  and  consequently  (III.  19.  El.)  the  point  D  lies  in 
a  semicircumference.  But  the  same  reason  applies  to  every 
other  intermediate  point  B,  C,  or  E,  of  the  polygon,  which 
consequently,  in  its  state  of  maximum^  is  disposed  within  a 
semicircle  described  on  the  variable  side  AF. 

Cor.  1.  Hence  a  polygon,  whose  sides  are  all  given,  con- 
tains the  greatest  area,  when  it  can  be  inscribed  in  a  circle. 
For  let  ABCD  be  a  polygon,  which  has  each  of  its  side? 
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AB^  BC,  CD9  and  AD  given.  Draw  the  diameter  AF» 
and  join  DF.  The  polygon  ABCDF  is  thus  a  maximum  / 
bnt  the  triangle  ADF  bang  eridently  determinate^  the  re- 
maining  polygon  ABCD  is  likewise  a  fnaximum. 

Car.  ^.  Hence  a  regular  polygon  is  that  wbich^  with  a 
given  perimeter,  fiLurmed  by  a  given  number  of  sides,  con- 
tains the  greatest  area.  For,  by  the  corollary  to  the  last 
Proposition,  the  sides  are  all  equal;  but  its  angles  are 
(III.  IS.  cor.  2.  and  16.  £1.)  also  equal,  since  it  occupies 
the  cirpum&rence  of  a  circle. 


PROP.  XXXIX.    THEOiL 

A  circle  contains,  within  a  given  perlmteter,  the 
greatest  possible  area. 

From  the  preceding  investigations,  it  appears,  that  the 
perimeter  and  number  of 
sides  being  given,  the  fi- 
gure of  greatest  capacity  is 
a  regular  polygon.  Let 
ABCDEF  be  such  a  poly- 
gon,  bounded  by  the  gi- 
ven perimeter :  Bisect  the 
corresponding  arcs  of  the 
circumscribing  circle,  and 
another  regular  polygon 
MBGCHDIEKFLA  will  arise,  having  twice  the  number 
of  sides.  Draw  the  diameter  MI,  and  join  MD  and  OD. 
Both  polygons  are  alike  composed  of  triangles  equal  to 
ODN  and  ODI,  and  consequently  the  area  of  the  poly- 
gon ABCDEF  is  to  that  of  MBGCHDIEKFLA  as  ON 
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to  OI,  or  as  20N  or  PN  to  20I  or  MI.  But  if  this  ex- 
terior polygon  MBGCHDIEKFLA  were  contracted  to 
the  same  perimeter  with  ABCDEF,^  its  area  would  (VI. 
2if.  £1.)  be  diminished  in  the  ratio  of  DI*  to  DN^,  that  is^ 
(III.  19.  and  VI.  15.  cor.  1.  £1.)  in  the  ratio  of  the  rect- 
angle MI»  NI  to  MN,  NI,  or  that  of  MI  to  MN.  Whence 
(Y.  16.  El.)  the  original  polygon  is  to  another  of  equal  pe- 
ritneter  and  with  double  the  number  of  sides,  as  PN  to  MN. 
An  isoperimetrical  figure  thus  has  its  area  always  increased, 
by  doubling  the  number  of  its  sides.  Continuing  this  du* 
plication,  therefore,  the  regular  polygons  which  arise  in 
succession  will  have  their  capacity  perpetually  enlarged. 
Whence  the  circle,  as  it  forms  the  limit  or  extreme  boun- 
dary of  all  those  polygons,  must,  with  a  given  circumA- 
rence,  contain  the  greatest  possible  space. 
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Any  straight  line  produced  will  either  cross 
another  straight  line  in  a  single  point,  or  will 
wholly  coincide  with  it;  but  the  same  straight 
line,  in  its  extension,  can  meet  the  bendings  of  a 
curve  more  than  once.  The  number  of  such  pos- 
sible intersections  will,  therefore,  in  every  case, 
serve  to  discriminate  the  several  orders  of  lines. 
A  straight  tine  itself,  since  it  only  admits  of  being 
cut  once,  belongs  strictly  to  the  First  Order.  A 
line  which  is  capable  of  a  double  intersection  by  a 
straight  line  must  evidently  be  incurved,  and  will 
range  in  the  Second  Order.  These  lines  form, 
next  to  the  circle,  the  simplest  kind  of  curves. 
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GENESIS  OF  THE  CURVE. 

The  LOCUS  of  a  pointy  whose  distances  Jrom  a  given 
point  and  Jrom  a  straight  line  given  in  position 
have  a  given  ratio^  is  a  line  of  the  second  or- 
der. 

X^ET  F  (fig.  1.  2.  and  3.)  be  a  given  point,  and  CE  a 
straight  line  given  in  position;  if  another  point  D  so  move 
on  the  same  plane,  that  its  distance  DF  from  F  shall  have 
always  to  the  perpendicular  DE,  or  its  distance  from  the 
line  CEy  the  constant  ratio  of  the  given  lines  X  and  Y,— -it 
will  describe  a  Line  of  the  Second  Order. 

m 

It  is  evident,  that  the  describing  point  will  always  occu- 
py two  corresponding  places  D  and  D^  (fig.  9.  10.  and 
11.)  equally  distant  on  either  side  of  the  dividing  perpen- 
dicular  CF ;  for  the  distances  of  both  these  fi*om  the  given 
straight  line  being  the  same  as  CH,  their  distances  FD 
and  FD^  from  the  given  point  F  must  be  equal,  and  con- 
sequently the  right  angled  triangle  HFD  is  equal  to  HFD^, 
and  its  side  DH  equal  to  D^H.  Hence  the  curve  consists 
of  two  equal  similar  bends,  parted  by  the  extension  of  the 
perpendicular  CF,  which  thus  forms  their  axis. 

It  likewise  appears,  that  the  curve  must,  in  every  cascj 
cross  the  perpendicular  CF,  between  the  points  C  and  F ; 
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for  CF  may  (VI.  4.  £1.)  be  divided  at  A  in  any'given  ratio. 
But  when  X  is  equal  to  Y,  (as  in  fig.  1.)  the  curve  will  not 
meet  that  perpendicular  again  ;  since  evidently  no  point  in 
the  continuation  of  CF,  on  either  side»  can  be  equally  dis- 
tant from  C  and  F.  If  X  be  less  than  Y,  (as  in  fig.  2.)  the 
curve  will  again  cross  the  perpendicular  CF,  on^  the  right 
hand,  at  a;  for  (VI.  6.  cor.  £1.)  a  point  may  be  always  found 
beyond  F,  such  that  its  distances  dF  and  aC  shall  have  the 
given  ratio.  But  if  X  be  greater  than  Y,  (as  in  fig.  S.)  the 
curve  will  re-appear,  on  the  left  hand  of  CF,  at  a,  where 
the  distance  dF  coifies  to  have  to  aC  the  given  ratio  of  X 
toY. 

The  generic  curve  is  thus  distinguished  into  three  subor- 
dinate species  :  1.  When  it  stretches  out  into  a  single  un« 
limited  branch,  (fig.  1.) ;  2.  When  it  returns  into  itself, 
and  consists  of  two  united  and  continuous  branches,  (fig.  2.) ; 
and,  3.  When  it  spreads  both  ways,  and  forms  two  opposite 
diverging  branches,  extended  indefiiHtely,  (fig.  S.) 

If*  the  given  point  F  should  coincide  with  C,  the  loctts 
will  evidently  merge  in  the  perpendicular  CF,  or  (VI.  15. 
£1.)  pass  into  two  straight  lines,  making  given  angles  with 
C£,  and  lying  obliquely  above  and  below  that  perpendicu- 
lar. But  if  the  given  straight  line  C£  be  supposed  to  have  a 
situation  immeasurably  remote  from  the  given  point  F,  the 
perpendicular  distances  D£  of  the  describing  point  D,  now 
comparatively  unchanged  by  its  varying  position,  may  be 
considered  as  bearing  the  same  ratios ;  and  consequently 
the  distance  DF  of  that  point  from  F,  after  a  very 
reduced  proportion,  to  be  viewed  as  continuing  still  unal- 
tered, or  the  curve  becomes  transformed  into  a  circle.  The 
double  straight  line  and  the  circle  may  thus  be  regarded  as 
forming  the  opposite  and  extreme  limits  of  the  lines  of  the 
second  order.  The  relations  of  the  circle  will  hence  be 
ibnnd  included  in  the  general  properties  of  these  curves. 
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DEFINITIONS. 
1*  The  giTen  or  fixed  point  is  termed  the  Focus* 
d.  The  straight  line  given  in  position  is  termed  the  Dire^' 

trix. 
5.  The  given  ratio  of  the  distances  of  the  describing  point 

from  the  focus  and  from  the  directrix  is  called  the  Dc^ 

termining  Ratio. 

4.  A  perpendicular  from  the  directrix,  passing  through  the 
focusy  and  extended  within  the  curve,  is  called  the  Axis* 

5.  The  point  where  the  curve  crosses  the  axis  is  called  the 
Vertex. 

6.  The  middle  point  of  the  portion  of  the  axis,  limited  or 
intercepted  by  the  vertices  of  the  curves  is  called  the 
Centre. 

7.  The  distance  of  the  focus  from  the  centre  is  termed  the 
Eccentricity. 

8.  When  the  determining  ratio  is  a  ratio  of  equality,  the 
curve,  consisting  of  a  single  extended  branch,  is  named 
a  Parabola. 

9.  When  the  determining  ratio  is  a  ratio  of  minority^  the 
curve,  relapsing  in  a  continuous  line,  is  named  an  El- 
lipse. 

10.  When  the  determining  ratio  is  a  ratio  oi  majority^  the 
curve,  spreading  on  both  sides  into  diverging  branches, 
is  named  an  Hyberbola. 

Thus,  in  fig.  L  2.  and  S.  F  represents  the^^Mrt^,  CE  the 
directrix^  and  the  ratio  of  X  to  Y  the  determining  ratio } 
the  extended  straight  line  CF  is  the  axis  of  the  curve,  A 
or  a  its  vertex^  O  (fig.  2.  and  S.)  the  centre^  and  OF, 
(fig.  2.  and  3.)  the  eccentricity.  Fig.  1.  exhibits  the  Pa- 
rabola, which  has  only  one  vertex  A.  Fig.  2.  exhibits  the 
Ellipse,  of  which  the  vertices  A  and  a  lie  both  on  the 
same  side  of  the  directrix :  And  fig.  3.  represents  the  Hy- 
perbola, which  has  its  vertices  A  and  a  on  opposite  sides 
of  the  directrix. 
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PROPOSITION  I.    PROBLEM. 

Given  the  focus^  the  directrix,  and  the  determi* 
ning  ratio  of  the  curve^  to  find  the  termination 
of  its  axis. 

JLet  (fig.  1.  2.  and  3.)  the  focus  F,  the  directrix  C£  and 
the  determining  ratio  X  :  Y  be  given ;  to  find  the  point 
A  or  Of  where  the  curve  intersects  the  perpendicular  CFp 
to  the  directrixi  extended  through  the  focus. 

ANALYSIS. 

The  vertex  A  being  a  point  in  the  curve,  the  ratio  of  AF 
to  AC,  its  distance  from  the  focus  and  from  the  directrix, 
is  the  same  with  the  determining  ratio,  or  that  of  X  to  Y ; 
but  the  interval  CF  is  given,  and  consequently  this  point 
A  of  internal  section  is  given  (VI.  6.  cor.  El.). 

If  the  determining  ratio  be  that  of  equality,  it  is  obvious 
that  no  corresponding  external  section  can  exist.  But  if 
the  determining  ratio  be  not  that  of  equality,  the  point  a 
of  external  section  is  likewise  given :  For  (fig.  2.  and  S.) 
aF  being  to  aC  as  X  to  Y,  it  follows  (V.  11.  EI.)  that  aF 
is  to  CF,  or  the  difierence  between  aF  and  aC,  as  X  is 
to  its  excess  or  defect  from  Y;  and  consequently  (VI.  4, 
El.)  the  point  a  is  given,  lying,  in  the  former  case,  (fig.  2.) 
on  the  same  side  of  C  with  F,  and,  in  the  latter,  (fig.  S.) 
on  the  opposite  side. 

COMPOSITION. 
From  the  focus  draw  FG  parallel  to  the  directrix,  and 
equal  to  a  fourth  proportional  to  Y,  X  and  CF,  the  point 
G  will  evidently,  from  the  genesis,  belong  to  the  curve* 
On  the  directrix  make  Ch  and  CH,  below  and  above  C, 
each  equal  to  CF ;  join  Gh  and  GH,  which  beiug  extend- 
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ed  will  cut  the  axis  in  the  points  A  and  a,  the  vertices  of 
the  curve.  For,  from  the  property  of  diverging  lines,  FG 
is  to  Ck  or  CF,  that  is  X  is  to  Y,  as  AF  is  to  AC,  and 
consequently  A  is  a  point  in  the  curve.  Again  (VI.  2.  El.) 
FG  is  to  CH  or  CF,  that  is  X  is  to  Y,  as  aF  is  to  aC, 
and  therefore  a  is  likewise  a  point  in  the  curve. 

In  the  case  of  the  parabola,  (fig.  I.)  X  being  equal  to  Y, 
FG  is  equal  to  CF  or  CH,  and  HG  is  therefore  parallel 
to  CF  i  whence  the  second  vertex  of  the  curve  disappears. 
In  the  case  of  the  ellipse,  (fig.  2.)  X  being  less  than  Y, 
FG  is  also  less  than  CF  or  CH,  and  HG  necessarily  con- 
verges towards  the  same  side  of  C  with  the  focus.  But  in 
the  case  of  the  hyperbola,  (fig.  3.)  X  being  now  greater  than 
Y,  FG  is  likewise  greater  than  CF  or  CH,  and  GH  meets 
the  axis  on  the  opposite  side  of  the  focus. 

Cor.  1.  Hence  in  the  ellipse  and  hyperbola,  the  distance 
of  the  focus  from  the  directrix  is  divided  internally  and  ex- 
ternally in  the  same  determining  ratio. 

Cor.  2.  Hence  in  the  ellipse  and  hyperbola,  the  eccentrici- 
ty is  to  the  semiaxis,  and  the  semiaxis  to  the  distance  of  the 
centre  from  the  directrix,  in  the  determining  ratio.  For 
since  CF  is  divided  by  the  curve  externally  and  internally 
in  the  given  ratio,  X  is  to  Y  (V.  19.  cor.  1.  El.)  as  the 
difierence  or  sum  of  aF  and  AF,  that  is  20F  or  20A,  is 
to  the  difference  or  sum  of  aC  and  AC,  that  is,  20A  and 
20C,  and  consequently  (V.  3.  El.)  X  :  Y : :  OF :  OA :  : 
OA :  OC. 

Cor.  3.  Hence  also  in  the  ellipse  and  hyperbola,  the  se- 
miaxis is  a  mean  proportional  between  the  eccentricity  and 
the  distance  of  the  centre  from  the  directrix.  This  follows 
immediately  from  the  preceding  corollary,  since  OF  :  OA 
:  :  OA  :  OC. 
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PROP.  IL    PROB. 

Given  the  focus,  the  directrix,  and  the  deter- 
mining ratio,  to  find  the  intersection  of  the  curve 
with  a  straight  line  which  is  given  in  position,  and 
parallel  to  the  axis. 

The  straight  line  ED,  parallel  to  the  axis,  being  given 
in  position,  (fig.  4.  5.  and  6.)  it  is  required  to  find  the 
point  D  where  it  meets  the  curve. 

Case  I.  When  the  determining  ratio  is  that  of  equality. 

ANALYSIS. 

Join  FD,  and  from  the  focus  draw  FE  to  the  point  where 
the  parallel  crosses  the  directrix.  Because  (fig.  4.)  FD  is 
now,  by  hypothesis,  equal  to  ED,  the  triangle  EDF  is  iso- 
sceles, and  consequently  (1. 10.  El.)  the  angle  EFD  is  equal 
to  FED;  but  the  straight  lines. FE  and  ED  being  given 
in  position,  the  angle  FED  is  given,  and  therefore  the  e- 
qual  angle  EFD.  Whence  the  position  of  FD  is  also  gi- 
ven, and  consequently  its  intersection  with  the  parallel  ED. 
Again,  since  the  angles  DFE  and  DEF  are  both  of  them 
acute,  and  therefore  together  less  than  two  right  angles, 
FD  must  (I.  9.  El.)  always  meet  ED ;  but  this  it  can  do 
only  once,  and  hence  D  is  the  single  point  where  ED  cuts 
the  curve,  or  where  the  distances  DF  and  DE  from  the 
focus  and  from  the  directrix  are  equal. 

Every  parallel  to  the  axis  will  thus  meet  the  parabola, 
and  the  curve  must  therefore  spread  indefinitely  on  both 
sides. 

N 
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COMPOSITION. 

From  the  vertex  A,  (fig.  4.)  erect  AQ  perpendicular  ta 
CF,  and  from  Q  draw  QD  at  right  angles  to  FE,  and  pro- 
duce it  to  meet  £D  in  D ;  this  point  is  the  intersection  of 
the  parallel  with  the  curve. 

For  AF  being  by  hypothesis  equal  to  AC,  the  side  FE 
of  the  triangle  CFE  is  (VI.  1.  El.)  bisected  by  AQ;  and* 
the  triangles  QDE  and  QDF,  having  the  side  QE  equal 
to  QF,  QD  common  to  both,  and  their  contained  right 
angles  EQD  and  FQD  equal,  the  base  DE  is  (I.  3.  El.) 
equal  to  DF|  and  consequently  D  is  a  point  in  the  curve* 

Case  II.  When  the  determining  ratio  is  a  ratio  ofmino^ 
rity  or  majority, 

ANALYSIS. 

FD  and  FE  being  joined ;  because  (fig.  5.  and  6.)  the 
points  F  and  E  are  given,  and  the  inflected  lines  FD  and 
£D  have  a  given  ratio  of  inequality,  the  locus  of  the  point 
D  is  (III.  13.  Geom.  Anal.)  a  given  circle.  But  the  pa- 
rallel ED  is  likewise  given  in  position,  and  therefore  the 
point  or  points  D  and  d^  where  it  either  touches  or  cuts 
the  circle,  (if  these  lines  meet  at  all,}  are  hence  given. 

COMPOSITION. 

Join  EF,  and  from  the  centre  O  and  the  vertex  A 
(fig.  5.  and  6.)  draw  OP  and  AQ  perpendicular  to  the 
axis,  meeting  the  extension  of  the  oblique  line  P2F  in  the 
points  P  and  Q;  and  from  P,  as  a  centre,  with  the  radius 
PQ,  describe  a  circle  touching,  if  possible,  or  cutting  ED  in 
D  and  d ;  these  are  the  two  points  where  the  parallel  ED 
intersects  the  curve. 

For,  join  PD  and  Prf;  and  because  (Prop.  I.  cor.  3.) 
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OF  is  to  OA  as  OA  is  to  OC,  and  the  diverging  lines  PE 
and  OC  are  cut  proportionally  by  the  perpendiculars  or 
parallels  OP  and  AQ;  therefore  PF  is  to  PQ,  as  the  same 
PQ  is  to  PE ;  that  is,  since  the  radii  PQ  and  PD  are  equals 
as  PF  to  PD,  so  is  PD  to  PE.  Whence  the  triangles 
FPD  and  DPE,  having  a  common  angle  at  P,  and  their 
containing  sides  proportional,  are  (VI.  13.  El.)  similar  i 
and,  for  the  same  reason,  the  triangles  FPd  and  ^PE  are 
similar.  Consequently  FD  is  to  PF,  so  is  DE  to  PD,  and 
alternately  FD  is  to  DE,  so  is  PF  to  PD  or  PQ,  that  is, 
(VI.  1.  El.)  as  OF  to  OA.  In  like  manner,  Fd  is  to  PF 
as  rfE  to  Pdf  and  alternately  Fd  is  to  rfE  as  PF  to  Fd  or 
PQ,  that  is,  as  OF  to  OA,  or  in  the  determining  ratio. 
Wherefore,  D  and  d  are  points  in  the  curve. 

In  the  hyperbola  (fig.  6.)  the  parallel  D</,  lying  always 
between  P  the  centre  of  the  circle  and  the  point  Q,  must 
necessarily  be  cut  by  the  circumference  in  two  points ;'  and 
hence,  as  the  circle  enlarges,  the  reflected  branches  of  that 
curve  diverge  continually. 

But  in  the  ellipse  (fig.  5.)  when  PR,  the  perpendicular 
to  ED,  becomes  equal  to  PQ,  the  circle  will  touch  ED, 
or  this  parallel  line  will  meet  the  curve  only  in  a  single 
point.  Beyond  this  limit,  PR  will  exceed  PQ,  and  conse- 
quently the  circle  will  not  reach  the  parallel.  The  ellipse^ 
therefore,  after  attaining  its  extreme  width,  must  again  re« 
turn  into  itself. 

Cor.  1.  Hence  in  the  ellipse  and  hyperbola,  a  straight 
line  drawn  from  the  centre  perpendicular  to  the  axis,  bi- 
sects that  portion  of  a  parallel  which  is  intercepted  by  the 
curve.  For  (fig.  5.  and  6.)  PR  being  at  right  angles  to 
the  chord  Dd  of  the  circle,  must  (III.  4.  El.)  bisect  it. 

Cor.  2.  When  the  points  D  and  d  coalesce  at  B,  the  angle 
PDE,  and  consequently  PFD,  becomes  each  a  right  angle  ; 
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wherefore  the  adjacent  angle  BFE  is  likewise  a  right  angle, 
and  contained  in  a  semicircle  ;  and  if  a  perpendicular  were 
Jet  fall  upon  its  diameter  BE,  the  rectangle  under  the  seg- 
ments equal  and  opposite  to  OF  and  FC  would  (III.  26. 
cor.  I.  EL)  be  equivalent  to  the  square  of  that  perpendi- 
cular or  OB.  But  since  OF  is  to  OA  as  OA  to  OC,  the 
rectangle  OF,  OC  is  equivalent  to  the  square  of  OA,  and 
licnce  the  excess  of  the  square  of  OA  above  that  of  OF, 
wliich  is  the  same  as  the  rectangle  OF,  FC,  is  equivalent  to 
the  square  of  OB,  the  lateral  limit  of  the  ellipse. 

Cor.  3.  Hence  the  angles  PFD  and  PF^  are  supple- 
mental in  the  ellipse,  and  mutually  equal  in  the  hyperbola ; 
and  the  oblique  line  EF  bisects  the  angle  DFtZ  in  the  hy- 
perboljji,  and  is  perpendicular  to  the  bisecting  line  in  the 
ellipse. 

PROP.  III.     PROB. 

The  focus,  the  directrix,  and  the  determining 
ratio  being  given,  to  find  the  intersection  of  a  line 
of  the  second  order  with  a  straight  line  given  in 
position,  and  perpendicular  to  the  axis. 

It  is  required  to  find  where  the  perpendicular  DHD' 
(fig.  9.  10.  and  11.)  which  is  given  in  position,  meets  the 
curve. 

ANALYSIS. 

From  the  focus,  draw  FD  and  FD'  to  the  points  of  in- 
tersection with  the  curve.  And,  because  FD  is  to  HC, 
the  instance  of  the  point  D  or  D'  from  the  directrix,  in  the 
determining  ratio,  and  HC  itself  is  given,  therefore  FDor 
Fjy  is  also  given,  and  the  locus  of  D  or  D'  is  a  given  cir* 
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c^le,  having  F  for  its  centre ;  but  the  perpendicular  DHD' 
l>eing  given  in  position,  its  intersections  with  that  circle, 
and  consequently  with  the  curve,  are  likewise  given. 

COMPOSITION. 

Draw  the.  perpendicular  FG  from  the  focus,  and  make 
it  (VI.  S.  El.)  to  FC  in  the  determining  ratio;  G  is- evi- 
dently a  point  in  the  curve.  Join  CG,  aud  pr(  duce  it  to 
meet  DHD'in  I.  From  F  as  a  centre,  with  the  radius  HI, 
describe  a  circle  cutting  the  perpendicular  in  D  and  D' ; 
these  are  the  points  where  that  perpendicular  intersects  the 
curve. 

For  (VI.  1.  El.)  HI  or  FD  is  to  HC  as  FG  to  FC,  and 
consequently  FD  or  FD'  is  to  HC,  or  to  the  distance  of  the 
points  D  and  D'  from  the  directrix,  in  the  given  ratio ; 
whence  D  and  D'  are  points  in  the  curve. 

Cor.  I.  It  is  obvious,  from  this  construction,  that  v.hcn 
FH  becomes  equal  to  III,  the  perpendicular  DHIV  will 
meet  the  curve  in  a  single  point  only;  and  that  if  FH 
should  exceed  III,  it  will  not  meet  the  curve  at  ail.  But 
when  FH  becomes  equal  to  IH,  the  angle  II FI  is  ccjual 
to  HIF,  and  each  of  them  is  consequently  half  a  right  an- 
gle.    To  define  the  limits  of  intersection,  therefore,  draw 

• 

FL  and  FZ  on  either  side  at  half  ri^ht  atJgles  with  CO, 
and  from  the  points  L  and  /,  where  they  meet  the  oblique 
line  CK,  let  fall  perpendiculars  LA  and  /a,  which  will  li- 
mit the  transverse  axis. 

Cor,  2.  In  the  parabola  (fig.  9  )  FG  is  always  equal  to 
FC,  and  the  obliquity  FCG  is  cqtial  to  half  a  right  angle; 
in  the  ellipse,  (fig.  10.)  FG  is  k^s  than  FC,  and  FCG  is 
less  than  half  a  right  angle;  but  in  the  hyperbola  (fig.  1 1.) 
FG  being  greater  than  FC,  the  obliquity  FCG  is  grca/tv 
than  half  a  right  angle.     Wherefore  in  the  parabola,  F* 
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is  parallel  to  CK,  and  never  meets  it,  or  the  curve  stretches 
out  indefinitely.  In  the  ellipse,  FZ  converges  to  CK  on  the 
same  side  wi^h  the  focus  F  ;  but  in  the  hyperbola,  it  meets 
that  boundary  on  the  opposite  side,  or  the  curve  reappears 
in  a  reflex  position. 

Cor.  3.  The  oblique  line  CK  (fig.  9.  10.  and  11.)  is  a 
tangent  to  the  curve  at  G,  and  the  intercepted  perpendi- 
cular OK.  from  the  centre  is  equal  to  half  the  axis  OA. 
For  HD,  being  less  than  the  hypotenuse  FD,  is  conse- 
quently less  than  HI,  or  every  point  except  G  lies  within 
CK.  Again,  OK  is  to  OC  as  FG  to  FC,  that  is,  in  the 
determining  ratio,  or  (Prop.  I.  cor.  2.)  as  OA  to  OC  j 
whence  OK  is  equal  to  OA. 


PROP.  IV.     PROB. 

Given  the  fffcus,  the  directrix,  and  the  deter- 
mining ratio,  to  find  the  intercection  of  the  curve 
with  a  straight  line  drawn  in  a  given  position 
through  the  focus. 

Let  (fig.  17.  18.  19.  and  20.)  MF,  passing  through  the 
focus  F,  be  given  in  position  ;  it  is  required  to  find  where 
that  straight  line  meets  the  curve. 

ANALYSIS. 

From  the  point  of  intersection  D  or  d,  let  fall  the  per- 
pendicular  DE  or  de  upon  the  directrix  :  And  because  DE 
and  DM  are  both  of  them  given  in  position,  their  mutual  in- 
clination, or  the  angle  EDM,  is  given,  and  consequently  the 
right-angled  triangle  DEM  is  given  in  species.     Where- 
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fore  the  ratio  of  DE  to  DM  is  given ;  and  the  ratio  of 
FD  to  DE  being  given  from  the  genesis  of  the  curve,  the 
compound  ratio  of  FD  to  DM,  or  that  of  Fd  to  dM^  is 
likewise  given.  The  distance  FM,  being  thus  divided 
internally  and  externally  in  the  same  given  ratio,  its  points 
of  section  D  and  d  are  (VI.  6.  1 1.  £1.)  hence  given. 

COMPOSITION. 

Through  the  focus  F  draw  GFGr'  perpendicular  to  the 
axis  ;  make  FG,  or  FG',  to  FC  in  the  determining  ratio ; 
from  the  directrix  cut  off  on  either  side  MN  or  MN',  e- 
qual  to  MF  j  and  join  NG  or  N'G,  producing  them  to 
meet  MF,  or  its  extension,  in  Dov  dj  these  are  the  points 
of  intersection  required. 

For,  from  the  property  of  parallel  and  diverging  lines 
(VI.  2.  El.),  FD  is  to  DM,  or  Fd  is  to  rfM,  as  FG  to  MN' 
or  MN,  that  is  MF;  but,  for  the  same  reason,  DM  is  to 
DE,  or  dM  is  to  de^  as  MF  to  FC,  and  consequently^  by 
composition  of  ratios,  FD  is  to  DE,  or  Fd  is  to  de^  as  FG 
to  FC,  that  is  in  the  determining  ratio.  The  points  D 
and  rf  are  therefore  in  the  curve. 

Cor.  Hence  the  lines  NF  and  N'F  bisect  the  exterior 
angles  MFG'  and  MFG.  For  MF,  being  equal  to  MN 
or  MN',  the  triangles  MFN  and  MFN'  are  isosceles,  and 
consequently  the  angle  MFN  is  equal  to  MNFor  the  alter- 
nate angle  NFG,  and  MFN'  equal  to  MNT  or  N'FG. 

Scholium.  Since  the  straight  lines  MF  and  N'G  cross 
each  other,  the  nearer  intersection  D  must  obtain  in  every 
case ;  but  the  point  d  of  remote  intersection  is  subject  to  a 
variety  of  conditions. 

1.  In  the  parabola  (fig.  17.)  the  oblique  line  MF  is  (I. 
18.  El.)  greater  than  the  perpendicular  FC  «;r  FG,  and  con- 
sequently NG  and  MF  must  always  converge  to  some  point 
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d  beyond  the  focus.  Hence,  though  the  curve  continually 
bends  from  the  axis,  its  extreme  divarication  is  yet  les3 
than  any  assignable  angle. 

2.  In  the  ellipse  (fig.  18.)  MF  being  greater  than  FC,  is, 
from  the  nature  of  the  curve,  still  greater  than  FG,  and 
therefore  NG  and  MF  must  always  meet  when  produced. 
The  ellipse  hence  entirely  encompassets  its  focus. 

3.  In  the  hyperbola  (fig.  19.  20.  and  21.)  since  FG  is 
greater  than  FC,  the  oblique  distance  MF,  though  greater 
also  than  FC,  may  yet  be  greater,  equal,  or  less  than  FG ; 
the  straight  line  NG  may  therefore  converge  on  MF 
(fig.  19.),  run  parallel  to  it  (fig.  20.),  or  diverge  from  it 
(fig.  21.),  and  consequently  meet  on  the  opposite  side. 
Hence,  the  divarication  of  the  hyperbola  from  its  axis,  ex- 
ceeds not  a  certain  limited  inclination. 


DEFINITIONS. 


11.  The  part  of  the  axis  intercepted  by  the  curve  being 
named  the  transverse  aa:zs,  the  portion  of  the  perpendi- 
cular passing  through  the  centre,  and  terminated  on  both 
sides  by  the  curve,  is  called  the  conjugate  aa:is, 

12.  A  straight  line  which  bears  to  the  distance  of  any  point 
within  or  without  the  curve  from  the  directrix  the  de- 
termining ratio,  is  called,  in  reference  to  that  point,  the 
Apportionate  Distance. 

13.  The  distance,  whether  real  or  apportionate,  of  the  focus 
from  any  point  has  to  an  oblique  line  drawn  from  that 
point  at  a  given  inclination  to  the  directrix,  a  ratio  which 
is  termed  the  Dejlected  Ratio. 

Thus,  in  the  ellipse  and  hyperbola,  Aa  (fig.  13.  and  H.) 
represents  the  transverse  axis,  connecting  the  reverted 
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branchies  of  the  former  curve  and  the  divergent  branches  of 
the  latter.  In  the  eUipse,  Bb  expresses  the  conjugate  axis  or 
the  extreme  width ;  but  in  the  hyperbola,  this  conjugate  axis 
can  strictly  have  no  existence,  though  by  observing  the  due 
change  of  relations,  it  is  represented  by  an  imaginary  line 
commonly  named  the  secondary  axis. 

Again,  if  the  straight  line  KL  (fig.  22.  23.  and  24.)  be 
io  a  perpendicular  let  fall  from  K  upon  the  directrix  in  the 
ratio  of  FA  to  AC,  it  is  called  the  apportionate  distance  of 
the  point  K;  and  if  MDd  makes  a  given  angle  with  the  di- 
rectrix, the  ratio  of  KL  to  KM,  or  of  DF  to  DM,  is  nam- 
ed the  deflected  ratio  of  that  oblique  line. 

PROP.  V.    PROB. 

The  focus,  the  directrix,  and  the  determining 
ratio  being  given,  to  find  the  intersection  of  the 
curve  with  a  straight  line  drawn  from  a  given 
point  in  the  directrix  through  the  centre. 

Let  the  strstight  line  MO  (fig.  7.  and  8.)  be  extended 
from  the  point  M  in  the  directrix  through  the  centre  O, 
to  discover  where  it  cuts  or  meets  the  curve. 

ANALYSIS. 

Join  FM,  FD  and  FD'.  Since  MO  is  evidently  given 
in  position,  the  deflected  ratio  of  FD  to  DM,  or  of  FD'  to 
XKM  is  given  ;  but  FM  is  given  both  in  magnitude  and 
position,  and  consequently  the  angle  FMD  or  FMD'  is 
given.  Wherefore  the  triangle  FDM  or  FD'M  having 
given  the  side  FM,  the  angle  FMD^  and  the  ratio  of  the 
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sides  about  the  other  angle  at  D  or  D^  are  (VI.  H.  EL) 
given,  and  the  points  D  and  D'  are  hence  given. 

COMPOSITION. 

Upon  the  transverse  axis  Aa,  describe  a  circle  crossing 
the  extension  of  MF  in  the  points  L  and  U;  join  OL  and 
OL',  and  parallel  to  them  draw  FD  and  FD',  from  the  fo- 
cus, to  meet  MO  in  the  points  D  and  D^ ;  these  are  the  in- 
tersections required. 

For,  from  the  property  of  parallel  and  diverging  lines,  as 
OM  to  DM,  so  is  OL  to  FD,  or  alternately,  as  FD  to  DM, 
80  is  OL  or  O  A  toOM.  But  the  apportionate  distance  of  the 
centre  O  i.s  evidently  OA,  since  the  deflected  ratio  corre- 
sponding to  the  position  MDOD',  being  compounded  of 
the  ratio  O  A  to  OC,  and  of  that  of  OC  to  OM,  is  the  same 
as  the  ratio  of  OA  to  OM.  Wherefore  FD  is  to  DM  in 
that  deflected  ratio,  and  D  is  hence  a  point  in  the  curve. 
In  like  manner,  as  OM  to  DM,  so  is  OL^  to  FD' ;  and  al- 
ternately, as  FD'  to  D'M,  so  is  OL'  or  OA  to  OM. 
Consequently  FD'  is  to  D'M  in  the  same  deflected  ratio, 
and  D'  is  another  point  in  the  curve. 

Cor.  1.  Heiice  every  straight  line  drawn  through  the 
curve  is  bisected  in  the  centre.  For,  since  OF  :  OA  :  : 
OA  :  OC,  the  t^traight  line  LL'  is  (III.  2.  An.)  cut  externally 
in  M  and  internally  in  F  in  the  same  ratio,  or  ML  :  ML' : : 
FL  :  FL';  whence  alternately  ML  :  FL :  :  ML' :  FL'; 
but  (VI.  I.  El )  ML  :  FL:  :  MO  :  OD,  and  ML' :  FL' 
:  :  MO  :  OD',  consequently  MO  :  OD  :  :  MO  :  OD', 
and  therefore  (V.  4.  El.)  OD  is  equal  to  OD'. 

Cor.  2.  Hence  the  transverse  axis  Aa  is  in  the  ellipse 
(fig.  7.)  equal  to  the  sum,  and  in  the  hyperbola  (fig.  8.)  to 
the  difference,  of  the  lines  FD,  FD'  drawn  from  the  focus  to 
the  extremities  of  any  straight  line  DOD',  passing  through 
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the  centre  and  terminating  in  the  curve.  For  OA  :  OM: : 
FD' :  MD' :  :  FD  :  MD,  and  consequently  (V.  19.  El.) 
OA:OM::FD'=±:FD:MD'=±:MD;  but20M  =  Miy+MD 
in  the  ellipse^  and  20M  =  MLT — MD  in  the  hyperbola. 
Wherefore  (V.  4.  El.)  20A  or  Aa  is  equal  to  FD'+FD  in 
the  ellipse^  and  to  FD' — FD  in  the  hyperbola. 

Cor.  3.  Hence  in  the  ellipse  and  hyperbola,  the  inflect- 
ed lines  FD  and  FD'  make  equal  angles  either  on  the 
same  or  on  opposite  sides  with  the  focal  line  FM.  For 
LOL'  being  evidently  isosceles,  the  angle  OLL'  (1. 10.  El.) 
is  equal  to  OL'L ;  but  (I.  22.  El.)  OLL'  is  equal  to  DFM 
and  OL'L  equal  to  D'FM ;  whence  the  angle  DFM  is  e- 
qual  to  D'FL. 

Cor,  4.  Hence,  in  the  ellipse  and  hyperbola,  the  purve 
bears  the  same  relation  to  another  focus  and  directrix  as- 
sumed at  corresponding  distances  on  the  other  side  of 
the  centre.  For  let  (yand  Oc  be  made  equal  to  OF  and 
OC,  produce  MO  to  meet  the  perpendicular  cm  in  ?w,  and 
join/D  and/D',  The  triangles  FOD  andyOD'  are 
equal,  since  they  have  the  sides  OF  and  OD  equal  to  O/'and 
OD'  and  their  contained  angles  equal;  whence  (I.  3.  El.) 
the  base  FD  is  equal  to^D^.  But  OM  being  equal  to  Otw, 
MD  is  obviously  equal  tow^D',  and  therefore/  D'  is  to  rniy 
in  the  deflected  ratio  ;  whence^D'  is  to  the  distance  of  the 
point  D'  from  the  directrix  cm  in  the  determining  ratio. 

Scholium,  It  is  evident  that  the  focal  line  MF  must  al- 
ways cut  the  circle  about  the  ellipse  (fig.  7.)  in  two  points, 
and  consequently  MO  will  form  two  intersections.  But 
this  line  MF  (fig.  8.)  may  either  cut  the  circle  within  the 
hyperbola,  or  touch  it,  or  lie  altogether  without  it.  When 
MF  comes  to  touch  the  circle,  the  points  L  and  \J  coalesce, 
and  the  corresponding  lines  FD'  and  FD  extend  them- 
selves in  opposite  directions  parallel  to  DOD',  which  there- 
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fbfe  they  cannot  meet.  In  this  position,  the  obliquity  of 
DOD',  in  respect  to  the  axis,  serves  to  limit  the  divergency 
of  each  branch  of  the  curve. 

If  we  conceive  the  centre  O  to  be  removed  to  an  indefi- 
ziite  distance,  the  portion  of  the  circle  which  cuts  the  fo- 
cal line  MF  will  merge  in  a  tangent  or  perpendicular  at 
A,  and  consequently  the  intersection  \J  and  the  lines  OL^ 
FD',  and  MD'  will  disappear,  while  the  corresponding 
lines  OL  and  MD  all  become  parallel  to  the  axis.  Hence^ 
in  the  parabola,  a  lin6  which  should  tend  to  the  centre  is 
riepresented  by  a  parallel  to  the  axis. 

PROP.  VI.    THEOR, 

If  from  any  point  in  the  curve,  two  straight 
lines  be  drawn  to  the  foci,  their  sum  in  i:he  ellipse, 
and  their  difference  in  the  hyperbola,  is  equal  to 
the  transverse  axis. 

Let  (fig.  7.  and  8.)  DF  and  D/* be  drawn  to  the  two  foci, 
their  sum  is  equal  to  Aa  in  the  ellipse  (fig.  7.)  and  their 
difference  is  equal  to  Aa  in  the  hyperbola  (fig.  8.). 

For  join  FD  and  /D'.     The  triangles  FOD'  and^OD 

are  equal,  since  they  have  the  side  OF  equal  to  O^  the  side 

OD'  (by  the  first  corollary  to  the  last  proposition)  equal  to 

OD,  and  a  common  vertical  angle ;  whence  the  base  FIK  is 

equal  to  /D',  and  the  sum  or  difference  of  FD  and  FD'  is 

equal  to  the  sum  or  difference  of  FD  andy*D.    But  (by  the 

second  corollary  to  the  same  proposition)  the  transverse  axis 

Ka  is  equal  to  the  former ;  wherefore  in  the  ellipse,  the 

transverse  axis  (fig.  7.)  is  equal  to  the  sum  of^D  and  FD  ; 

and  in  the  hyperbola  (fig.  8.)  the  transverse  axis  is  equal 

to  the  excess  of^D  above  FD. 

I 
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Cor.  1.  Hence  in  the  ellipse  a  straight  line  drawn  from 
cither  of  the  foci  to  the  extremity  of  the  conjugate  axis  is 
equal  to  the  semitransverse  axis.  For  the  right-angled  tri- 
angles FOB  andyOB,  having  the  side  OF  equal  to  Q/^ 
and  OB  common,  are  (L  3.  £1.)  equal ;  and  consequently 
FB  is  equal  to  f^^  and  each  of  them  equal  to  half  then: 
sum^  or  to  half  the  transverse  axis  Aa. 

Cor*  2.  Hence,  in  the  ellipse  and  hyperbola,  if  the  trans- 
verse axis  Aa  be  divided  into  segments  AKi  aK,  equal  to 
straight,  lines  FD,  /T>  drawn  from  the  curve  to  the  foci^ 
the  distances  OH,  OK  of  the  centre  from  the  perpendi- 
cular let  fall  upon  the  axis,  and  from  the  point  of  section, 
are  in  the  determining  ratio.  For  AK  being  made  equal 
to  FD,  it  is  evident  that  aK  will  be  equal  to^D ;  consequent- 
ly (11.  21.  El.)/D*— FD*,  or  aK»— AK*=20F.20H=s 
(11.  17.  EL)  20A.20K,  and  OF.OH=OA.OK;  where- 
fore  (V.  6.  El.)  OK :  OH : :  OF :  OA. 

C&r.  3.  In  the  ellipse,  the  square  of  the  semiconjugate 
axis  is  equivalent  to  the  excess  of  the  square  of  the  semi- 
transverse  above  the  square  of  the  eccentricity,  or  to  the 
respective  rectangles  under  the  segments  into  which  the 
transverse  axis  and  the  distance  of  the  centre  from  the 
directrix  are  divided  by  the  focus.  For,  FB  being  equal  to 
OA,  it  follows  (II.  10.  El.)  that  FB»  or  OA*  =  OB*  +  OF% 
and  OB»±:OA*— OF*;  but  OA*— OF*=(II.  17.  pi.) 
AFa= COF— OF*  =  OFC. 

Scholium.  The  analogy  of  the  hyperbola  to  the  ellipse 
may  be  preserved,  by  conceiving  a  secondary  semiaxis, 
whose  square  is  still  the  difference  between  the  squares  of 
the  eccentricity  and  of  the  semitransverse  axis ;  but,  in  this 
case*  it  is  the  defect  of  the  square  of  thq  semitransverse 
from  the  square  of  the  eccentricity.  Thus,  if  AB'  (fig.  8.) 
or  Kb\  equal  to  the  eccentricity  OF^  be  inflected  from  the 
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vertex  A  of  the  curve  to  the  perpendicular  axis^  they  will 
define  *the  imaginary  or  secondary  axis.  From  this  con-* 
struction,  it  is  obvious,  that  06*'  or  OB*'=OF*— OA*. 

But  the  square  of  this  imaginary  semiconjugate  axis  is 
likewise  equivalent,  as  in  the  ellipse,  to  the  rectangles  un- 
der the  segments  of  the  transverse  axis  and  of  the  distance- 
of  the  centre  from  the  directrix,  as  divided  externally  by 
the  focus.  ForOB'^  =  OF*— OA*  =  (II.  17.  El.)  AFa,and 
again  OB'*  or  OF*— O A* = (Prop.  I.  cor.  2.)  OF*— COF= 
OFC.  Hence  the  semiconjugate  axis  of  the  hyperbola 
maybe  determined  from  the  intersection  S  of  the  directrix 
with  a  semicircle  described  on  the  transverse  axis  Aa,  or 
with  a  semicircle  described  on  OF  the  eccentricity ;  FS 
being  a  tangent  to  the  former,  and  a  chord  in  the  latter, 
and  consequently  (III.  26.  cor.  1.  and  2.  EL)  FS*  =  AFa= 
OFC.  The  right-angled  triangle  OSF  in  fig.  8.  is  thus 
Jio  be  viewed  as  representing  BOF  in  fig,  7.  It  is  also 
demonstrated,  as  in  the  last  corollary,  that  OD*  =  OA*— 
OF*  +  OK*  =  OK*— OB'*,  and  consequently  that  OD  is, 
in  the  hyperbola,  equal  to  a  tangent  drawn  from  K  to  a 
circle  described  from  O  with  the  radius  OB'. 


PROP.  VII.    THEOR. 

If  the  transverse  axis  of  an  ellipse  or  hyperbola 
be  divided  into  segments  equal  to  lines  drawn 
from  the  foci  to  any  point  in  the  curve,  the  square 
of  its  distance  from  the  centre  will  be  equivalent 
to  the  sum  ox  difference  of  the  squares  of  the  se- 
miconjugate axis,  and  the  distance  of  interme- 
diate section  from  the  centre. 
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Let  the  transverse  axis  Aa  (fig.  7.  and  8.)  be  cat  in 
K9  so  that  AK  and  aK  shall  be  equal  to  the  focal  lines 
FDand/D;  then  in  the  elli|)se(fig.7.)OD*  =  OK'*  +  OB% 
but  in  the  hyperbola  (fig.  8.)  OD*  =  OK*— OB*. 

For  the  base  of  the  triangle  FT)f  being  bisected  in  O, 
twice  the  squares  of  OD  and  OF  are  (II.  25.)  equivalent 
to  the  squares  of  VD  and  y D,  or  the  squares  of  AK  and 
aK,  which  again  (II.  18.  El.)  are  equivalent  to  twice  the 
squares  ofOA  and  OK;  whence  the  squares  of  OD  and 
OF  are  together  equivalent  to  the  squares  of  OA  and  OK. 
But  in  the  ellipse  (fig.  7.)  the  square  of  OA  being  equi- 
valent to  the  squares  of  OF  and  OB,.the  squares  of  OD  and 
OF  are  equivalent  to  the  three  squares  of  OF,  OB  and  OK ; 
and,  taking  the  square  of  OF  from  both,  there  remains  the 
square  of  OD  equivalent  to  the  squares  of  OB  and  OK* 
In  the  hyperbola  (fig.  8.)  the  square  of  OF  being  equi- 
valent to  the  squares  of  OA  and  OB',  the  three  squares  of 
OD,  OA  and  OB'  must  be  equivalent  to  the  squares  of 
OA  and  OK,  and  consequently  the  squares  of  OD  and 
OB'  are  equivalent  to  the  square  of  OK,  or  the  square  of 
OD  is  equivalent  to  the  excess  of  the  square  of  OK  above 
that  of  OB'. 

Co7\  I.  Hence,  in  the  ellipse,  (fig.  7.)  OD,  the  distance 
of  the  centre  from  any  point  in  the  curve,  is  equal  to  BK^ 
the  distance  of  the  extremity  of  the  conjugate  axis  from 
the  point  of  intermediate  section.  For,  by  the  proposi- 
tion, OD*  =  OB*  +  OK*  =  (II.  10.  El.)  BK*,  and  conse- 
quently  OD  =  BK. 

Cor.  2.  Hence,  in  the  ellipse,  (fig.  7.)  BF^— BK*  (II. 
21.  cor.  El.)  =OF*— OK*,  or  OA*— OD*  =  OF*— OK* 
=  (II.  17.  El.)  FK/;  and  consequently  OD*  =  OA*—FK/ 
But,  in  the   hyperbola,  (fig.    1  i.)   OD*  =  OK*— OB'*  = 

OK*— OF*  +  b  A* = O  A* + FK/ 
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Cor.  3.  In  both  the  ellipse  and  hyperbola  (fig;  7.  and 
h.)  DH*  =  AFa— HKA.  For,  in  the  ellipse,  OD*  = 
OB*+0KS  and  DH*  =  OD*— OH*  =  OB*— 0H*  + 
OK*=OB*— HKA=AFa— HKA.  But,  in  the  hyper- 
bola,  OD*  =  OK*— OB'*,  and  DH*  =  OH*— OK*-OB* 
= HKA— OB*  =  HKA— AF«. 

Cor,  4.  In  both  the  ellipse  and  hyperbola  (fig.  7.  and  8.) 
DH*  =  AHa  ^  FK/.  For  in  the  ellipse  OD*  =  O A»— FK/, 
and  OD*— OH*  =  OA*— OH*— FK/;  that  is,  DH*  = 
AHa— FK/.  But  in  the  hyperbola  OD*  =  OA*+FK^ 
or  OD*— OH*  =  OA*— OH*  +  FK/;  that  is,  DH*  = 
FK/— AHfl. 


DEFINITIONS- 


14.  A  focal  chord  perpendicular  to  the  transverse  axis,  is 
•called  the  Latus  Rectum  or  Parameter, 

15.  A  straight  line  cutting  an  axis  at  right  angles  and  ter- 
minating in  the  curve,  is  called  an  Ordinate,  and  either 
segment  of  that  axis  which  it  intercepts  is  named  an  Ab^ 
sciss. 

Thus,  in  fig.  12.  13.  and  14*,  the  line  GFG',  drawn  at 
right  angles  through  the  focus,  is  the  Parameter  of  the 
Axis ;  and  the  perpendicular  DH  is  an  Ordinate  to  the 
transverse  axis,  forming  the  Absciss  AH  in  the  parabola, 
and  AH  or  Ha  in  the  ellipse  and  hyperbola ;  while  DS  in 
these  two  curves  is  an  Ordinate  to  the  conjugate  or  secon- 
dary axis,  which  it  divides  into  the  Abscissa:  DS  and  Sd, 

In  the  parabola,  FG  being  equal  to  CF,  the  parameter 
GG'  is  consequently  equal  to  twice^CF  or  four  times  AF. 
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PROP.VIIIv    THEOR. 

in  tlie  {iaral)ola»  the  square  of  an  ordinate  ap« 
l^led  to  the  ajus  is  equivalent  to  the  rectangle 
under  the  absciss  and  the  parameter }  but,  in  the 
dlipse  and  hyperbola,  the  square  of  an  ordinate 
IS:  9  fourth  proportional  to  the  transverse  axis,  its 
parameter,  and  the  rectangle  under  the  segments 
of  that  axis#  > 

« 

r     - 

i.  tn  the  Parabola* 

iLet  ]bti(fig.  12.)  be  perpendicular  to  the  axis,  fik>m 
which  it  cats  off  a  portion  AH  $  the  square  of  this  ordi- 
nate DH  will  be  equivalent  to  the  rectangle  under  the  pa-t 
rametef  atid  the  absciss  AH. 

For  join  FD.  In  the  right  angled  tifiangle  DHF,  the 
square  of  the  hypotenuse  FD  is  (11.  10.  El.)  equivalent  to 
the  squares  of  DH  and  FH ;  or  the  square  DH  is  equi«< 
valeiit  to  the  di£ference  of  the  squares  of  DF  and  FH,  and 
consequently  (II.  19.  EL)  to  the  rectangle  under  the  ium 
and  difference  of  DF  and  FH.  But,  from  the  nature  of 
the  curve,  DF  is  equal  to  D£  or  HC,  and  AF  equal  to  AC  ^ 
whence  the  sum  of  DF  and  FH  is  equal  to  die  double  of 
AH,  and  their  difference  equal  to  CF.  Wherefore  the 
square  of  DH  is  equal  to  double  the  reetangle  under  GF 
and  AH,  or  the  rectaiigle  under  AH  and  the  double  of 
CF)  which  is  the  parameter  of  the  axis* 

2.  In  the  ^Uipse  and  ttyperbdai 

Let  DH  (fig.  IS.  and  14.)  be  perpendicular  to  the  axis 
which  it  cots  internally  or  externally^  in  two  portions  AH' 

o 
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and  Ha  /  is  the  transverse  Aa  is  to  its  parameter^  so  is 
the  rectangle  under  the  segments  AH,  Ha,  to  the  sqpare 
ofDH. 

For,  by  the  second  corollary  to  the  sixth  proposition, 
OA :  OF : :  OHf :  OK,  and  (V.  22.  cor.  1.  El.)  OA» :  OF* 
:  :  0H»  :  OK%  and,  by  conversion,  OA*  ;  OA*  ^  OF* 
: :  OH^ :  OH  J>  OK* ;  but,  firdm  the  third  corollary  to  the 
i({ime-proposition,  the  difference  between  the  squares  of  OA' 
and  OF  is  equivalent  to  the  squnre  of  OB  or  OB',  the  oon« 
jugate  or  the  seoondavy  axis,  and  (II.  1 7.  cor.  1 .  and  2.  £L) 
the  difierence  between  the  squares  of  OH  and  OK  is  equi- 
valent to  the  rectangle  HKA ;  whence  OA*  :  OB*  or  OB'* 
:  :  OH*  :  HKA.  Again  (V.  19.  cor.  1.  El.)  OA»  :  OB» 
or  OB'V:  :  OA'  c/>  OH*  ;  OB»  </>  HKA ;  the  difference, 
however,  between  the  squares  of  OA  and  OH  is,  in  both 
casesy  equivalent  to  the  rectangle  AH,  Ha^  and  io  the 
ellipse  (%.  13.)  by  Prop.  VII.  oqr.  $•  DH*s:OB«  k/>  HKA. 
Wheirfore,  by  substitutiop,  QA»  :  OB* : :  AHtf  :  DH*. 
Hence,  when  the  ordinate  passes  through  the  fi^cuif, 
OA*  :  OB*  :  :  AFa  or  OB*  :  FG* ;  and  consequently 
(V.  24.  El.)  OA* ::  OB*  : :  OA :  FG ;  wherefore  OA ;  FG, 
orAaxGG'iiAHa.DH*. 

In  the  hyperbola,  (fig.  14.)  it  was  also  shown  in  the  same 
corollary,  that  DH*  s  OB"*  (/>  HKA,  and  hence  OA* : 
OB^* :  :  AHa  :  DH*  \  wherefore  likewise  Aa  :  GG' : : 
AHa :  DH*. 

Cor.  1.  Hence'conversely,  the  square  of  the  eonjugate  or 
secondary  axis  is  to  the  square  of  the  transverse,  as  the 
rectangle  under  the  s^ments  of  the  former,  or  the  di&* 
rence  between  the  square  of  the  semiconjugate  and  of  the 
distance  of  the  centre  from  the  poiiit  of  section  in  the  el- 
lipse, or  the  sum  of  those  squares  in  the  hyperbola,  is  to 
the  square  of  an  ordinate  applied  to  the  conjugate  or  86«  . 
condary  axis.   For  (fig.  15.  and  14.)  OA* :  OB*  or  OB'^ : : 
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AliaiDHSand(V.  19.cof.  l.EL),OA*:OB*:f  OA'-^AHar 
OB»~DH*  (fig.  IS.),  or  OA*  i  OB'*  :  :  OA» -f  AHa  : 
OB^+DH»  (fig.  U.)5  bat  SD*s=OH*=r(U.  17. cor.  1. 
EL)  OA^^AHa  (fig.  IS.)  or  OA*+AHa  (fig.  14.)  and 
OB*— DH*  (Bg.  lS.)=nBS&.  whence  (fig.  IS.)  Bi« :  A«« : : 
BSbi  Siy,  and  (fig.  14.)  WV* :  Aa*: :  OB^'+OS*  :  SD>. 

Cor.  3.  Hence  ordmates  or  perpendicolars  to  both  axes 
eqmiBy  distant  firom  the  centre  are  dqual ;  fot  the  segmentEr 
of  those  axes  are  then  equal. 

Car.  S.  Hence  If  a  circle  be  described  on  the  transverse 
axis,  a  perpendicular  or  a  tangent  dratrn  to  it  firom  a  ^int 
of  internal  or  external  section  will  be  proportional  to  thef 
comesponding  ordinate  in  the  ellipse  or  hyperbola.  Fot" 
(fig.  150  MH'=(III.  26.  cor.  1.  El.)  AH^;,  and  conse- 
quently Atf»  :  B6*!r  MH»:DH%or  Aa:  B6: :  MH:DH, 
and  hence  the  perpendicular  HM  is  to  the  ordinate  HD  in 
the  constant  f  atio  of  the  two  axes.  Again,  because  (III.  26. 
cor.  2.  EI.)  MH^'  st  AH'a,  it  follows  that  the  tangent  MH^ 
is  to  the  ordinate  DH^  of  the  hyperbola,  likewise  in  the 
constittit  ratio  of  its  axes. 

Scholium.  From  the  property  of  the  ellipse^  that  Its  of- 
dinates  are  proportional  to  the  perpendiculars  of  the  cir- 
<mniscrlbing  circle,  is  derived  the  principle  of  the  elliptical 
compasses.  On  the  transverse  aixls  Aa  (fig.  IBs)  let  a  circle 
be  described ;  produce  the  ordinate  DH  or  D^H,  to  meet 
the  circumference  in  M;  join  OM,  and|  parallel  to  it,  draw 
DTV  or  TiyW,  cutting  the  two  axes  in  T  and  V,  or  T' 
and  v.  Because^  by  the  last  corollary,  ON :  OB : :  M  H :  DH, 
and  (VI.  2.  El.)  MH  :  DH  :  l  OM :  TD,  it  follows  that 
ON  is  to  OB,  as  OM,  which  is  equal  to  YD  or  Y'D",  to  TD 
or  T'D' ;  and  hence  VD  and  TD,  or  VD'  and  T'D',  are 
equal  (o  the  two  semiaxes  ON  and  OB.    If  therefore  DT, 
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or  XyTJfj:^  ,as8iii|aed  equal  to  ^he  semicpiyugate  axis  QB^ 
an4  DV  Q.n  the^same  side^  or  jyy  on  die  opposite  side^  \)e 
made  equal  tp  the  senaitransverse  OA|  and  if  the  inflexible 
line  VTD  or  V'lyT'  be  turned  round,  carrying  the  points 
V,  Ty  or  V^,  TV  abng  the  axes^  the  external  point  D,  or  the 
internal  point  ly^  will  either  of  them  describe,  the  eUipse. 

When  the  axes  of  the  ellipse  become  equalj|  the  curve 
passes  into  a  circle,  corresponding  to  which  is  the  Tariety 
of  hjrperbola,  called  the  equUateral  or  rectangular ^  the 
square  of  its  ordinate  being  equivalent  to  the  rectangle  un- 
der the  abscisses.  In  fig.  58.,  H'D  =  H'M,  and  KD^  = 
(IL  17.  cor.  2.)  OA*+OB»=:  (11. 10.  H.)  hk\  or  the  se- 
condary  ordinate  AD,  is  always  equal  to  the  hypotenuse 
AA. 

If  the  parabola  be  viewed  as  the  UmitiBg  curve  between 
the  ellipse  and  the  hyperbola,  when  their  transverse  axis 
becomes  indefinitely  great,  its  property  may  be  compre* 
hended  under  the  general  demonstration.  For  Aa :  GO' : 
AHHa  :  DH%  or  (V.  3.  El.)  Aa.AH  :  GG'.AH  : 
AH. Ha  :  DH*,  and  alternately  Aa.AH  :  AH.Ha  : 
GG^.  AH :  DH^.  But  the  ratio  of  Aa  to  Ha  approachel  to 
equality,  and  consequently  so  does  the  ratio  of  Aa.AH  to 
AH.Ha,  or  that  of  GG'.  AH  to  DH^.  Wherefore  ultimate* 
ly  GG'.AH=:4AF.AH=DH*. 

PROP.  IX.    PROB. 

The  focus»  the  directrix,  and  the  determinii^ 
ntio  being  given,  to  find  the  intersection  of  the 
curve  with  an  oblique  line  given  in  position. 

Let  the  straight  line  MDi  (fig.  S3.  S3,  and  S4«)»  be  drawn 
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fcom  a  given  point  M  in  the  directrik  at  a  givisn- angle ;  it 
U  repaired  to  find  wliere  it  meets  tb^  curre. 

ANALYSIS. 

Suppose  this  oblique  line  to  cut  the  curre  in  the  points 
D  and  d^  and  join  FD,  Fd^  and  FM.  Because  MD  is  gl* 
ven  in  position,  the  deflected  ratio  corresponding  to  its  in- 
clination is  given  (VI.  2.  Eh) ;  but  MF  being  given  both  in 
position  and  magnitude,  the  triangle  MFD  has  consequent- 
ly an  angle  at  M,  with  the  adjacent  side  MF  given,  and  the 
sides  FD  and  DM  containing  another  angle  in  a  given  ra- 
tio, and  is  therefore  given  (I.  21.  £1.)  when  its  character  as 
acute,  obtuse,  or  right  angled,  is  known. 

If  the  remaining  angle  DFM  (fig.  22.  23.  and  24.)  be  a 
right  angle,  the  triangle  will  have  a  single  aspect:  but  if  that 
angle  be  oblique,  the  triangle  will  show  a  double  form,  being 
either  acute  or  obtuse,  and  having  the  angles  MFD  and 
MFd  mutually  supplemental.  When  the  oblique  line  meets 
the  opposite  branches  of  the  hyperbola  (fig.  25.),  the  tri- 
angles MFD  and  MFcf,  instead  of  having  the  same  ver- 
tical angle  at  M,  will  have  their  vertical  angles  FMD  and 
FMcf  supplemental.  In  this  case,  it  is  obvious,  that  onl^ 
pne  forpi  of  triangle  can  exist  on  each  side  of  FM* 

COMPOSITION. 

In  MD  take  any  point  K,  from  which  as  a  centre,  and 
with  a  radius  equal  to  the  apporUonate  distance,  describe 
a  circle  meeting  MF  in  L  and  /;  join  KL  and  K/;  and 
parallel  to  them,  draw  FD  an<{  F^  from  the  focus  to  meet 
MD  in  the  points  D  and  d;  these  are  points  in  the  curve. 

For,  from  the  property  of  parallel  and  diverging  lines, 
FD  is  to  DM,  or  F^  to  dU,  ^  LK  or  IK  to  KM,  that 
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i%  in  the  defleded  latia;  snd  oonieqiiently  D  and  d  vtn 
points  in  the  curre.        :        . 

Cor.  1.  Hence  the  lines  ]PP  and  Yd  drawn  from  the  fo- 
cus to  the  points  of  sectioiif  a^  equally  inclined  on  either 
side  of  MF|  the  straight  line  joining  it  with  the  point  in 
the  directrix.  For  (fig.  2^.  33^  and  34.)  the  angle  DFM  =s 
(1. 22.  £1.)  KU  =  (L  10.  EL)  K/L  z  dfti ;  and  in  the 
case  of  opposite  section  (fig.  25.)  DFMsKIi=K/L5;: 
MFrf. 

Cor.  2.  Hence,  having  produced  dF  to  meet  the  direc- 
trix in  P,  the  line  MF  bisects  the  angle  DFP  $  for  dFN^ 
which, is  vertical  to  MFP,  is  equal  to  MFD. 

Cor.  8.  If  the  acute  angles  DFM  and  ^^FN  be  supposed 
to  increase  (fig.  22.  23.  and  24.}|  and  the  lines  FD  and  F^ 
mutually  to  approach  till  they  come  to  coincide,  as  in  fig.  26. 
27.  and  28. ;  then,  while  MF  remains  constant,  the  angle 
FMD  will  gradually  augment ;  the  secant  MD^^  now  passes 
into  a  tangent  M  i ^  and  a  line  FT,  joining  the  focus  with 
the  single  point  of  contact  T,  becomes  perpendicular  to  MF. 
In  the  opposite  branches  of  the  hyperbola^  (fig.  25.)  when 
the  adjacent  angles  FMD  and  Fild  are  right  angles,  the 
triangles  MFD  and  MFd  evidently  (I.  21.  EL)  become  e- 
qual,  and  the  points  of  section  D  and  d  appear  at  equal 
distances  on  opposite  sides  of  M ;  and  if  the  equal  angles 
DFM  and  dFM  become  at  the  same  time  right  angles, 
no  section  will  take  plap^  but  the  points  D  and  dj  in- 
stead of  approaching,  will  separate  to  the  utmost^  and  en- 
tirely vanish  away. 

Cor.  4.  Hence  the  tangeMU  TM,  T'M  (fig.  ^6.  27.  and 
28.)  applied  at  the  extremities  of  a  focal  chord  TT^  make 
at  their  concourse  M  a  right  angle  in  the  parabolai  an  acute 
angle  in  the  ellipse,  and  an  obtuse  angle  in  the  hyperbola. 
For  the  perpendiculars  TN)  T'N'  being  let  fall  upon  the 
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^[feetik,  the  rigbt-angled  triangles  TFM,  TNM,  having 
a  GommoB  bypotenuse^  and  the  aide  FT,  equal  to  TN  in 
figk  26#,  lets  than  it  in  fig.  27.>  and  greater  than  it  in  fig.  28^ 
Ae  angle  FMT  is  (III.  12.  and  1&  EL)  equal  to  NMT  in 
fig.  26.,  less  than  it  in  fig.  27.,  and  greater  than  that  an- 
f^  in  fig.  28.  For  the  same  reason,  the  angle  FMT^  is, 
in  these  successive  figures,  equal,  less,  or  greater  than 
WUT\  Consequently  the  compound  angle  TMT^  being 
thus  respectively  equal,  less,  or  greater  than  its  adjacent 
angles  THN  and  T'MN\  is  right-angled  in  the  parabola, 
|u:ute  ill  the  ellipse,  and  obtuse  in  the  hyperbola. 

Scholium.  The  difierent  phases  exhibited  by  the  con- 
coarse  of  a  straight  line  with  the  curve,  are  all  easily  d^ 
rived  from  the  relation  of  the  points  L  and  /  to  each  other 
and  to  the  point  M*  The  points  x>f  section  D  and  d  occnr 
on  the  same  side  or  on  opposite  sides  of  the  directrix,  ac- 
cording to  the  situation  of  the  corresponding  points  L  and 
I  in  respect  to  M*  When  L  and  /  coincide)  KL,  and  con- 
sequently its  parallel  PF,  becomes  perpendicular  to  MF, 
and  the  secant  merges  into  a  tangent ;  but,  when  L  and  / 
concentrate  in  My  the  straight  line  FD,  being  now  parallel 
%o  Dill,  will  never  meet  it,  and  the  points  O  and  £^  will  va- 
nish in  opposite  directions.  Since  the  oblique  distance 
^K  of  the  assumed  point  K  from  the  directrix:  is  greater 
than  ipB  perpendicular  distance,  it  is  evident  that  the  ap- 
portionate  focal  distance  KL  is  always  less  than  MK  in  the 
parabola,  and  still  more  so  in  the  ellipse,  but  may  be  less, 
equal,  or  greater  in  the  hyperbola.  The  points  L  and  / 
will  therefore  lie  on  the  same  side  of  M  in  the  parabola 
and  ellipse,  (fig.  22.  and  23.),  and  according  to  the  degree 
of  the  inclination  of  DM  will,  in  the  hyperbola  (fig.  24. 
and  25.)  lie  on  the  same  side  of  M,  coalesce  with  it,  or  ap- 
pear on  opposite  sides ;  and  hence  the  sections  of  the  ob- 
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liqne  line  Dlil  with  the  parabola  and  ellipfle,  if  it  meets  the 
carve,  will  take  place  on  the  same  side  of  the  directrix,  bnt 
it  will  always  cut  the  hyperbola  either  on  the  same  or  op- 
posite sidesi  except  in  the  limit  of  transition. 

DEFINITION. 

liQ.  Any  straight  line  dr^wp  through  the  centre  to  termi- 
nate both  ways  in  the  curve,  which  in  the  parabola  is  re- 
presented by  a  parallel  to  the  axis,  is  called  a  Diameter. 

Thus  in  fig.  S^.,  TH,  a  p^utillel  to  the  axis,  is  a  diamer 
ter  of  the  parabola  $  and,  in  fig.  35.  and  36.,  TO^  drawn 
through  the  centre  is  a  diametef  to  the  ellipse  or  byperbo- 

PROP.  X.    THEOR. 

If  through  any  point  of  the  curve,  a  diameter  be 
produced  to  meet  the  directrix,  ^  perpendicular 
let  fall  from  that  point,  upon  the  straight  line 
joining  the  intersection  of  the  directrix  with  the 
focus,  will  be  a  tangent. 

Let  a  diameter  be  lextended  through  the  point  T, 
(fig.  34.  35.  and  36.)  to  meet  the  directrix  in  M,  and  this 
point  be  joined  with  the  focus,  a  straight  line  TL  or  tl 
drawn  at  right  angles  tp  MF,  w^l  touch  the  curve  fit  T  or 
t. 

I .  In  the  Parabola, 

Produce  (fig.  34.)  TL  to  meet  the  directrix:  in  Z,  luid 
join  FT  and  FZ.  The  triangles  LTF  and  LTM,  having 
the  side  TF  equal  to  TM,  the  side  JL  common,  apd  Uie 
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adjacent  angles  at  L  right  angles,  are  equal  ((•  21.  El.}, 
and  therefore  the  angle  FTL  or  FTZ  is  equal  to  MTL 
or  l^TZ.  Again,  the  triangles  FZT  and  MZT,  having 
thus  the  angles  at  T  equal,  and  their  containing  sides,  are 
equid  (I.  S.  £1.) ;  wherefore  the  angle  TFZ  is  equal  to 
TMZ,  and  hence  a  right  angle.  Consequently,  by  Cor.  3. 
to  the  last  Proposition,  TZ  touches  the  curve  at  T. 

2.  In  the  Ellipse  and  Hyperbola. 

Produce  (6g.  S5.  and  S6.)  TL  to  the  directrix  at  Z,  draw 
OP  parallel  to  TZ,  extend  MF  to  meet  it  in  I,  and  join 
FT  and  FZ.  From  the  property  of  parallel  and  diverging 
Imes,  TL :  TZ : :  OI :  OP,  and  consequently  (V.  IS.  El.) 
TL.TZ  :  TZ*  :  :  OI.OP  :  OP*.  But  the  right  angled 
triangles  PCF  and  PIF,  standing  on  the  same  base  PF, 
are  contained  in  a  circle;  wherefore  OI.OP =OF.OC=: 
(Prop.  I.  cor.  2.  and  V.  6.  El.)  OA*,  and,  hence,  by  substU 
tulion,  TL.TZ :  TZ* : :  OA*  :  OP*.  Again,  the  deflected 
ratio  corresponding  to  the  obliquity  TZ  or  OP  is  evidently 
the  ratio  of  OA  to  OP ;  whence  TF :  TZ : :  O  A :  OP,  and 
(V.  22.  cor.  1.)  TF*  :  TZ*  : :  OA»  :  OP.  By  identity  of 
ratios,  then,  TF»  :  TZ*  :  :  TL.TZ :  TZ* ;  consequently 
TF*  =  TL.TZ,  and  (V.  6.  El.)  TL  :  TF : :  TF :  TZ. 
Wherefore  the  triangles  LTF  and  FTZ,  having  a  com- 
mon angle  at  T,  are  similar  (VL  IS.  El.),  and  hence  TFZ 
being  equal  to  TLF  is  a  right  angle ;  TZ  is  therefore  a 
tangent. 

Cor.  1.  Hence,  in  the  ellipse,  if  a  diameter  SOs  be  drawn 
parallel  to  a  tangent  TZ,  applied  at  the  extremity  T  of 
another  diameter,  the  tangent  SR  applied  to  its  own  ex- 
tremity S,  will  reciprocally  be  parallel  to  this  other  diame- 
ter TO^.  For  OFC  and  MFI  being  at  right  angles  to 
the  sides  MP  and  OP  of  tl)e  triangle  MOP,  it  follows 
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from  the  iixAb  supplementary  proposition  to  the  Third 
Book  of  the  Elements  of  Qeometryi  that  PFK  is  perpen- 
dicular to  OM;  but  it  must  be  perpendicular  also  to  the 
tangent  SJl»  and  consequently  SR  is  parallel  to  TO/. 
Following  out  the  principle  of  analogy,  SOs  (fig.  36.)  pa- 
rallel tp  the  tangent  at  T,  is  the  secondary  or  imaginary 
diameter  in  the  hyperbola,  and  SR  drawn  parallel  to  OT 
is  reciprocally  a  tangent  to  the  derivative  or  interposed 
hyperbola  at  S. 

Cor.  2p  Hence,  in  the  same  curves,  if  the  tangents  MG 
and  Mg,  applied  at  the  extremities  of  a  focal  chord,  be  pro- 
duced to  meet  the  extension  of  the  parallel  diameter  SQ$, 
they  will  intercept  ^  portion  Vx?,  which  is  equal  to  the  trans* 
verse  axis*  For  the  chord  G^  being  produced  to  meet  the  di^ 
rectrix  in  Q^  will  evidently  be  divided  internally  in  F,  and 
externally  in  Q  in  tf^e  same  deflected  ratio;  whence,  from 
the  property  of  parallel  and  diverging  lines,  \v  is  similarly 
divided  in  I  and  P,  or  IV  t  Iv : :  PV:  Pv;  and  therefore  (VI, 
7.  El.) OI :  OV  ::  OV :  OP,  and(V.6.  EL) OV*=OI.OP. 
But  the  rectangle  01,  OP  was  shown  to  be  equivalent  to 
the  square  of  OA ;  which  is  consequently  equivalent  to  that 
of  OV,  and  thence  the  line  OV  itself  is  equal  to  O A, 

Cor.  3.  Hence,  likewise,  in  the  ellipse  and  hyperbola, 
the  semitransvcrse  axis  0 A  is  a  mean  proportional  between 
the  segment  OK  intercepted  by  a  perpendicular  from  the 
focus,  and  the  whole  extension  OM  to  the  directrix*  For 
the  quadrilateral  figure  FCMK  having  right  angles  at  C 
and  F»  is  contained  in  a  circle ;  wherefore  the  rectangle 
MO9  OK,  is  equivalent  to  CO,  OF,  or  to  the  square  of 
OA,  and  hence  OM  :  OA  :  :  OA :  OK.  In  like  manner, 
it  is  shewn  that  OP:  OA  : :  OA :  OX. 

Car.  4.  Hence,  in  those  curves,  any  semidiameter  OT  is 
^  mean  proportional  between  the  segment  ON,  intercepted 
by  a  focal  ordinate  and  the  extension  OM  to  the  directrix. 
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For  (Prop.  IX.  cor^  2.)  FM  bisects  the  adjacent  or  ver«* 
tical  angle  of  the  triangle  TF/»  and  oonsequently  FN, 
which  is  perpendicular  to  FM,  bisects  the  interior  or  ex- 
terior angle ;  whence  the  base  Tt  is  cut  intemaDy  and  ex- 
ternally in  the  same  ratio^  and  therefore  (VL  7.)  ON :  OT 
: :  OT  :  OM.  Hence  also  in  both  curves,  OX :  OS : : 
OS  :  op,  the  parallel  OS  representing  a  conjugate  dianie«* 
ter  in  the  hyperbola. 

PROP.  XL    THEOR. 

A  tangent  to  the  curve  makes  equal  angles  in 
the  parabola,  with  the  straight  lines  drawn  from 
the  point  of  contact,  one  to  the  focus,  and  the 
other  parallel  to  the  axis  ;  and  in  the  ellipse  and 
hyperbola,  with  straight  lines  drawn  from  that 
point  to  the  two  foci* 

If,  in  the  parabola,  (fig.  26.)  TM  touch  the  curve^  and 
TF  be  drawn  to  the  focus,  and  TN  parallel  to  the  axis ; 
TM  will  bisect  the  angle  FTN.  And,  in  the  ellipse  and 
hyperbola,  (fig.  27.  and  28.)  if  TF  and  Tfhe  drawn  from 
the  point  of  contact  to  the  two  foci,  the  tangent  TM  wil) 
bisect  externally  or  internally  the  angle  FT/"  contained  by 
t)iose  lines. 

1.  In  the  Parabcila. 

For  (fig.  26.)  NLF  being  joined,  since  TL  must  be  per-^ 
pendicular  to  it  (Prop.  10.),  the  right-angled  triangles  FLT 
and  NLT,  having  also  the  side  FT  equal  to  NT»  and  TL 
common,  are  equal  (1. 21.  £1.),  and  consequently  the  angle 
FTL  is  equal  to  NTL. 

2.  In  the  Ellipse  and  Hyperbola. 

Draw  the  diameter  TOi  (fig«  27.  and  28.)>  and  firoiii 
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its  remote  extremity  let  U  be  drawn  parallel  to  TL|  and 
join  F^.  Because  PF  is  perpendicular  to  TL  and  //,  the 
triangles  FLT  and  ¥lt  are  rjgbt- angled,  and  consequently 
(I.  80.  £L)  the  angles  FTL  and  ¥tl  are  complementary 
to  TFL  and  tBl ;  but  TFL  and  tFl  are  (Prop.  V.  cor.  3.) 
equal,  and  tbere&ns  FTL  is  equal  to  Fti  or  (I.  29.  El.) 
to/Tm. 

Cor.  1.  Hence  a  straight  line  TQ  drawn  from  the  extre- 
mity of  a  diameter  through  the  focus  to  meet  another  dia- 
meter parallel  tp  the  tangent,  is  equal  to  the  semitransverse 
axis  OAr  Fpr  draw  Jv  parallel  tp  TQs  .9nd  meeting  QO 
iav,'  and  the  triangles  FOQ  andyOv  being  evidently  equa), 
FQ  is  equal  tojv ;  but  the  triangles  QT;  and  q/v  ^re  isos- 
(;e1es,  sinc^  (I.  22.  £1.)  the  angles  FQ;  and  TqQ^  or  /qv 
Midyfey,  are  equal  to  FTM  andyTwi;  consequently  TQ 
is  equal  to  Tj,  and^  to  Fw.  But  FQ  is  equal  toyb  or^; 
whence  FT  and/T,  the  one  being  greater  than  TF  by  FQ, 
and  the  other  being  less  thany*T  b^  the  same  difference,  are 
together  the  double  of  TQ  j  that  }s^  {Prop.  6.)  TQ  is  equal 
U>OA. 

Cor.  2.  Hence  in  the  parabola  (fig.  26,),  the  angle  which 
uny  two  tangents  TQ  and  PQ  form  at  their  ppiht  of  con- 
course, is  half  of  the  angle  TFP  made  on  the  same  side  by 
the  lines  drawn  from  the  focus  to  the  points  of  contact.  Fo|r 
produce  TQ  to  meet  the  extension  of  the  axis  in  li*  Since 
the  angle  FTR  is  equal  to  NTM,  it  is  likewise  equal  to 
TRF.  For  the  same  reason,  the  angle  FPS  is  equal  to 
FSP;  whence  (I.  SO.  El.)  the  exterior  angles  TFZ  and 
PFZ  are  the  doubles  of  TRF  and  FSP  or  RSQ ;  and 
consequently  the  whole  angle  TFP  is  the  double  of  TQP, 
the  exterior  angle  of  the  triangle  RQS. 

Cor.  ft.  Hence  also  in  the  parabola  (fig.  26.),  the  distance 
FT.  of  the  focus  from  any  point  of  contact,  is  ^u$il  to  its 
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dirt>iKy  from  B,  the  intersecdon  of  thd  tangent  witli  thje 
axis  t  ftnd.if  a  perpendicular  TX  be  let  fiJl,  the  bate  RX 
firill  be  biieci^  by  the  veitoc  of  the  cturve.  For  the  tri^ 
angle  TFR  is  evidently  isoBcdes,  and  FR  being  equal  to 
FT,  is  eqnal  likewise  to  NT  or  CX,  and,  taking  away  the 
eqnal  portions  AF  and  AC,  there  reauana  AR  eqoal  to 
AX. 

PROP.  XII.    THEOR. 

Any  chord  drawn  parallel  to  a  tangent,  is  bi- 
sected by  the  diameter  which  passes  through  the 
point  of  contact* 

A  diameter  TH  (fig.  84*  85.  and  86.)  bisects  every  chord 
tyiff  which  is  parallel  to  the  tangent  applied  at  its  vertex 

T. 

ft 

I4  In  the  Parabola^ 

Let  (fig.  84.)  the  diameter  and  the  chord  be  prodiuled  to 
■leeC  the  directrix  in  the  points  M  and  L ;  about  the  inter- 
aeetion  H,  with  a  radius  eqnal  to  the  apportionate  distance, 
(which  is  in  this  case  evidently  MM|)  describe  a  circle,  join 
MF,  and  extend  it  through  K  to  meet  the  circumrerence 
again  in  N,  through  the  focus  draw  LG'FG)  parallel  to 
the  chord,  join  HO  and  HC,  FD  and  FD',  and  lastly 
HN. 

It  is  obvious,  from  the  eonstmction  employed  in  Propo- 
sition IX,  that  the  focal  lines  FD  and  FIV  must  be  respec*- 
tively  parallel  to  G'H'  and  GH.  But,  from  Prop.  V.  cor.  8, 
MF  is  perpendicular  to  the  tangent  at  T,  and  consequently 
cnts  the  parallel  chord  DHtK  at  right  angles;  whence 
(I.  21.  £1.)  the  triangles  MKH  and  NKH  are  equal,  and 
therefore  the  angle  MHK  is^qual  to  NHK.  Consequent- 
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iy  tbe  triangles  MHL  and  NHL  (L  S«  EL)  are  e^al,  luUl 
totlrof  thcdtn  light  angled  {  add  henee  LM  and  LN  are 
two  Umgoits  to  the  drck^  Wherefore,  (VL  9;  El.)  the 
Kn^  JjQ  is  divided  iiarmoniealljr  in  GK  and  F  by  the  iirenn^ 
ference  and  the  chord  MN,  or  LG  :  GF  :  lUy  :&¥. 
Butt  from  the  property  of  parallel  and  diFergiog  lines^ 
LG' :  GT  :  :  LH  i  HD,  and  LG  :  GF  :  :  LH  :  HD'  ; 
whence,  by  identity  of  ratios,  LH :  HD  : :  LH  :  HD^, 
and,  therefore,  (V.  4.  iLl:)  HD  is  eqiikVtd  HD'. 

.  2.  In  the  EUifse  and  JH^p^rbola.  : , 

Produccf  (%.  BB.  and  86.)  OT  and  BD^  to  meet  the  di. 
rectrix  in  M  and  L,  about  H  as  a  centre  with  the  ap 
portionate  distance  describe  a  circle^  which  will  not  reach 
the  directrix  in  the  ellipse,  bqt  will  extend  beyoiid  it,  in 
the  hyperbola,  join  MF,  and  produce  it  to  termmate  i^  the 
circumference  at  the  points  N  and  N';  draw  OIP  parallel  to 
Ae  chord,  extend  LGK  FG  lihrbugb  the  focus,  and  join  LN 
and  LN;  UN  add  HN',  HG  and  HG",  and  FD  dnd  FD'. 

From. the  property  of  parallel  and  diverging  line% 
OM :  HM : :  OP :  HL  :  :  OI :  HK,  and  by  cotnpotiitioa 
OM'  :  HM^  : :  OP.OI :  HL.HK.  But  OM  is  to  HM» 
as  the  apportlonate  distance  of  the  centre  Q  is  to  the  f^ 
portionate  distance  of  the  point  H,  or  as  the  semitransverse 
O A  to  the  radius  HN ;  and  consequently  OA^  :  HN^  i  -s 
OP.OI :  HL.HK.  Now,  the  rectangle  OP,  OI  was  prdh 
ved  to  be  equivalent  to  the  square  of  OA,  «nd- therefore 
the  rectangle  HL,  HK,  must  be  equival^t.to  the  square 
of  HN.  Whence  (V.  6.  EL)  HL :  HN  j :  HN :  HK,  anfl 
the  triangles  LNH  and  NKH  or  N'KH  having  likewise 
a  common  angle,  are  (VI.  IS. El.)  similar;  Gonsequent]y» 
since  NK  is  perpetfdicularlo  the  tangent  of  the  purre  at 
T  or  tf  or  to  the  parallel  HL|  .th«  angles  HNL  jand 
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HN'L  are  right  angleBj  and  hence  LN  and  hU^  both 
tamk  the  circle.  Whence,  a»  behrt$  the  obliqoe  line  LQ 
ii  lunrtnonically  divided  in  the  points  F  and  &.  But  FD 
and  FD'  beh)g  parallel  to  HO' and  HG,  therefore  LG:  GF 
: :  LH  :  HIK,  and  LG' :  G'F : ;  LH:  HD;  whence  HD 
is  equal  to  HHy. 

PROF.  XUL    PROB« 

Given  the  focus,  the  directrix,  and  the  deter^* 
mining  ratio,  to  draw  a  tangent  parallel  ta  a 
atraight  line  given  in  position* 

het  it  be  required  to  apply  a  tangent  HI  parallel  to 
D£,  (%•  87.  88.  and  89.)* 

SuppoK^  through  the  point  of  conUlct,  a  diameter  to  be 
drawn,  meeting  the  durectrix  in  M,  and  join  this  point 
with  the  ibcus.  Since  FM  is  perpeddicnlar  to  the  tangent, 
It  must  likewise  be  perpendicukr  to  the  pandlel  DE ;  coin 
sequently  the  point  M,  the  diameter  MT,  and  the  point  of 
eontact  T  are  aD  given  in  poaition. 

Or,  if  any  point  within  the  curve  were  assumed,  and  thsF 
chord  KL  drawn,  this  would  be  bisected  by  die  (Uameter 
MT ;  but  the  middle  point  I  is  evidently  given,  and  there* 
fare  the  point  of  contact  T.  Whence  result  two  different 
ways  of  constructing  tlieprobleQi. 

1.  From  the  focus,  let  fall  a  perpeudionlar  upon  ttregf^ 
ven  line,  and  produce  it  to  meet  the  directrix  in  M;  throngh 
M  draw  a  diameter  cutting  the  curve  in  T,  and  parallel  to 
D£  draw  HT,  which  will  be  the  tangent  required. 

2.  Through  any  point  assumed  within  the  curve,  draw 
the  chord  KL^  which  bisect  in  I,,  and  through  this  extend 
a  diameter  to  meet  Aht  curve  in' T,  the-  point  of  contacts 
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:llA  the parabottof. the. diameter , being  parallel  to  die  aacftr 
viU  not  meett  the  carve  again ; .  but  in  the  ellipse  and  hy*^ 
perbcdai  the. diameter  ;paseing(  through  the  centre  O  will 

agflfin  m^t  the  curve  in  another  point  of  contact  t. 

. .  •    •  f       1      •      •       •  . 

"    .         •  /{ «    ■  •        ^    Oi  .--•  ■         '  •  ■  ..... 

PnoP.  XlV.    PROB. 

iTie  focus,  the  directrix,  and  the  determining 
ratio  being  given,  to  draw,  from  a  given  point,  a 
iangeqt  to  tte  curve- . 

Case.  t.  IVhen  the  given  point^  is  in^  the  dwnbe  itself. 

Lei  it  be  required^  from  the  poiat  T,  to  draw  a  tangent 
to  the  curve. 

1.  In  the  Parabola.  Suppose  (fig.  26.)  the  tangent  TM, 
and  TN  a .  parallej; to  'the  axis,  to  be  produced  to  the  di-' 
rectrix,  and  MF  and  NLF  drawri  to  the  focus.  It  follows^ 
from  Prop.  IX.  cor.  8.  that  MF  is  perpendicular  to  FT^ 
from  Prop.  X.  that  NLF  cuts  TM  itt  right  angles,  from 
Prop.  XL  that  TM  bisects  the  angle  FTN ;  and,  from  the 
third  corollary  to  the  sameproposidoii,  FR  is  equal  to  FT. 
Whence  four  difierent  modes  of  construction  :— 1.  Ha^ 
▼ing  joined  FT,  draw  FM  perpendicular  to  it,  meeting  the 
directrix  in.M»  and  join  TM.  2.  Having  drawn  TN  pa^ 
rallel  to  the  axis,  join  FN,  and  upon  this  let  &U  the  per-» 
pendicular  TLM.  3*  Having  joined  FT,  arid  drawn  TN 
parallel  to  the  axis,  bisect  the  angle  FTN  by  the  line  TMa 
4.  Produce  the  axis  till  FR  be  equal  to  FT,  ^nd  TR  be- 
ing joined,  is  the  tangent  reqiured«  The  demonstrations 
are  obvious. 

2.  In  the  Ellipse  or  Hyperbola.  Suppose  (fig.  27.  and 
28.)  the  UDgent  TM  and  the  line  OT  joining  the  centre^ 
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to  be  firodumi  to  the  directrix,  am}  that  FM  and  FP  are 
ymfd^  0Dd  TF^nd  Xi^  drawn  to  the  two  foci.  Then,  froiE 
Ah^  j^fQgmti^^  already  cited,  MF  is  perpendicular  to  FT 
and  1^  (to  MT,  and  TM  bisects  externally  (fig.  27.)  or 
iiUend^y  (^.  28.)  the  angle  FT]i^  Whence  result  three 
jevcurifl  fways  4tf  (Ceosttvacting  the  problem.  1.  Having 
jirfned  FT»  idraw  FM  perpendicidar  to  it,  meeting  the  di- 
reotrix  in  M,  and  join  TM.  2^  Having  found  the  centre 
.0,  idf  aw  OTP  to  die  dinectriX)  join  FP,  and  let  fiiU  uppii 
k  itbe  ^rpendioalar  TLM.  S.  Having  joined  both  fopi 
•rkb  the  powet  T,  draw  TM  to  bisetct  externally  or  initer- 
XkaUy  ^e  angle  Fl[/: 

Case  II.  When  the  given  point  is  in  the  directrix. 

I.  In  the  Parabola.  Suppose  (fig.  26.)  the  tangent  MT 
were  drawn,  and  TN  being  let  fall  perpendicular  upon  the 
directrix,  join  FM  and  FN«  It  has  been  shown,  that  TF 
and  TM  are  perpendicular  to  FM  and  FN ;  and  it  is  ob- 
vious, that  the  right-angled  triangle  MFT  is  equal  to 
MNX  WJience  three  different  modes  of  construction. 
I.  Having  joined  MF,  draw  FT  perpendicular  to  it,  and 
jcun  TM.  2.  Make  MN  equal  to  MF,  draw  NT  parallel 
to  the  axis,  and  join  TM.  3.  Draw  MT  bisecting  the  ,an- 
.^leFMN. 

i.  In  the  EUi^^se  and  Hyperbola.  Since  (fig.  27.  and  28.) 
the  tangent  TM  being  produced  to  the  directrix,  and  TM 
and  FT  joined,  the  angle  MFT  is  a  right  angle ;  it  is  on- 
ly required  to  draw  FT  perpendicular  to  FM,  and  cutting 
the  curve  in  T  and  /,  which  4U*e  the  points  of  contact. 

Case  III.  When  the  given  point  is  in  the  axis. 
1.  In  the  Parabola.  Suppose  (fig.  26.)  a  tangent  RT 
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were  drawn  from  a  point  R  ii)  the  axis ;  join  T  with  the 
focus,  and  draw  TN  parallel  to  the  axis.  Since  (Prop.  XL 
cor.  8.)  the  triangle  TFR  is  isosceles,  the  only  construction 
required  is  to  inflect  FT  equal  to  FR,  and  join  TR. 

2.  In  the  Ellipse  and  Hyperbola.  Since  TR  bisects  ex- 
ternally (fig.  27.)  or  internally  (fig.  28.)  the  angle  FT>^  a 
line  TS  perpendicular  to  it  will  bisect  the  same  angle  in- 
ternally or  externally ;  and>  therefore,  the  an^e  RTS  is  a 
right  angle,  and  (VI.  10.  and  7.  El.)  OS :  OF^  :  OF  :  OR. 
Whence  this  construction  :  Find  OS  a  third  proportional 
to  OR  and  OF,  and  upon  RS  as  a  diameter  describe  a 
circle,  cutting  the  curve  in  T  and  /,  the  points  of  contact 

* 

Case  IV.  When  the  given  point  lies  any  nxihere  without  the 

curve. 

Let  it  be  required  froni  the  exterior  point  P  (fig.  29.  SO. 
and  81.)  to  draw  a  tangent  PT  to  thecurre. 

ANALYSIS. 

Produce  TP  to  the  directrix  ;  join  FM,  FP,  and 
FT,  and  parallel  to  this,  draw  PQ.  The  triangles  MTF 
and  MPQ  being  evidently  similar,  PQ  is  to  PM,  as  TF 
to  TM,  or  in  the  deflected  ratio  corresponding  to  the  po- 
sition TM;  whence  PQ  is  the  apportionate  distance  of 
the  point  P,  and  consequently  given.  But  TF  and  PQ 
being  perpendicular  to  MF,  the  triangle  FQP  is  right  an- 
gled, and  it  has  the  hypotenuse  FP  and  the  side  PQ  both 
given,  and  is  therefore  given  in  species  and  magnitude. 
Consequently  the  angle  TFP  is  given,  and  FP  given  in 
position  i  the  line  MPT  is  hence  given,  and  T  the  point  of 
contact. 
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COMPOSITION. 

From  the  point  P  (fig.  29.  30.  and  31.)  with  a  radius 
PQ  equal  to  the  apportionate  distance,  describe  a  circle, 
which  will  obviously  touch  the  directrix  in  the  parabola, 
(fig.  29.)  lie  within  it  in  the  ellipse,  (fig.  30.)  and  extend, 
beyond  it  in  the  hyperbola  (fig.  31.) ;  and  from*  the  focus 
draw  FQ  and  F;  (III.  22.  £1.)  touching  this  circle  and 
meeting  the  directrix  in  the  points  M  and  m^  IMPT  and 
m/P,  being  joined,  are  the  tangents  required. 

For  join  P,  the  centre  of  the  circle,  with  its  points  of 
contact  Q  and  ;,  and,  parallel  to  these,  draw  FT  and  F^, 
meeting  MP  and  twP,  in  T  and  f:  From  the  property  of 
parallel  and  diverging  lines,  FT  is  to  TM,  as  PQ  to  PM^^ 
that  is>  by  construction,  in  a  deflected  ratio  correspondifl|^ 
to  the  inclination  of  PM ;  and  F^  is  to  tm^  as  Vq  to  Pm, 
which  is  likewise  a  given  deflected  ratio ;  consequently  T 
and  t  are  points  in  the  curve.  But  the  angles  MFT  and 
MF/,  being  equal  (I.  22.  £1.)  re^ectively  to  MQP  and 
mqVy  are  (III.  19.  £1.)  right  angles,  and  therefore,  by 
Prop.  IX.  cor.  3.,  MT  and  M^  are  tangents  to  the  curve. 

Scholium,  It  is  obvious  that  this  construction  includes 
the  two  preceding  cases.  When  the  given  point  occurs  in 
the  directrix,  the  circle,  with  the  terminations  M  and  m  of 
its  tangents,  all  coUaspe  in  the  same  point;  and  the  con- 
tacts of  the  curve  are  therefore  determined,  as  before,  from 
the  focal  chord  drawn  at  right  angles  to  MF.  When 
that  given  point  is  placed  on  the  other  side  of  the  direc* 
trix,  the  circle  described  from  it  will  in  the  parabola  touch, 
and  in  the  ellipse  lie  beyond,  the  directrix;  in  either  case 
the  points  Q  and  q  of  circular  contact  occur  beyond  the 
points  M  and  m  of  the  directrix,  and  consequently  both 
tangents  may  be  always  applied  to  the  curve.  But  in  the 
hyperbola,  when  the  point  P  (fig.  32)  is  situate  beyond 
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the  centre^  the  points  Q  and  q. appear  on  the  other  side  of 
M  and  m^  and  the  tangents  throw  themselves  to  the  oppo- 
site branch  of  the  curve.  If  the  jgiven  point  &Ils  in  tlie 
centre  O  of  the  hyperbola  {Bg,  33.)  the  corresponding  cir- 
^Ie»  being  then  described  on  tjie  transverse  axis  Aa,  will 
meet  the  directrix  in  the  points  of  contact  Q  and  jf  /  for 
(Prop.  1.  cor.  2.)  OF,  OA  or  OQ,  and  Oc  being  continued 
propor4ioDalsj  the  triangles  OFQ  and  OQC,  having  like- 
wise the  angle  at  O  common^  are  similar,  and  consequently 
the  angle  OQF  is  equal  to  the  right  angle  OCQ,  and 
(III.  24.  El.)  FQ  touches  the  circle  at  Q.  Wherefore  the 
straight  lines  OQB'^and  Oqb^^  represent  the  tangents  to  the 
hj^rbol%  though  they  can  never  meet  the  curve,  since 
ijbB  perpendiculars  FT  and  F/,  which  should  mark  the 
points  of  contact,  are  now  parallel  to  them. 


DEFINITION. 


17.  A  straight  line  drawn  on  either  side  from  the  centre  of 
ah  hyperbola  in  the  extreme  position  of  a  vanishing  tan- 
gent,  is  caDed  an  Asymptote, 

Thus,  in  fig.  S3.,  the  straight  lines  OQ  and  Oq^  deter- 
mined by  the  intersection  of  circles  described  on  Am  and 
OF,  being  the  limits  of  all  the  tangents  which  can  be  ap- 
plied to  the  cui*Te,  are  asymptotes  to  the  hyperbola* ' 

PROP.  XV.    THEOR. 

If  a  perpendicular  to  the  principal  axis  of  an 
hyperbola  be  extended  to  the  asymptotes,  the 


■  .J 
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rectangle  under  its  segments  intercepted  by  the 
curve^  is  equivalent  to  the  square  of  half  the  se- 
condary axis. 

Jjet,  the  straight  line  IHI'  (%  33.)  cut  the  axis  Aa  «A 
right  angles^  the  rectangle  ID»  DF  is  equivalent  to  the 
square  of  OB'. 

For,  from  similar  triangles^  OA  f  AB  : :  OH :  IH,  and 
(V.  22.  cor.  1.  El.)  OA*  :  AB"*  : :  OH» :  IHS  and  by  di- 
vision, OA» :  AB''*  : :  OH»— OA» :  IH*— AB"\  But  the 
axis  Aa  being  bisected  in  the  centre  O,  OH* — OA*  = 
(IL  17.  cor.  1.  El.)  AH.Ha  ;  wherefore  OA*  :  AB''*  : : 
AH.Htf :  IH*— AB''*.  Now,  by  Prop.  8.  O  A» :  AB''*  :  s 
AH.Ha :  DH*,  and  consequently  IH*-.AB"*=DH*  or 
IH* = DH» + AB"\  But  IV  being  evidently  bisected  in 
H,  it  foflows  that  IH*=DH*  +  ID.Dr,  and  therefore 
ID.Dr'=  AB"*  ;  but  AB''  :=:  QF  =:  OB',  and  ID.DF  = 
OB'\ 

Car.  1.  Hence,  of  a  parallel  to  the  axis,  the  rectangle  un- 
der its  segments  intercepted  by  the  asymptotes  and  the 
corve^  is  equivalent  to  the  square  of  the  scmitransverse. 

For,  from  similar  triangles  O A :  AB'' : :  D/' :  DI : :  Hi :  DI', 

// 
and,  by  compounding  the  analogies,  OA*  :  AB  *  :  : 

jyi.Di'  :  DI.DI';  the  second  term  being  equal  to  the 
fourth,  the  first  term  must  be  equal  to  the  third,  or  OA*  =. 
Di.D«'. 

Cor.  2.  Hence  the  asymptotes  continually  approach  the 
curves  but  never  meet  it.  For  let  LKL'  be  another  per- 
pendicular to  the  axis  more  remote  from  the  vertex  A. 
Since  OB'»  =  ID.Dr=ML.LM',  therefore  (V.  6.  El.) 
ID  :  ML  :  :  LM' :  DI'  ^  but,  from  the  divergency  of  the 
curve  and  its  asymptotes,  LM'  is  greater  than  DI',  and 
consequently  ID  is  greater  than  ML,  or  ML  is  less  than 
ID. 
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PROP.  XVI,    THEOR. 

Any  straight  line  drawn  through  an  hyperbola 
has  equal  segments  intercepted  on  both  sides,  be- 
tween the  curve  and  its  asymptotes.     ^ 

The  chord  T>d  (fig.  36.  and  37.)  produced  both  ways  to 
the  asymptotes,  has  its  exterior  portion  DY  equal  to  dy. 

For,  having  bisected  Dd  in  H,  draw  the  diameter  OH 
meeting  the  directrix  in  M,  through  which  let  WMiio  be 
drawn  parallel  to  Ud ;  jpin  the  focus  F  with  the  point  B 
where  the  asymptote  cuts  the  directrix ;  join  also  F  W,  Fw 
and  FM,  meeting  the  chord  D^^  in  U,  and  at  T  apply  the 
tangent  TZ.  By  Prop.  IX.  cor.  3.,  TLF  is  a  right  angle, 
and  consequently  WMto  is  perpendicular  to  MF.  But  BF 
is  perpendicular  to  OB,  and  OF' bisects  the  angle  BO&, 
and  cuts  Bb  at  right  angles ;  wherefore,  by  the  seventh 
supplementary  proposition  to  the  Sixth  Book  of  the  Ele- 
ments, the  oblique  line  M W  is  equal  to  M«7.  Consequent- 
ly^ from  the  property  of  parallel  and  diverging  lines,  HY 
is  likewise  equal  to  Hy ;  but,  by  the  last  proposition,  HD 
is  equal  to  Hdj  and  therefore  the  remaining  portion  DY 
is  equal  to  dy. 

Cor.  1.  Hence  a  tangent  bounded  by  the  asymptotes  of 
an  hyperbola  is  bisected  in  the  point  of  contact.  For 
(fig.  36.)  the  points  of  section,  D  knd  d,  coalescing  in  T, 
it  follows  that  TZ  =  Tz;  and,  in  the  same  manner, 
(fig.  37.)  the  points  W  and  w?  coinciding  T',  T'Z' become* 
equal  to  TV. 

Got,  2.  Hence  the  same  straight  lines  are  likewise,  on 
the  other  opposite  sides,  asymptotes  to  an  interposed  se* 
condary  or  conjugate  hyperbola,  having  for  its  axes  those 
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of  the  principal  hyperbola  interchanged.  This  secondary 
hyperbola  is  represented  in  figures  S3,  and  87.  by  two 
doted  branches  9  the  principal  axis  being  WV. 

Cor.  S.  Hence,  from  the  equality  of  the  segments  DY. 
and  djfi  intercepted  between  the  curve  and  its  asymptotes, 
is  derived  an  easy  method  of  tracing  an  hyperbola  from  a 
series  of  points.  Thus,  in  fig.  75.,  ON  and  OS  being  the 
asymptotes,  and  C  a  point  in  the  curve';  if,  through -C 
any  straight  line  QCS  be  drawn,  terminating  in  thos^ 
asymptotes,  and  SR  be  made  equal  to  QC,  then  will  R  be 
another  point  of  the  hyperbola. 


DEFINITION& 


18.  A  point  which  is  bisected  by  any  diameter  is  said  to  be 
ordinately  applied,  either  half  of  it  is  called  an  ordinate^ 
while  the  segments  into  which  it  divides  the  diameter  are 
each  termed  an  absciss* 

19.  In  the  parabola,  the  parameter  of  any  diameter  is  equal 
to  the  double  ordinate  passing  through  the  focus ;  but, 
in  the  ellipse  and  hyperbola,  it  is  a  third  proportional 
to  that  diameter  and  the  conjugate. 

Thus,  (fig.  43.  if4f,  and  4^.)  -  DH^^  is  ordinately  applied 
to  the  diameter  TO^,  DH  or  dH  is  an  ordinate^  and  the 
sq^ments  TH  and  H^  are  abscisses. 

Again,  in  the  parabola  (fig.  34*. ),  the  chord  GFg  ordinate  • 
ly  applied  to  the  diameter  TH  is  called  the  parameter  of 
that  diameter ;  and  in  the  eUipse  and  hyperbola,  (fig.  35. 
and  36.),  the  diameter  T/  is  to  its  conjugate  Ss,  as  the 
^ame  Ss  to  the  parameter  of  TU 

It  follows  that  in  the  parabola,  the  parameter  of  a  diat 


meter  ir  equal  to  four  times  the  diBtdnee  of  its  vetfttx  fi»etti» 
Ae  focAs.  For  GM  and  gM.  being  joined,  the  right  aii^gM 
triangles  MLT  and  FLT  are  eridieiitly  equal,  and  ML  il^ 
equal  to  FL ;  and  sinee  TL  and  NF  cot  MF  and  MN 
proportionallj^,  therefore  NT  is  eqvid  to  TM  or  TF«  But^ 
by  Prop.  IX.  eov.  4.,  the  adgle  GM^  is  a  rigbt  angle,  an^ 
bence  contained  in  a  semicirek,  of  which  the  diameter  ie 
Og  and  the  eentre  N ;  ednteqnently  N6  is  equal  td^  NM,; 
and  is  the  double  of  TM« 

PROP.  XVII.    THEOH. 

If  a  straight  line,  with  a  given  inclination,  meet 
a  given  line  of  the  second  order,  the  rectangle  un- 
der its  segments,  intercepted  from  any  point  in  it, 
has  a  given  ratio  to  the  difference  of  the  squares 
of  the  real  and  apportionate  distancesr  of  that  point 
from  the  focus. 

Let  the  straight  line  KDd  (fig.  22.  23.  24.  and  2S.} 
leaking  a  given  angle  with  the  directrix  or  axis,  meet  the 
given  curve  in  the  points  D  and  d ;  the  rectangle  under 
its  segments  DK,  K^^  has  a  given  ratio  to  the  dilFerefirce 
between  the  square  of  FK,  the  real  distance  of  any  point  K, 
from  the  focus,  and  the  square  of  the  apportionate  distance 
of  the  same  point. 

For,  produce  KDf?  to  meet  the  directrix  in  M;  join 
FM,  FD,  and  Fd,  and  draw  KL  and  K/  respectfvely  pa- 
rallel to  FD  and  Frf.  It  is  evident,  from  Proposition  VII, 
that  the  points  L  and  /  must  lie  in  the  circumference  of  a 
circle  described  from  K,  with  a  radius  equal  tp  its  appor- 
tionate distance ;  and  let  FK  be  drawn  to  cut  that  circum- 
ference in  the  points  I  and  u  From  the  property  of  pa- 
rallel and  diverging  lines,  KD  :  LF  :  :  MK  :  ML,  and 
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Kd  :lPt:  MK  :  Ml ;  wheryefore,  by  compoimdiiig  these 
anak^i  dK.KI>  :  LV.Fl  :  :  MK«  :  LULML  Biit 
(III  26.  EL)  LF.F/=IF.F«s(n.  17.  El.)  FK*— KL*; 
aodyfiwlhesanier^ascMay  LM.M/=vM.MV=MK' — KL% 
or(%36.)  KL»^MK»;  whence  dK.KD-FK»—KL*:: 
liK*  :  MK*— KLS  or  KL»— MK*.  Again,  since  KM 
has  a  given  inclination,  it  has  likewise  a  given  ratio  to  the 
apportionate  distance  KL;  and  consequently  the  ratio  of 
the  square  of  MK  to  its  difference  from  the  square  of  KL 
is  given.  Wherefore  the  ratio  of  the  rectangle  under  the 
intercepted  segments  KD  and  Kd  to  the  difference  of  the 
sqoatM  of  FK  and  KL,  is  given. 

Cor».  1.  Hence  the  rectangles  under  the  intercepted  seg* 
ments  of  lines^  drawn  parallel  from  fkMnts  either  within  or 
without  the  curve,  are  proportional.  For  KaA  and  CPc 
(flg.  4pO.  41.  and  42.)  being  parallel,  the  reetangles  AK<? 
and  CVc  have  e^cb  the  same  given  ratio  to  the  respective 
dx&rences  between  the  squares  of  the  real  and  apportionate 
dftrtattces  of  the  points  K  and  P  from  the  focus ;  and  K^B 
and  dPD  being  parallel,  the  rectangles  BKft  and  DPd 
likewise  have  another  given  ratio  to  the  same  differences 
Cff  these  ^ares.  Wherefore  (V.  S.  El.)  AKa  :  CPc  :  : 
BRfr-.DPd::OG»:OH*. 

Cat.  S.  If  the  secant  passes  into  a  tangent,  or  the  chord 
into  a  diameter,  the  rectangles  under  the  segments  become 
squares ;  and  hence  A'K^*  :  B'K'*  :  :  CPc :  DPrf.  For 
the  same  reason,  tangents  are  proportional  to  their  paral- 
lel diameters. 

Cor.  3.  Hence  (fig.  52.)  the  chord  Ee,  that  joins  the 
points  of  contact  of  two  tangents,  is  ordinately  applied  to 
the  diameter  CA,  which  passes  through  T,  their  point  of 
concourse.  For  draw  OL  and  O/  from  the  centre  paral- 
lel to  the  tangents,  and  (Prop.  XIII.)  apply  another  tan- 
gent Bb  parallel  to  Ee ;  join  TA  i  and  produce  it  to  meet 
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that  chord  in  K.  Because  BE :  d^ ::  (VI.  1.  EL)  TE:T^:: 
OLiol^  and  BE:  BA:  :OL:  OGand  &<f:&A::0;:  O^, 
it  follows  that  BA :  bA : :  OG :  Og^  and  therefore  E^  is  bi- 
sected in  K;  but  this  chord  (Prop.  XII.)  is  likewise 
bisected  by  OA,  which  joins  the  point  of  contact  A  with 
the  centre,  and  consequently  TAK,  with  the  diameter, 
forms  one  straight  line. 

PROP.  XVIII.    THEOR. 

If,  through  any  point  in  an  hyperbola,  a  straight 
line  be  drawn  with  a  given  inclination  and  termi* 
nating  in  the  asymptotes,  the  rectangle  under  its 

segments  is  equivalent  to  a  given  space. 

• 

If  the  straight  line  YDy  (fig.  38.)  cross  the  asymptotes 
at  a  given  angle,  and  meet  the  curve  at  the  point  D  or  £^ 
the  rectangle  YD,  Dy,  or  Yd,  dy,  is  given ;  or,  if  D'Yyrf, 
with  a  given  inclination,  meet  the  opposite  branches  of  the 
hyperbola,  the  rectangle  IVY,  Dy,  or  Yd\  dy,  is  likewise 
given. 

For  join  the  focus  with  the  point  Y  in  the  asymptote^ 
and  the  point  B  where  that  asymptote  cuts  the  directrix 
and  let  fall  the  perpendicular  YZ.  Because  YDy  has  a 
given  inclination,  the  rectangle  DY,  Yd  (by  the  last  Pro- 
position) bears  a  given  ratio  to  the  difference  of  the  square 
of  the  real  and  of  the  apportionate  distance  of  the  point  Y 
from  the  focus.  But  the  right  angled  triangle  YZB  being 
evidently  similar  to  OCB,  YZ  is  to  YB  as  OC  to  OB  or 
OA,  that  is,  in  the  determining  ratio,  and^  consequently, 
by  definition  12.,  YB.is  the  apportionate  focal  distance  of 
the  point  Y.  Again,  since  the  triangle  FBY  is  right-an- 
gledi  the  square  of  FB  is  equivalent  (11.  10.  cor.  £1.)  to 
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the  di£ference  between  the  aqaares  of  YF  and  YB9  or  of 
the  real  and  apportionate  distances ;  but  the  perpendicalar 
FB  b  given,  and  therefore  the  rectangle  DY,  Ydf  which  has 
a  given  ratio  to  it,  is  likewise  given.  Now  (by  Prop.  XIII.)» 
the  segments  DY  and  Dy  are  equal  to  dy  and  cHT,  and, 
consequently,  the  rectangle  YTh/  is  also  given. 

Cor.  1.  Hence  the  rectangle  under  the  segments  DY  and 
Dy  of  any  straight  line  drawn  through  a  point  of  the  curve 
and  terminating  in  the  asymptotes,  is  equivalent  to  the 
square  of  the  intercepted  parallel  tangent  QT,  or  of  the 
parallel  semidiameter.  For  tOTH  being  a  diameter  to  "Dd^ 
the  tangent  QTjr  is  (Prop.  XVI.  cor.  1.)  bisected  at  the 
point  of  contact  T,  and  consequently  the  rectangle  QT; 
is  the  same  as  the  square  of  QT.  Wherefore,  since  Dd 
and  QT,  being  parallel,  have  the  same  inclination  to  the 
asymptotes,  the  rectangle  YDy  and  the  square  of  QT 
bear  likewise  the  same  ratio  to  the  square  of  FB,  and  are 
thence  mutually  equivalent.  In  the  same  manner,  rt  is 
shown  that  the  rectangle  YDy  is  equivalent  to  the  rect- 
angle TO/,  or  to  the  square  of  the  semidiameter  OT. 

Cor.  2.  Hence  the  rectangle  under  the  straight  lines  Dy 
and  DX,  drawn  to  the  asymptotes  at  givea  angles  from 
any  point  in  the  curve,  is  given ;  for  the  triangle  XDY  is 
evidently  given  in  species,  and  consequently  tlie  ratio  of 
DY  to  DX,  and  that  of  the  rectangle  DY,  Dy,  to  DX,  Dy, 
are  given ;  but  the  rectangle  DY,  D^  being  given,  the 
rectangle  DX,  Dy  is  therefore  likewise  given.  The  gra- 
dual approximation  of  the  asymptotes  to  the  curves  with- 
out ever  meeting  it,  is  thence  manifest. 

Cor.  3.  Hence  rhomboids  OAt)M  and  OBEN  (fig.  61.) 
inscribed  between  an  hyperbola  and  its  asymptotes  are  e- 
quivalent ;  and  consequently,  (VI.  23.  cor.  "2.  El.)  straight 
lines  AD  and  BE  drawn  from  the  curve  parallel  to  one 
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asynplote,  mn  reciprocaU j  f»  the  diatanoes  OA  and  OB 
wbacb  tfaejr  inttroept  an  Um  other. 

Hencv  albo  tbe  triangles  inscribed  between  tb^  conre  and 
its  asymptotiBB  are  equvalent. 

PROP.  XIX.    THEOR. 

In  the  parabola,  the  square  of  an  ordinate  ap- 
plied to  any  diameter,  is  equivalent  to  the  rect- 
angle under  the  absciss  and  the  parameter  of  that 
diameter ;  but  in  the  ellipse  and  hyperbola,  the 
square  of  an  ordinate  is  a  fourth  proportional  to 
its  diameter,  tbe  parameter,  and  the  rectangle  un- 
der the  segments  of  that  diameter. 

1.  In  tke  Parabola. 

Let  TH  (fig.  43.)  be  a  diameter,  to  which  DH^f  is  ordi- 
nately  applied ;  the  rectangle  mider  TH  and  its  parame- 
ter is  equivalent  to  the  square  of  HD.  For,  draw  the 
tangent  TX,  join  FT  and  FM,  wbiefa  produce  to  meet 
Dd  in  P,  and  join  MI,  Mr.  But  the  parallel?  IFr  and 
UJId  having  the  same  inclination  to  the  axis,  and  the 
iqpportionate  distances  of  the  points  N  and  H  from  the 
fbcus  being  in  this  case  equal  to  NM  and  HM ;  it  fol- 
k>ws,  by  Prop.  XVII,  that  NI*  :  HD*  :  :  NM*— NF* 
:  KM*— HF».  Now  NF  and  HP  being  (Prop.  VII. 
cor.  3.)  perpendicular  to  MP,  third  term  of  the  analogy 
IfM*— NF*  =  (I.  10.  cor.  El.)  MF*,  and  the  fourth  term 
HM*  — HF*  =  (II.  17-  El)  MF.2PX  or  4MX.PX; 
whence  NP  :  HD*  :  :  MF*  or  4MX.MX  :  4MX.PX 
: :  (V.  25.  cor.  2.  El.)  MX.PX : :  (VI.  1.  El.)  MT  :  TH. 
But  NI*  rr  NM*  =  4MT.MT,  and  therefore  (V.  4,  El.) 
HD* = 4MT.TH,  or  th^  squi&re  of  HD  is  equiralent  to  the 
r^tangle  under  TH  and  the  parameter. 
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2.  In  the  Ellipse. 

Let  TiHd  (fig.  44.)  be  ordkiatdy  applied  to  the  diame- 
ter TO/,  of  wiiicfa  80s  is  conjugate  ^  then  T^  :  S^^  : : 
TH/ :  HD*. 

For  &  being  parallel  to  Drf,  the  rectangles  formed  by 
the  intersections  at  the  points  O  i^nd  H  are  (Prop.  XIV. 
cor.  1.)  proportional,  that  is,  TO/  or  TO*  :  SO^  or  SO* : : 
TH/  :  DHd  or  HD*,  and  consequently  T/* :  Ss* : :  TH/ : 
HD*,  or  Tt :  parameter : :  TH/  :  HD*. 

8.  In  the  Hyfperhola. 

Let  DH^  (fig.  45.)  be  ordinately  applied  to  the  diame- 
ter /oT,  and  SOS,  equal  to  the  tangent  QT;,  intercepted 
by  the  asymptotes,  represents  the  conjugate,  or  is  the  ima- 
ginary or  secondary  diameter ;  then  will  T/* :  Ss* : :  TH/ : 
HD*. 

For  the  tangent  at  T  being  parallel  to  the  ordinate  HD, 
it  follows,  that  OT :  TQ  : :  OH  :  HY,  or  (V.  22.  cor.  1. 
El.)  OT*  :  TQ*  : :  OH*  :  HY*  j  and  consequently  (V.  19. 
cor.  1.  El.)  OT* :  TQ»<«^OS* :  :OH*— OT* :  HY*— TQ*. 
But  (IL  17.  El.)  OH*— OT*  =  TH/,  and,  by  cor.  1. 
Prop.  XVIIL  TQ*= YDy,  or  HY»— TQ*=rHY*— Y% 
=(1L  17.  cor.  1.  El.)  HD* ;  whence  OT*  :  TQ*  :  :  TH^ : 
HD*,  and,  therefore  Tif * :  &*  : :  TH/ :  HD%  or  T^ :  para- 
meter ::  Tm :  HD*. 

Cor.  1.  Hence  in  the  parabola  (fig.  43.)  the  square  of 
the  perpendicular  DK  to  a  diameter,  is  equivalent  to  the 
rectangle  under  the  absciss  TH  and  the  parameter  of  the 
axis. 

Cor.  2.  Hence  also  in  the  parabola,  the  rectangle  under 
the  segments  DP'  and  P'd  of  a  chord  is  equivalent  to  the 
rectangle  under  the  intercepted  portion  AP'  of  any  diame- 
ter  cutting  it  and  the  parameter  of  the  diameter  TH  to 
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which  the  chord  is  ordinately  applied.  For,  having  drawn 
AV  an  ordinate  or  parallel  to  Dd^  then  HD*=TH.4.FT, 
and  VA*  or  HP*'=TV.4FT,  and  consequently  HD*— 
HF* = DP'd=  AF.4FT. 

PROP.  XX.    THEOR. 

Any  straight  line  extended  from  the  concourse 
of  two  tangents  is  divided  harmonically  by  the 
curve  and  the  chord  which  joins  the  points  of  con- 
tact. 

Let  CA  and  C6  (fig.  46.  47.  and  48.)  be  two  tangents, 
and  CDEG  a  straight  line  drawn  through  their  point  of 
concourse  C  to  cut  the  curve  at  D,  and  terminate  in  remo- 
ter flexure  at  G,  while  at  £  it  crosses  the  chord  AB  joining 
the  points  of  contact  ^  this  line  CG  is  harmonically  divided 
in  the  intermediate  points  D  and  £,  or  CG :  CD  :  :  EG : 
ED. 

For,  through  D  and  G,  the  points  of  section  by  the  curve, 
draw  the  parallels  IDL  and  KGM^meeting  the  tangents  in 
I,  L,  and  K,  M,  and,  through  the  point  of  concourse  C, 
draw  a  diameter  CD'G'.  This  diameter  must  (Prop.  XVII. 
oor.  S.)  bisect  the  parallel  chords  DN,  AB>  and  GH  ; 
but  (VI.  2.  EI.)  it  bisects  likewise  the  transverse  lines  IL 
and  KM ;  whence  ID  =  NL,  and  KG=HM,  or  IN=DL 
and  KH= GM.  Again,  from  the  property  of  parallel  and 
diverging  lines,  CK :  CI : :  KG  :  ID : :  GM  :  DL,  and  con- 
sequently, by  composition  of  ratios,  CK^  :  CP  : :  KGM  or 
GKH  :  IDL  or  DIN.  Now,  since  the  secants  KGH  and 
IDN  are  parallel,  AK»  :  AP  :  :  GKH  :  DIN  (Prop. 
XVII.  cor.  2.) ;  whence,  by  identity  of  ratios,  CK*  :  CP  : : 
AK»  :  AP,  and  therefore  CK  :  CI : .  AK  :  AI.  But  (VI. 
1.  El.)  CK  :  CI  :  :  CG  :  CD,  and  AK:  AI: :  EG:  ED, 
and  hence  CG  :  CD  : :  EG :  ED. 
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Car.  I  •  Hence  the  intercepted  portion  DG  of  the  secant 
is  cut  internally  and  externally  at  the  points  £  and  C  ia 
the  same  ratio ;  and  consequently  (VL  7.  El.)  when  this 
secant  passes  through  the  centre^  the  semidiameter  Oiy  is 
a  mean  proportional  between  the  distances. OE^  and  OC 
intercepted  by  the  ordinate  AE^  and  the  tangent  AC. 

Cor.  2.  Hencci  if  from  any  point  B  (fig.  49.)  in  thedia* 
meter  of  an  ellipse,  an  ordinate  A6  be  drawn,  and  a  per- 
pendicular BE  erected  to  meet  a  circle  described  on  CD, 
the  tangents  AT  and  ET  applied  at  their  extremities  Will  "^ 
concur  in  the  same  point  T  of  the  diameter  produced.  For 
join  OE,  and  from  the  similar  triangles  OBE  and  OET, 
OB :  OE  or  OC : :  OE  or  OC :  OT;  the  same  property  as 
in  the  ellipse,  and  consequently  the  point  T  is  identical. 

Cor.  3.  When  the  straight  line  CDE  or  Cde  drawn 
through  the  point  of  concourse  C  or  C\  to  meet  the  curve 
and  the  chord^joining  the  points  of  contact,  is  parallel  to  the 
axis  in  the  parabola,  or  when  it  is  (fig.  47.)  parallel  to  either 
asymptote  in  the  hyperbola,  it  will  evidently  never  meet 
the  curve  again,  and  must^  therefore,  have  its  exterior  and 
interior  segments  G/  and  de  equal.  In  the  parabola  this 
property  is  easily  demonstrated  directly ;  for  (fig.  48.) 
draw  dm  parallel  to  CA,  meeting  the  diameter  from  A,  up- 
on which  let  fall,  from  A  and  B,  the  perpendiculars  A/  and 
B^.  By  cor.  1.  to  the  last  proposition,  the  squares  of 
these,  lines  are  equivalent  respectively  to  the  rectangles  un- 
der the  abscisses  Am  and  de^  and  the  parameter  of  the 
axis ;  wherefore  Xm  or  Cd  is  equal  to  de. 

Cor.  4.  Hence  if  two  tangents  AD  and«BD  to  a  para- 
bola (fig.  94.),  be  cut  by  a  third  tangent  ECG,  their 
segments  will  be  mutually  proportional.  For  the  diame- 
ters DH,  EI  and  GL  will  bisect  ine  chords  AB,  AC  and 
BC;  whence  AH=:BH,  AI=IK,  and  KL=LB,  and 
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Mii«eqiientlyIiIsKL.  WherdbreAE:EDr:  AI;IU: 
IK;KL::£C:GG::HL;LB::DG:GB. 


PROP.  XXL    THEOR. 

Chords  iira^^n  through  the  focus  are  propor- 
tional to  tbe  rectangles  under  their  segments* 

iBfig.  17,  18,  19.  and  21,  the  dbofd  DD"  k  to  HH^ 
M  'the  jreotangles  under  the  aegraeots  DF  and  FD^  in- 
tercepted bj^  Ihe  focus,  to  the  reotangle  under  HF  and  FH^^ 

For  draw  tbe  perpendicular  ordinate  GG',  biseot  the 
cbord  DD'  in  P^  and  produf;e  it  to  meet  the  direo 
trlx  ia  M.  From  the  property  of  the  curve,  FG  :  FD : : 
F<)  :  D£  :  :  FM  :  DM;  and  for  the  same  reason, 
FG':FD'::  FM:D'M;  whence  FG  orFG':2PD:: 
FM  ;  2PM,  or  FG  :  PD  :  :  FM  :  PM.  But  smce  by 
Prop.  XVII.,  lyM  is  cut  harmonically  in  the  points 
F  and  D,  it  follows  (VI.  7.)  that  PF :  PD : :  PD  :  PM, 
tod  therefore  PF ;  PM  : :  PF*  :  PD* ;  and,  by  division, 
FM :  PM : :  PD*--PF*  or  DFD' :  PD*.  Whence,  by 
identity  of  ratios^,  DFD' :  PD*  :  :  FG :  PD : :  (V.  24.  El.) 
FG.PD :  PD* ;  and  therefore  the  rectangle  under  DF, 
FD^  is  eq«iva3ent  to  the  rectangle  under  PD  and  FG,  or 
under  the  chord  DD',  and  the  half  of  FG.  In  like 
iasimer,  it  n»ay  be  shewn  that  the  rectai^gle  under  FH  and 
FHf  is  ecpAiYAlent  to  the  rectangle  under  th(^  chord  HH^ 
and  the  half  of  FG.  Wherefore  the  rectangles  DFD' 
aed  HFH'  ai!e  as  the  chords  DD'  and  HH'. 

Cor,  U  Hence,  in  the  ellipse  and  hyperbola,  the  rectangle 
under  ihe  transverse  axis  Ao,  an4  any  focal  chord  DD^  is 
equivaknt  to  the  square  of  the  parallel  diameter  lOP. 
Foi:,  dsinoe  the  traiisverse  axis  itself  is  a  focal   chord, 
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Ka  \  Diy : :  AFa :  DFiy ;  but,  by  Prop.  XVIL  cor.  1.,  the 
rectangle  AFa  is  to  DFD^  as  the  square  of  O A  is  to  that 
of  OI»  or  as  the  square  of  ha  to  that  of  11^  Wherefore 
Ao^  :  ir^ : :  Aa :  DD^ : :  Aa* :  Aa.DD,  and  consequently 
Aa.DD'=ir*. 

Cor.  2.  Hence  in  the  ellipse  and  hyperbola  (fig.  35.  and 
36.)  a  diameter  T^  is  to  the  transverse  axis  Aa,  as  the  fo- 
cal chord  Gg  to  the  parameter  of  that  diameter  to  which  it 
is  ordinately applied.  For  T/:  & : :  & :  parameter,  or  &*  = 
T/.  parameter;  but  Ss^sAa.Og,  and  consequently  T/.  pa- 
rameter =s  Aa.Gg,  or  T^ :  Aa : :  Og :  parameter  of  T^. 

PROP.  XXII.    THEOR. 

The  sum  of  the  squares  of  two  conjugate  dia- 
meters in  the  same  ellipse,  and  their  difference  in 
the  same  hyperbola,  is  equivalent  to  a  given 
space. 

1.  In  the  Ellipse* 

Let  SO5  and  TO/  (fig.  90.)  be  two  conjugate  diame* 
ters ;  their  squares  are  together  equivalent  to  the  squares 
of  the  two  axes. 

For  produce  the  conjugate  diameters  to  meet  the  direc* 
trix  in  M  and  P,  join  MF  and  PF,  and  extend  them  to  K 
and  I ;  through  the  focus  draw  FN  and  FX  parallel  to  PO 
and  MO,  and  upon  FO  let  fall  the  perpendiculars  NY  and 
ZX. 

Since  (Prop.  X.  cori  4.)  OM.ON=OT%  and  (Prop.  X. 
cor.  S.)  OM.OK=OA»  =  COF,  therefore  OT«  =  COF— 
OM.KN.  But,  FN  being  parallel  to  PO,  the  angle  KNF 
is  equal  to  MOI5  and  the  angles  at  K  and  at  I  are  both 
right  angles;  whence  the  triangle  KFN  is  similar  to  IMO^ 

8 


•^u 


242  aEOJIETBY  OF  CUEVE3. 

and  consequently  KN  :  FN  :  :  QI :  OM,  and  OM.KNs: 
OLFN  or  lOX.  Wherefore,  by  substitution,  QT*  = 
COF — lOX ;  and  in  the  same  manner,  it  is  proved  that 
OS*  =r  COF— KON.  Now,  the  right-angled  triangles  OIF 
and  OZX  being  evidently  similar,  OF  :  OI : :  OX :  OZ^ 
and  OF.OZ  =  OLOX;  whence  OT*  =  COF— ZOF= 
OF.cz.  For  the  same  reason,  OS's  OF.  CY,  and  c^on* 
scquently  OT*  +  OS*  =  OF  (C?  +  Cy)OF.CF  + 
OF  (CZ+ FY).  Now,  OF.CF  =  OB*,  and  the  trianglea 
OYN  and  FZX  being  evidently  equal,  the  segments  FZ 
and  FY  are  together  eqqal  to  the  whole  diagonal  OF,  and 
hence  OF  (CZ+FY)  =  OF.OC  =  OA*;     Wherefore 

2.  In  the  Hyperboluf 

I^etT(fig.  91.)  be  any  point  in  the  ciirve^  irom  which 
OT  is  drawn  to  thq^centre,  and  the  tangent  G,  TE  to  the 
asymptotes;  G£  was  shown  (XVIII.  cor.  I.)  to  be  equal 
to  the  imaginary  or  secondary  conjugate  diameter,  and 
the  difference  between  its  square  and  that  of  twice  OC  re- 
mains the  same  in  every  position. 

For  the  same  construction  being  employed  as  before, 
only  changing  the  position  of  the  lines,  it  is  obvious  that 
OT*=:OMi©N=OM.OK+OM.KN.  But  the  right-an- 
l^ed  triangles  OCM  and  OIM  are  similar  to  OKF  and 
NKF,  and  therefore  OM  :  OC  :  :  OF  :OK,  and  OM :  OI 
: :  FN  :  KN  ;  consequently  OM.OK  ^  OF.OC,  and 
OM.KN=OI.FN.  But  the  right-angled  triangles  OIF 
and  FYN  being  similar,  OI  :  OF  :  :  FY  :  FN,  and 
OI.FN  =  OF.FY= OF.OZ.  Whence,  by  substitution, 
OT*=r  OF.OC +OF.OZ zrOiF.cz.  In  like  manner,  it 
may  be  proved  that  OS*=:OF.CY,  wherefore  OT*— 0S»= 
OF(CZ— CY)  =s  OF(OC^CF)*  =  OF.OC-OF.CFs 
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OA»~OB*;  and  oonsequeiuly  OT*~OS*=OA»— OB'*, 
And  theace  T^— Ss»  =r  fio'—Wb*. 

Car*  i:  Hence,  in  an  equilateral  hypbrbota  which  cor- 
respondb  to  the  circle,  since  the  axes  are  equal,  any  con- 
jugate diameters  must  idso  be  constantly  equal.  This  ap- 
pears likewise  from  the  inspection  of  fig.  58.;  for  thetrian- 
gle  QOf  being  right-angled,  the  middle  point  T  of  Qg  is 
the  centre  of  a  semicircle  described  on  that  base,  and 
consequently  the  radius  TO  =  TQ ;  but  TQ  19  equal  to 
die  semidiameter  which  is  secondary  or  conjugate  to  OT« 

Cer.  2.  Hence  in  the  ellipse,  the  squares  of  the  sum 
and  of  the  difference  of  two  conjugate  diameters  are  toge- 
ther constant  in  the  same  curve.  For,  it  is  evident  from 
IL  18.  EL,  that  the  squares  of  the  sum  and  of  the  di& 
fierenee  of  any  two  lines  are  equivalent  to  twice  their 
squares* 

PROP.  XXIII.    THEOR. 

If  two  tangents  applied  at  the  extremities  of  a 
diameter  meet  an  oblique  tangent,  their  rectangle 
is  equivalent  to  the  square  of  a  parallel  semidiame- 
ter ;  and  the  rectangle  under  the  segc^nts  of  this 
third  tangent  at  its  point  of  contact,  is  equivalent 
to  the  square  of  a  semidiameter  drawn  parallel  to 
it- 

Let  (fig.  52.  and  55.)  AB  and  CD  be  two  tangents  ap- 
plied at  the  extremities  of  the  diameter  AC,  and  h'mited 
by  a  third  tangent  BED ;  and,  if  OG  and  OL  be  drawn 
from  the  centre  parallel  to  AB  or  CD  and  BD,  then  wil| 
AB.CD=OG*  and  BE.ED=OL*. 

For  produce  the  diameter  AC  and  the  tangent  BD  tm 
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meet  in  T;  also  produce  OG  to  Hy  and  draw  EI,  EK  pa^ 
rallel  to  AC  and  AB.  From  the  property  of  parallel  and 
diverging  Unes,  AT  :  AB  :  :  TK  :  KE  :  :  TO :  OH  : : 
TC  :  CD.  And  consequently  (V.  22.  El.)  AT*  :  AB> : : 
AT.TC  :  AB.CD : :  KT.TO :  KE.OH ;  but  (Prop.  XX. 
cor.  2.)  AT.TC  =  KT.TO,  and  therefore  AB.CD= 
KE.OH  or  OLOH.  Now  (Prop.  XX.)  OI,  OG  and  OH 
being  continued  proportionals  OI.OH=OG*,  and  hence 
AB.CD=OG'.  Again,  because  the  tangents  CD  and 
ED  are  parallel  to  the  semidiameters  OG  and  OL,  there- 
fore (Prop.  XVII.  cor.  2.)  CD* :  ED*  :  :OG*  :  OL* ;  but 
the  lines  TC  and  TD  being  divided  similarly  by  the  several 
parallels,  and  OK,  OA  and  OT  being  proportionals,  it 
follows  that  HE,  HB  and  HT  are  likewise  in  continued 
proportion  ;  and  hence  AB :  CD : :  Bt* :  TD : :  BE :  ED, 
and  (V.  25.  cor.  2.)  AB.CD  :  CD*  ::  BE.ED  :  ED* :  or 
alternately  AB.CD  :  BE.ED  . :  CD*  :  ED*.  Wherefore 
AB.CD  :  BE.ED : :  OG* :  OL*,  and  since  it  was  proved 
that  AB.CD =OGS  therefore  BE.ED=OL*. 

Cor.  Hence  TE.EH = 0L».  For  TD  :  ED : :  TB :  BE, 
whence  TD  :  ED  : :  DB  or  2BH  :  2EH  :  :  BH  :  EH, 
or  by  division,  TE  :  ED  :  :  BE  :  EH,  and  therefore 
BE.EDorOL*=TE.EH. 

PROP.  XXIV.    THEOR. 

The  rhomboid  which  circumscribes  a  given  line 
of  the  second  order,  contains  a  given  space. 

Let  DE  and  GH  (fig.  54.  and  57.)  be  conjugate  diame- 
ters, and  KI,  LM,  and  KL,  IM  tangents  applied  at  their 
extremities,  and  which  will  evidently  form  a  parallelogram ; 
this  figure  IKLM  is  equivalent  to  the  rectangle  under  the 
two  axes  Aa  and  Bb. 
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For,  in  figures  35.  and  S6.,  from  the  properties  alrea- 
dy demonstrated,  and  from  those  of  parallel  and  diverging 
lines,  it  is  evident  that  MO  :  MN : :  MI :  MF : :  01 :  OX 
: :  OI.OP  or  OA*  :  OX.OP  or  OS* ;  and  again  MO :  MN 
:  :  MI  :  MF :  :  MI.IF  or  IL* :  MF.IF  or  OF.FC,  that 
is,  OB*.  Wherefore,  by  identity  of  ratios,  OA*  :  OS*  :  : 
IL'  :  OB%  and  consequently  OA  :  OS  :  :  IL  :  OB; 
whence  the  rectangle  under  the  semiaxes  OA  and  OB  is 
equivalent  to  the  rectangle  under  the  semidiametcr  OS 
and  the  perpendicular  IL,  which  is  obviously  the  area  of 
the  rhomboid  TS.  Whence  the  whole  circumscribing 
rhomboid,  being  the  quadruple  of  this,  must  contain  a 
«pace  equivalent  to  the  rectangle  under  both  the  axes  Aa 
and  B6. 

Cor.  Hence  the  inscribed  rhomboid  formed  by  joining 
the  extremities  of  the  two  axes  is  equal  to  half  their  rect* 
angles. 

PROP.  XXV.    THEOR. 

In  the  ellipse  and  hyperbola,  the  rectangle  un- 
der perpendiculars  let  fall  from  the  foci  upon  any 
tangent  to  the  curve,  is  equivalent  to  the  square    > 
of  the  semiconjugate  axis  ;  and  the  rectangle  un-  "^^j 

der  straight  lines  which  join  the  foci  with  the 
point  of  contact,  is  equivalent  to  the  square  of  a 
semidiameter  drawn  parallel  to  the  tangent. 

Let  (fig.  53.  and  56.)  DCE  be  a  tangent  to  the  curve, 
FD  and  y* E  perpendiculars  let  fall  upon  it  from  the  two 
foci,  FC  and  fC  straight  lines  drawn  likewise  from  them 
to  the  point  of  contact,  OI  a  semidiameter  parallel  to  DE, 
and  OB  the  semiconjugate  axis;  then  will  FD/£=:OB', 
and  FC/C=OP. 
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For  join  OD»  OC,  OE,  and  produce  FD  to  mciet/Q  and 
0£  in  the  pToints  G  and  H»  Becfituise  the  exterior  angle 
FOG  k  bisected  by  the  t^A^ent^'the  right  angled  4;rianglefc»  / 
CDF  aiid  CDGv  having  the  dti^e  FCDisGCD,  and  the 
aide  CD  common^  it^  equal;  wh^tefore  GCri^FC,  and 
/C=fc;GC3:/C=fc:FC.  But  the  transvCTse  aitis  Aa  is  e- 
quftl  to/C+FG  inthe  ellipse^  and  to/C— FC  in  the  hy^ 
perbola ;  whj^nce  OD9  as  it  bisects  F6  and  Ff,  is  equal  to 
the  half  of  Aa  or  to  OA»  and  consequently  the  point  D 
lies  in  the  circumference  of  a  isircle  described  upon  the 
tradsvenie  axis.  In  like  J(kiauuer,  it  is  shiewn  that  the  poiiit 
£  lies  in  the  same  circle.  Next,  the  triangles  OHF  and 
OE^  having  their  vertical  angles  at  O  eqdal,  the  angle 
OFH  equal  to  the  alternate  angle  Q/*E,  and  the  side  OF 
equal  to  Ofj  are  equal,  (L  21.  El.),  and  therefore  OH  is 
equal  to  OE,  and  the  point  H  lies  in  the  same  circnmfe« 
rence.  But  from  the  property  of  the  circle,  the  rectangle 
under  FD  and  FH  orjTE  is  equivalent  to  the  rectangle 
under  AFand  Fa,  that  is,  (Prop.  6.  cor.  3.)  to  the  square 
OB.  Again,  since  Aa=r/C=t=FC,  therefore (11. 15.  and  16. 
El.)  Afl*  ==/C*  +  FC*±2FC/C;  but  (II.  22.  EL)/C*+ 
FC'=20C*+20F*,ttndconsequently20A*:rOC»+OF» 
=t:FC/C.^  Now  (Prop.  22.)  O A*=i=OB»  :^  OC*=fcOI% 
and  adding  OF*  to  both,  20A*  =  OC*  +  OF»dbOP, 
whence  FC/CsOP. 

Cor.  1.  Hence  if  a  perpendicular  ON  (fig.  53.  and  56.) 
beiet  fall  from  the  centre  upon  a  tangent,  OA  :  ON  :  : 
01 :  OB.  For  from  similar  triangles,  FC :  FD  :  :/C  :/E, 
and  (V.  19.  El.)  FC :  FD  :  :/C=i=FC  or  20A  :/E=±:FD 
Otr  2ON;  but  by  composition  of  ratios,  FC* :  FD*  :  FC/C 
or  01* :  FD/E  or  OB*,  and  consequently  OA*  :  ON* : : 
OP  :OBs  or  OA:ON::Ol!OB. 
;     Cor.  2.  Hence  also  FC  :  FD : :  01 :  OB.    For,  by  the 
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precxiiSetig  «i¥ottAr^,  FC*  :  Fl>* : :  FC/C  or  01*  :  FD/E, 
or  OB^ 

Ckft,^  S.  Hetiete  in  the  ^ipse  (fig.  5S.)  if  a  perpcndicul&^ 
CA^  tit  the  ebnt^t  of  a  faligetfty  aitd  whigh  is  sometimes 
ralt^  A  iiofittdli  be  pK)daced  to  meet  the  conjiigate  axis  in 
r ;  thto  \#ifl  O A*  :  OB»  .• :  Cr :  Ctt.  For  apply  the  ordl- 
Bftte  CP  to  tfatt  transteiHie  oxis)  and  sbice  CR  evidently  b?- 
9kcXM  the  angle  FQ/;  it  follows  ihat  FC  is  to  FR  as  /C  to 
/B,  or  aa  FC+/C  or  Aa  to  FR+/R  Or  F/;  whence 
OA>  :  OF*  :/C»— FCS  or /P'—FP*  :/R*— FR»,  or 
OA* :  OF»  t :  OF.OP :  OF.OR : :  OP :  OR;  but  OP:  OR :: 
Cr :  rR,  and  consequetitly  OA*  :  OF*  :  :  Cr  :  rR,  or 
OA*:OB*::Cf :  RC* 

PROP.  XXVI.    THEOR. 

In  the  ellipse  the  rectangle  under  a  straight  line 
drawn  from  the  focus  to  the  curve,  and  the  semi- 
ti'ansverse  axis  increased  or  diminished  by  the  in- 
ternal or  external  portion  intercepted  between 
the  fdcus  and  a  perpendicular  let  fall  upon  it  from 
the  ccfntre,  is  equivalent  to  the  square  of  the  se- 
miconjugate. 

Upon  a  straight  line  FD  or  FJ  (fig.  62.)  drawn  fiDm 
the  focus  to  the  curve,  let  fall  the  perpendicular  OH  from 
the  centre  irrtercepting  a  segment  FH)  then,  Aa  and  B6 
being  the  two  axes,  FD  (OA  +  FH)  =  OB*  or  F^ 
(OA— FH)=OB\ 

For  let  CE  be  the  directrix,  produce  the  axis  Aa  to 
tneet  it,  and  draw  D£  or  de  parallel  to  OC,  and  DO  or 
dg  parallel  to  CE.  The  right-angled  triangles  DF6,  or 
c^Fg,  and  OFH  being  evidently  similar,  FD  :  FG,  or 
Fd  :  F^  :  :  OF  :  FH,  and  hence  (V.  6.  El.)  FD.FH= 
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OF.F6,  or  FJ*FH=Fg.OF.  Bat,  from  the  nature  of 
the  curve,  FD  :  DE  or  CG,  or  Fd :  C^  : :  OF :  OA,  and 
consequently  FD.OA  =  OF.CG,  or  Fd.OA  =  Cg.OF. 
wherefore,  by  combining  these  equivalent  rectangles^ 
FD.OA+FD.FH  =  OF.Cg  +  OF.FG,  and  Fd.OA— 
FD.FH=  OF.Cg  — OF.F^,  that  is,  FD(OA+FH)= 
OF  (CG  +  FG)  =  OF.CF,  or  Frf  (OA  —  FH)  = 
OF  (Cg  —  Fg)  =  OF.CF.  Now  (Prop.  VI.  cor.  S* 
OF.CF:;=  AF.Fa=OBS  and  hence  FD  (OA+FH)=OB* 
=:Fd(OA— FH). 

.  Car.  1.  It  is  evident  that  the  same  property  might  be 
extended  to  the  hyperbola.  But.  in  this  case  the  rectangle 
under  FD,  and  the  excess  of  OA  above  FH,  is  equivalent 
to  the  square  of  the  secondary  semiaxis,  or  to  the  excess 
of  the  eccentricity  above  that  of  the  semihransverse.  As 
the  line  from  the  focus  approaches  to  a  parallelism  with 
the  asymptote,  FH  becomes  nearer  equal  to  OA,  and 
consequently  FD  tends  towards  indefinite  Extension. 

Cot\  2.  Hence  in  the  parabola  (fig.  66.)  if,  from  the 
point  C  in  the  directrix,  a  perpendicular  CI  be  let  fall  up- 
on FD}  then  will  FD  (CF+FI)=CF%  or  Fd  (CF— FI) 
=  CF*.  For  the  triangles  CFI,  and  DFG,  or  dFg,  being 
similar,  CF  :  FI :  :  FD  :  FG,  or  Fd  :  Fg,  and  therefore 
CF.FG  =  FD.FI,  or  CG.FI,  and  CF.F^  =  Fd.FI,  or 
Cg.FI ;  with  each  of  these  conjoin  CF.CG  or  CF.C^iand 
CF'=FD  (CF+FI),  or  CF*=:Fd  (CF— FI). 

Scholium.  This  proposition  is  of  singular  use  in  astrono- 
my. The  semitransverse  axis  OA  (fig.  62.)  being  express- 
ed  by  unit,  let  the  ^miconjugate  be  denoted  by  £,  the  ec- 
centricity OF  by  f,  the  radius  vector  FD  by  r,  and  the  true 
anomaly,  or  the  angle  AFD,  by  ^ ;  then  FH=f  cosf,  and 

1 I* 

it's !—•*;?;•(  1+1  cos  (p)^  and  consequently  r=YjL a* 
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For  the  oometary  motions,  the  parabola  may  be  assum- 
ed  with  8u£Scient  accuracy.     In  this  case,  let  the  parame- 

ter  of  the  axis  be  denominated  by/?,  and  t  =^(2  +2  ^^*^)> 

orp*=zr{2p+2pcos<i>);  whencer=|(^  ^  cq5»)' 

These  expressions  are  easily  expanded  into  infinite  se* 
ries,  in  which  again  the  powers  of  cos  ^  may,  by  the  appli- 
cation of  the  arithmetic  of  sines,  be  changed  into  the  co- 
sines or  sines  of  multiple  arcs. 


PROP.  XXVII.    THEOR. 

If  one  of  the  asymptotes  of  an  hyperbola  be  di- 
vided into  segments  in  continued  proportion,  by 
parallels  to  the  other  asymptote,  straight  lines 
drawn  from  the  centre  to  the  point  where  these 
meet  the  curve,  will  contain  equal  sectors. 

In  the  asymptote  OI  (fig.  61.)  of  an  hyperbola,  let  dis- 
tances from  the  centre  be  assumed,  such  that  OA  is  to  OB^ 
as  OB  to  OC ;  and,  from  the  points  of  division,  draw  AD^ 
BE  and  CF  parallel  to  the  other  asymptote  OL,  and  meet- 
ing  the  curve  in  D,  E  and  F  ^  then  if,  from  the  centre,  the 
radiating  lines  OD,  0£,  and  OF  be  drawn,  they  will  form 
the  sector  DOE  equivalent  to  EOF. 

For,  at  the  middle  point  E,  apply  a  tangent  to  the  curve» 
and  join  the  points  D  and  F  by  a  chord,  extending  both 
these  lines  to  meet  the  asymptotes  in  H,K  and  I,L ;  and 
produce  the  radiating  line  OE  to  meet  the  chord  DF  in 
G.  From  the  property  of  the  asymptotes^  the  intercept* 
ed  portion  EK  is  equal  to  EH,  and  DL  to  FI ;  whence 
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{Yl.  h  £1.)  the  cdrrespohding  segment  OB  is  eqati  to 
BH,  and  OA  to  CI.  AgaiA,  the  parallels  AD>  BE  And  Cf 
are  (Prop.  XVIII.  cor.  3.)  reciprocally  as  the  distances 
OA,  OB  and  OG  fVom  the  centime,  and  consequently  CF 
is  to  BE  as  OB  to  OC,  or  as  OA  to  OB  j  that  is,  CF  is 
to  BE|  as  CI  to  BH,  or  alternately  CF  is  to  CI,  as  BE  to 
BH;  wherefore  the  triangles  £BH  and  FCI,  having  the 
sides  about  th^  equal  angles  at  B  and  C  thus  proportional, 
are  similar;  and  hence  the  angle  BHE  is  equal  to  CIF, 
and  the  tangent  HEK  is  (I.  22.  El.)  parallel  to  IGL. 
Consequently,  the  diameter  OE  bisects  the  chord  DF,  and 
therefore  the  curve  space  DEFD,  which  may  be  made  up 
of  these  chords  ;  taking  away,  therefore,  the  equal  spaces 
EDO  and  EFG  from  the  equal  (XL  2.  El.)  triangles  ODG 
and  OFG,  th^re  rettmift^  the  i^ctdir  DOE  equal  to  EOF. 

Car.  1.  Haioe  0M  iff  fb6  at^mptot^  of  an  hyperbola 
being  divided  intd  (^trtimied  prd^rtioii,  straight  lines 
drav^n  froiti  the  points  of  section  parallel  to  the  other 
asymptotci  will  contain  equal  spaces  without  the  curve. 
For  since  (Prop.  XVIII.  cor.  3.)  the  rhomboid  OADM 
i^  ^uival^nt  to  OBEN,  and  they  are  bisected  by  their  dia- 
gonals OD  and  OE^  it  is  evident,  that  the  two  triangles 
Ot>M  and  OEB  are  together  equivalent  to  OADM,  con- 
sequently taking  these  severally  away  from  the  mixtilineal 
sfiace  OBEDM,  there  remains  the  sector  ODE  equivalent 
to  the  space  ABED.  In  Ihe  same  manner,  it  is  shown, 
that  the  sector  OEF  is  equivalent  to  BCFE,  and,  conse^ 
quently^  the  successive  spaces  ABED  and  BCFE  are  equi- 
valeht. 

Cor.  2i  Hence,  from  the  nature  of  logarithms,  the  sec- 
tors ODE,  ODF,  &c.  or  the  collective  spaces  ADEB, 
ADEFC,  &c.  will  represent  the  logarithms  of  the  ratios  of 
O A  to  OB^  to  OC,  &c  s  and,  if  OA  denote  the  unit  of  the 
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arkhsietiGftl  scalei  the  sector  ODEi  or  the  space  ADEB, 
will  express  the  logarithm  of  OB  on  any  logarithmic  sys- 
tem depending  on  the  angle  of  the  asymptotes. 


DEFINITION- 

SO.  A  circk  is  said  to  osculate  a  curve^  when  no  other  circle 
can  be  made  to  pass  between  it  and  the  curve. 

This  species  of  contact  of  a  circle  with  a  curve  is  evi- 
dently closer  than  that  of  a  mere  straight  line  touching  it 
As  the  tangent  is  the  limit  of  a  secant,  or  the  position  to 
which  a  straight  line,  joining  two  adjacent  points  in  the 
carve,  continually  approximates  as  these  are  brought  near- 
er \  so  the  osadating  or  equicurve  circle  is  the  limit  towbich 
a  circle,  described  through  three  adjacent  points  in  the. 
curve,  continually  approaches  as  their  mutual  interval  con- 
tracts. While  the  tangent  thus  indicates  the  final  direc- 
tion oitwo  contiguous  points,  the  circle  marks  the  ultimate 
arrangement  of  three  points  which  are  about  to  coalesce. 
The  osculating  circle  may  therefore  be  derived,  either  from 
the  consideration  of  three  approximating  points,  or  from 
that  of  a  tangent  combined  with  a  point  mei|;ing  the  same 
contact. 


PROP.  XXVIII.    THEOR. 

An  equicurve  circle  intercepts  from  a  diameter 
passing  through  the  point  of  osculation,  ^  segment 
equal  to  the  parameter  of  that  diameter. 
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Let  (fig.  65.  63.  and  64.)  a  circle  oscalate  the  canre  at 
tlie  point  C ;  it  will  cut  off  from  the  diameter  drawn  thro' 
that  point,  a  chord  CE,  which  is  equal  to  the  parameter  of 
that  diameter. 

For  assume  a  point  J9  near  the  vertex  of  the  diameter 
Cci  to  which  apply  the  double  ordinate  mprii  and  through 
the  three  points  m^  C  and  n  describe  a  circle  cutting  Cc  in 
£.     In  the  point,  the  ellipse  and  hyperbola  (fig.  65.  and 
63.)  by  Prop.  XI.  the  diameter  Ccis  to  its  parameterOE, 
as  the  rectangle  Cp.pc  to  the  rectangle  mp.pn.    But,  from 
the  property  of  the  circle,  the  rectangle  mp.pn  is  equiva- 
lent  to  the  rectangle  Cp.pe,     Wherefore  C^  is  to  CE,  as 
the  rectangle  Cppc  to  the  rectangle  Cp.pe,  or  (V.  25. 
cor.  2.)  aapc  tope^  and  alternately  Cc?  is  to^,  as  CE  to 
pe ;  but  the  ratio  of  Cc  to  pc  approaches  to  equality,  the 
nearer  the  point  p  is  taken  to  C,  and  therefore  the  ratio 
CE  tope  approximates  continually  to  that  of  equality;  or 
the  point  E  is  the  ultimate  limit  of  ^,  and  the  parameter 
CE  is  consequently  the  intercepted  chord  of  the  oscula- 
ting circle. 

In  the  parabola  (fig.  64.)  the  rectangle  under  absciss  Cp 
and  the  parameter  CE  is  equivalent  to  the  square  of  mp 
or  to  the  rectangle  under  mp  and^n,  that  is,  from  the  pro- 
perty of  the  circle,  the  rectangle  under  Cp  and  pe  /  conse- 
quently pe  is  equal  to  CE,  or  the  portion  of  the  diameter 
intercepted  by  the  equicurve  circle  is  ultimately  equal  to  its 
parameter. 

Cor.  1.  Hence  in  the  ellipse  and  hyperbola,  the  square 
of  a  semiconjugate  OD  to  the  diameter  COc  passing 
through  the  point  of  osculation,  is  equivalent  to  the  rect- 
angle under  a  perpendicular  CK,  let  fall  from  that  point 
on  the  conjugate  and  CH  the  radius  of  curvature. 
For  having  drawn  the  diameter  CHI  of  the  equicurve 
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circle,  from  its  centre  H  ]et  fall  th6  perpendicular  HG  up- 
on the  chord  CE ;  and,  since  this  circle  and  the  curve  have 
the  same  tangent  at  C,  it  is  evident  that  CHI  must  be  per* 
pendicular  to  that  tangent  or  to  the  parallel  diameter 
DO^  and  that  the  perpendicular  HG  will  bisect  the  chord 
CE  in  the  point  G.  Now,  the  right-angled  triangles  CGH 
and  CKO  being  evidently  similar,  CG  :  CH :  :.CK ;  CO, 
and  since  Cc  :  Dd  : :  Dd  :  CE  or  CO  :  OD  :  :  OD  :  CG, 
so  CG.CO  or  OD»=CK.CH. 

Cot.  2.  Hence  in  the  ellipse  and  hyperbola,  (fig.  ^S.  and 
63.)  the  semicoigugate  OD  of  the  diameter  passing  through 
the  point  of  osculation,  is  to  the  radius  CH  of  curvature, 
as  the  rectangle  under  the  semiaxes  OA  and  OB,  to  the 
square  of  that  semiconjugate  OD.  For  (V.  25.  cor.  2.)  OD 
:  CH  : :  OD.CK  :  CH.CKi  but  (Prop.  XXV.)  OD.CK 
=OA.OB,  and  by  the  last  corollary,  CH.CK=OD*; 
whence  OD  :  CH  :  :  OA.OB  :  OD*. 

Car.  S.  In  the  same  ellipse  or  hyperbola,  the  radius  of 
curvature  is  proportional  to  the  third  power  of  the  dilime- 
ter  which  is  conjugate  to  the  one  passing  through  the  point 
of  osculation.  For  the  several  lines  in  the  last  analogy 
being  expressed  numerically,  it  follows  (V.  6.  EI.)  that 
CH  (OA.OB)=OD3i  but  the  axes  being  constant,  CH 
must  be  proportional  to  OD^  or  D(^. 

Cot*  4<«  Hence  in  the  parabola  (fig.  64^.)  the  parameter 
of  the  axis  is  to  the  normal  CP  at  the  point  of  osculation, 
as  the  parameter  of  the  diameter  at  that  point  to  the  radius 
of  curvature.  For  [the  right-angled  triangles  CLP  and 
CGH  being  obviously  similar,  PL  :  CP  :  :  CG  :  CH,  or 
2PL  :  CP :  :  2CG  or  CE  :  CH ;  but  CE  is  the  parame- 
ter of  the  diameter  passing  through  C,  and  since  (VI.  15. 
cor.  El.)  CL*  =  TL.LP  or  2AL.LP,  it  is  evident  that 
2  PL  is  the  parameter  of  the  axis. 


35^  CXaMETBY  OF  CVKfES. 

PROP.  jptlX.    PROB- 

Given  a  portion  of  a  Line  of  the  Second  Or- 
der, to  find  the  axis  and  foci. 

I^et  kAP  (fig.  67.)  t^e  the  portion  of  a  curvej  w^qse  axis 
and  foci  are  to  be  determined. 

Assume  in  the  curve  any  two  points  C  and  D,  and  draw 
the  parallel  chords  Cc  and  Dd^  which  bisect  in  I  and  H 
by  the  straight  line  K^.  Again,  take  olher  two  points 
E  and  Gg,  and  draw  the  parallel  chords  £^  and  Gg^  which 
bisect  likewise  by  the  straight  line  Nn.  These  straight 
lines  Kk  and^N;}  must  evidently  be  diameters,  and  they 
will  run  parallel  to  each  other  in  the  case  of  th^  pajra- 
bola,  will  converge  in  that  of  the  ellipse,  and  diverge 
in  thai  of  the  hyperbola.  In  these  two  last  cases,  the  in- 
terse.ction  of  the  diameters,  K^  and  Ntz,  will  assign  the  cen- 
tre C  of  the  curve.  Next,  take  any  point  P  in  the  curve, 
and  from  the  centre,  with  the  radius  OP,  describe  a  circle 
meeting  the  curve  again  in  p,  join  the  chord  Pp,  and  bisect 
it  at  right  angles  by  Aa,  which  is  obviously  the  transverse 
axis,  B6  perpendicular  to  it  being  the  conjugate,  and  the 
foci  F  andybeing  determined  by  the  intersection  of  a  circle 
described  from  B  with  the  radius  OA.  But  in  the  hyper- 
bola, the  imaginary  or  secondary  axis  Bb'  is  found  from 
the  analogy  AQ.Qa :  QP' : :  A^  :  B6'^,  and  the  foci  found 
by  making  OF  or  O/* equal  to  the  hypotenuse  AB. 

In  the  case  of  the  parabola  (fig.  68.)  assuming  any  point 
II  in  the  curves  let  fall  on  the  diameter  KIH,  a  perpendi- 
cular RX,  and  bisect  it  at  right  angles  by  the  straight  line 
AV,  which  is  consequently  the  axis ;  join  the  vertex  A 
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with  the  point  R,  and  draw  the  perpendicular  RSj  meet-; 
ing  the  axis  in  S;  and  becwse  ARS  is  right-^angtedy. 
5LV»?=AV.VS;  but  (Prop.  VIII.)  RV»  =?  A V.parawetcr, 
so  tjie  segment  VS  is  equal  to  the  parameter  of  the  vaxisj 
and  the  fourth  part  of  it  therefore  gives  the  focal  distance 
AF. 

PROP.  XXX.     PROB. 

Given  two  conjugate  dianaeters  of  an  ellipse  or 
-hyperbola  to  determine  the  curve. 

Let  OC  and  CD  (fig.  69.  and  70.)  be  two  semidiame- 
ters  which  are  conjugate ;  it  is  required  to  find  the  axes 
and  foci* 

ANALYSIS. 
Let  Aa  and  Bb  be  the  two  axes  required,  and  at  Q  the 
vertex  of  the  semidiameter  OC,  apply  atangent,  and  pro- 
difce  it  to  meet  those  axes  in  the  points  I  and  K ;  on  IK 
describe  a  circle,  wliich  (III.  22.  El.)  will  pass  through  O, 
and  again  meet  OC  in  £,  and  bisect  OE  by  the  perpendi- 
cular H6.  From  the  property  of  the  circle,  OC.C£=r 
IC.CK;  but  the  tangent  to  the  curve  at  Chas  (Prop.  XIX. 
cor.)  the  rectangle  under  its  segments  IC,  CK,  intercepted 
by,  the  axes,  equivalent  to  the  square  of  the  parallel  diameter 
OD,  and  consequently  OC.CE=OD',  and  CE  is  thus  a 
third  proportional  to  the  semidiameters  OC  and  OD,  or  is 
equal  to  half  the  parameter  of  the  diameter  COc.  Where- 
fore the  point  E  is  given,  and  consequently  the  perpendi- 
cular GH  which  bisects  OE  and  its  concourse  H  with  the 
^  tangent,  are  given  ;  the  circle  described  from  this  point  H 
as  a  centre,  is  therefore  given,  and  also  its  intersections  I 
and  K  with  the  tangent.    The  chords  OI  and  OK  are 
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thence  giveii}  and  being  contained  in  a  semicircle,  they  ate 
mntually  at  right  angles,  and  therefore  mark  the  position 
of  the  two  axes.  From  C  draw  CL  and  CM  parallel  to  OK 
and  OI;  the  semitransverse  axis  O A,  being  (Prop.  XX, 
cor.  2.)  a  mean  proportional  between  OL  and  OI,  is  gi- 
ven ;  and  so  is  the  semiconjugate  axis  OB,  being  a  mean 
proportional  between  OM  and  OK. 

COMPOSITION. 

Make  OC  to  OD  as  OD  to  the  semiparameter  of  the 
diameter  COc,  and  place  this  third  proportional  from  C, 
either  in  the  opposite  (fig.  69.)  or  in  the  same  (fig.  70.) 
direction  with  the  centre  O ;  bisect  OE  by  the  perpendi- 
cular GH,  which  produce  to  meet  the  straight  line  ICK 
drawn  parallel  to  OD  ;  from  H,  with  the  radius  HO,  de- 
scribe a  circle  cutting  ICK  in  the  points  I  and  K!;  join  OI 
and  OK,  and  let  fall  upon  them  the  perpendiculars  CL 
and  CM;  between  OL,  OI  and  OM,  OK,  find  (VI.  16. 
£1.)  the  mean  proportionals  OA  and  AB :  these  are  the 
semiaxes  required. 

For  IC.CK=  (III.  S2.  El.)  CO.CE  =  OD%  and  the 
oblique  line  ICK,  being  parallel  to  OD,  is  a  tangent  to  the 
curve,  and  consequently  intersects  the  axes  in  I  and  K. 
But  OA  is  one  of  the  semiaxes,  because,  by  construction, 
OA'=OL.OI;  and  for  a  like  reason,  OB  is  the  other  se- 
miaxis. 

But  two  Conjugate  diameters  being  given,  the  curve  may 
be  traced  by  a  succession  of  points  from  another  investiga- 
tion, which  will  afibrd  also  a  very  commodious  mechanicitl 
construction. 
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1.  In  the  BlUpse. 

ANALYSIS- 

t>*nsm  D  (fig.  72.  and  73.)  the  verttx  of  the  longer  se- 
inidiaDieter»  let  fidl  upon  the  other  aemidiameter  the  per- 
peodlciilar  DE,  on  which  take  DP,  either  within  (fig.  7S.) 
or  without  (fig.  72.)  it»  equal  to  this  shorter  temidiameter 
OC»  and  join  OP  with  the  centre ;  in  the  diameter  HOd 
assume  any  point  I»  through  which  draw  GIH  parallel  to 
OCf  and  meeting  the  curve  in  the  points  O9  H»  and 
draw  IKL  parallel  to  D£»  intersecting  OP  and  OC  in 
R  and  L«  and  join  GKf  which  produce  to  meet  OC  in 
M.  Because  (Prop.  XIX.)  OD'  :  DUd  or  OD»-^OP 
: :  00  :  IG*>  and  the  diverging  lines  CD  and  OP  are  cut 
proportionally  to  the  transverse  parallels  DP  and  IK9 
therefor^  DP*  :  DP*— IK»  :  :  OC* :  1G»  j  but,  by  con- 
struction, DP  =:  OC,  or  DP*  s  OC*,  and  consequently 
DPi^IK*  =  IG»,  or  IG»  +  IK»=DP».  Now  IK  being 
parallel  to  D£,  which  is  perpendicular  to  CE  or  to  GIH9 
the  triangle  GIK  is  right  an^ed,  and  therefore  (11.10.  £1.) 
IG*  +  IK*=GK*  =  OC» ;  whence  GK,  being  thus  equal 
to  the  shorter  semidiameter,  is  given.  Again,  from  the 
property  of  parallel  and  diverging  lines,  DP  :  PE  :  : 
IK :  KL : :  GK  :  KM ;  but  GK  is  equal  to  DP,  and  there- 
fore  KM  is  equal  to  PE,  that  is,  to  the  diflerence  or  sum 
of  the  perpendicular  DE  and  the  shorter  semidiameter  OC* 
And  since  OP  and  OC  are  both  given  in  position,  the 
point  K  is  given,  and  consequently  M,  and  likewise  G,  a 
p<nnt  in  the  curve. 

COMPOSITION. 

Having  let  fall  the  perpendicular  DE  upon  the  shorter 
diameter^  make  DP  equal  to  the  half  of  it,  and  draw  OP, 
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in  which  take  any  point  K,  and  inflect  KM  equal  to  the 
sum  (fig.  72.)  or  the  diflferenpe  (fig.  73.)  of  DE  and  OC, 
and  in  KM  or  its  extension  make  KG  equal  to  OC ;  then 
will  G  be  a  point  in  the  curre.  For,  parallel  to  DE^  draw 
IKL,  meeting  DOd  in  I,  and  join  GI.  Because  IK :  KL  r : 
DP  or  GK  :  PE  or  KM,  therefore  IG  is  parallel  to  OC, 
and  the  triangle  GIK  right  angled  ;  but  since  OD :  OI : : 
DP  :  IK,  it  follows  that  OD'  :  OD»— OI*  or  Dl.Id :  : 
DP*  or  OC* :  DP*~IK*,  that  is,  GK*-.IK»  or  IGS  and 
alternately  OD* :  OC* : :  Dl.Id  :  IG*;  wherefore  IG  being 
parallel  to  the  diameter  OC,  is  an  ordinate  to  the  curve. 

Scholium.  It  hence  appears,  that  if  the  position  of  OP 
be  determined  by  a  previous  construction,  and  an  inflexi- 
ble line  GKM,  having  its  segments  equal  to  those  of  the 
perpendicular  DPE,  be  turned  about  so  that  the  point  K 
shall  move  along  OP,  and  M  along  OCc,  the  intermediate 
or  extreme  point  G  will  describe  an  ellipse.  The  rectan- 
gular trammel  described  in  the  scholium  to  Proposi- 
tion VIII,  was  therefore  dependant  ou  a  pairticular  cas«  <^ 
this  very  general  construction. 

2.  In  the  Hyperbola* 

ANALYSIS. 

Let  (fig.  75.)  ON  and  OS  be  the  asymptotes,  and,  li- 
mited by  these,  draw  the  tangent  NCP,  which  is  conse- 
quently parallel  to  OD ;  and  its  segments  CN,  and  CP> 
being  each  likewise  equal  to  OD,  are  given  in  position  and 
magnitude ;  wherefore  the  points  N,  P,  and  the  asymptotes 
ON,  OP,  are  given.  Through  C  draw  any  other  straight 
line  QCRS ;  and  the  intercepted  portion  RS,  being  equal 
to  CQ,  is  consequently  given,  and  thence  the  point  &  ia 
the  curve. 
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COMPOSITION. 

Through  C  draw  NCP  parallel  to  OD,  and  make  CN 
and  CP  equal  to  it ;  join  ON  and  OP^  which  will  be  asymp- 
totes to  the  curve }  and  having  drawn  any  straight  line 
QCRSy  make  the  segment  RS  equal  to  CQ;  then  will  R 
be  a  point  in  the  curve^  as  it  is  evident  from  the  property 
•f  the  asymptotes. 


!■   ih*  »   ■■^■MMt»r«»i 
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PROP.  I.    PROB. 

A  line  of  the  second  order  being  given,  to  find 
two  conjugate  diameters  which  shall  contain  a  gi- 
ven angle. 

If  this  angle  be  a  right  angle,  the  conjugate  diameters 
are  evidently  the  two  axes  themselves.  In  any  other  case, 
let  it  be  required  in  the  given  curve  (fig.  79.)  to  discover 
the  equal  conjugate  diameters  Cc  and  Hd. 

ANALYSIS. 

Assume  in  that  curve  any  point  E,  draw  GHE  and  GI^ 
parallel  to  those  diameters,  and  join  OE  and  Oe.  It  is  ob* 
vious  that  GHOI  must  be  a  rhomboid,  having  its  opposite 
sides  equal ;  and  since  the  chords  EG  and  Ge  are  parallel  to 
their  conjugate  diameters  Dd  and  Cc,  they  are  ordinately 
applied,  or  bisected  by  those  diameters.  Whence  EH  is  e- 
qual  to  HG,  which  is  equal  to  OI,  and  again  HO  is  equal 
to  GI  or  to  le,  but  (I.  22.  El.)  the  angle  EHO  is  equal 
to  EG^,  and  consequently  to  the  angle  OI^  ;  where- 
fore (I.  3.  El.)  the  triangles  HOE  and  leO  are  equal,  and 
the  angle  HEO  being  equal  to  lOc,  the  lines  EO  and  O^ 
form  one  straight  line,  which  is  consequently  a  diameter* 
The  points  £  and  e  are  hence  both  given,  and  the  angle 
EG^  being  equal  to  the  opposite  angle  DOC  of  the  rhom- 
boid, the  mutual  inclination  of  the  conjugate  diameters  is 
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given;  wherefore  (III.  16.  El.)  the  locus  of  the  vertex, 
ig  a  given  circle^  and  consequently  the  intersection  G 
of  this  with  the  curve  is  given ;  and  GE,  Ge  being  thus 
given,  the  parallel  diameters  DOd  and  COc  are  likewise 
given. 

COMPOSITION. 

Draw  any  diameter  EO^,  on  which  describe  (III.  23. 
£1.)  a  segment  of  a  circle  containing  an  angle  equal  to  the 
given  inclination  of  the  conjugate  diametersi  and  meet- 
ing the  curve  in  a  point  G,  join  G'E^  Ge^  and  parallel  to 
these  draw  DOdy  COcj  these  are  the  conjugate  diameters 
required.  For  the  angle  DOC  which  they  contain,  is  e* 
vidently  equal  to  EG^  j  and  since  HO  bisects  E^,  it  like- 
wise (VI.  1.  EL)  bisects  GE,  which  is  therefore  ordinate- 
ly  applied  to  CO^r,  and  consequently  DOd^  being  parallel 
to  it,  is  a  conjugate  diameter. 

Scholium.  It  is  obvious  that  the  arc  of  the  circle  will  cut 
the  curve  in  two  points,  except  in  the  case  of  contact,  or 
when  the  diameters  are  equally  inclined  to  the  transverse 
axis.  Conjugate  diameters  forming  a  given  angle  may, 
therefore,  have  in  general  two  distinct  positions. 

In  the  ellipse,  the  angle  contained  by  them  cannot  be 
less  than  the  acute  angle  formed  by  the  chords  joining  the 
extremity  of  the  transverse  axis  with  the  extremities  of  the 
conjugate ;  but  in  the  hyperbola,  no  limitation  exists. 

In  the  parabola,  the  construction  of  the  problem  is  sim- 
pler. The  inclination  of  an  ordinate  to  the  diameter  or 
to  the  axis,  will  in  this  case  represent  the  angle  which 
would  have  been  formed  by  the  conjugate  diameters.  If 
from  the  vertex  of  a  parabola,  therefor^  a  chord  be  drawn 
at  the  (^ven  angle  with  the  axis^  the  diameter  bisecting  it 
it  the  one  required* 
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PROP.  II.     PROB. 

An  ellipse  being  given,  to  find  two  equal  con- 
jugate diameters. 

Let  Coc  and  "DOd  (  fig.  78.)  be  the  required  equal  dia- 
meters  of  an  ellipse. 

ANALYSIS. 

From  A,  one  extremity  of  the  transverse  axis,  draw 
AB  parallel  to  DOdj  meeting  the  curve  in  the  point 
By  and  join  BOb.  Because  equal  diameters  must  evi« 
dently  be  inclined  equally  to  either  axis,  the  angle 
CO  A  or  EOA  is  equal  to  DO  A,  that  is  to  (I.  22.  El.) 
OAE,  and  hence  (I.  10.  El.)  EA  is  equal  to  EO;  but 
AB,  being  parallel  to  the  diameter  HOd^  is  consie- 
quently  bisected  by  its  conjugate  COc  in  E,  and  the 
straight  lines  EA,  EO,  and  EB  are  all  equal.  Where- 
fore the  angle  AOB,  being  thus  contained  in  a  semicircle, 
is  a  right  angle,  ai)d  BOb  is  hence  the  conjugate  axis. 
Join  Ah  ;  and  since  the  angle  OAb  is  evidently  equal  to 
OAB,  it  is  equal  to  AOC,  and  COc  is  parallel  to  Aft.  The 
equal  conjugate  diameters  COc  and  DOrf,  being  there- 
fore parallel  to  the  chords  AB  and  A&,  are  given  in  posi- 
tion. 

COMPOSITION. 

Join  the  extremities  of  the  axes  AOa  and  BOft,  by  the 
straight  lines  AB  and  Aft,  parallel  to  which  draw  the  dia- 
meters COf  and  DOrf;  these  are  equal  and  conjugate. 
For  the  angle  EOA  being  equal  to  O Aft  or  to  E AO,  conse-  v 
quently  EA  is  equal  to  EO.  Again,  the  angle  EOB  being 
.equal  to  th^  vertical  angle  ftO^  is  equal  to  BOd  or  to 
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EBOy  and  therefore  EO  is  equal  to  £B.  Whence  £A  is 
equal  to  EBj  and  BEA  is  ordinately  applied  to  COer, 
which  is  therefore  conjugate  to  the  parallel  diameter  HOd, 
But  these  diameters  are  likewise  equal)  for  they  are  equally 
inclined  to  both  the  axes. 


PROP.  III.    THEOR. 

Two  tangents  being  applied  to  a  Kne  of  the  se- 
cond order,  if  from  any  point  in  one  of  them  $i 
straight  line  be  drawn  parallel  to  the  other,  the 
portion  of  it  intercepted  by  the  chord  joining  the 
points  of  contact  will  be  a  mean  proportional  to 
its  segments  made  by  the  curve. 

Let  (fig.  59.)  AT  and  BT  be  two  tangents  to  the  curve, 
and  CD'Ed  drawn  parallel  to  AT,  cutting  in  E  the  chord 
AB  which  joins  the  points  of  contact ;  the  intercepted  seg- 
ment CE  is  a  mean  proportional  between  CD  and  Cd. 
For,  from  the  property  of  parallel  and  diverging  lines, 
AT:  BT  :  :  CE  :  BC,  or  AT*  :  BT*  :  :  CE»:  BC> ;  but 
(I.  17.  cor.  2.)  AT*  :  BT*  : :  BCd  :  BC%  and  conse- 
quently CE*  :  BC»  : :  BCd :  BC;  whence  DCd=CE>, 
and  (V.  6.  El.)  CD  :  CE  : :  CE :  Crf. 

Cor.  1.  Hence,  if  a  third  tangent  IHG  be  drawn  paral- 
lel to  AT,  the  segment  HI  will  be  equal  to  HG.  For  the 
points  D  and  d  coalescing  in  I,  it  follows,  that  HI*  =  HG*> 
orHIzzHG. 

Co7\  2.  Hence  in  a  parabola  (fig.  60.),  if  the  tangents 
AT,  BT,  and  the  chord  AB  meet  a  diameter  LQ  id  the 
points  M,  C,  and  N ;  the  segment  ON  will  be  a  mean 
proportional  between  OC  and  OM.    For  from  C  draw 
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CD  parallel  to  the  tangent  AT,  and  meeting  the  produtf* 
tion  of  AB  in  R.  From  the  property  of  parallel  and  di- 
verging lines,  CR  :  AM  :  :  CN  :  NM,  or  CR*  :  AM* : : 
CN'  :NM* ;  but,  since  it  has  been  shown  that  CR'srDCd; 
therefore  DCd :  AM' : :  CN*  :  NM».  Again  (Prop.  XVII^ 
cor.  2.)  DCd  :  AM'  :  :  OC  :  OM,  and  consequently 
OC :  OM : :  CN» :  MN*  j  whence  (V.  26-  El.)  OC :  ON : : 
ON :  OM. 

Cor.  3.  Hence,  in  the  parabola,  (fig.  60.)  if  from  any 
two  points  A,  B,  straight  lines  be  inflected  to  another  point 
K  in  the*  curve,  the  intercepted  portions  OP,  OQ  of  the 
diameter  will  have  a  given  ratio.  For  draw  the  tangent 
KL;  and,  by  the  last  corollary,  BC  and  KL  being  tan- 
gents, OP*=OC.OL ;  and  since  AM  and  KL  are  tan- 
gents, OQ»  =  OM.OL.  Consequently  OP*  :  OQ*  :  : 
OC  :  OM ;  but  the  tangents  AM  and  BC,  and  thence  OC 
and  OM,  are  given^  and  therefore  the  ratio  of  OF*  to 
OQS  and  that  of  OP  to  OQ,  are  likewise  given, 

PROP.  IV.    PROB. 

• 

To  find  the  locus  of  the  concourse  of  two  tan- 
gents applied  at  the  extremities  of  a  chord  or  se- 
cant drawn  through  a  given  point  within  or  with- 
out a  given  line  of  the  second  order. 

Let  A  (fig.  94*,  95,  96  and  97.)  be  a  given  point  throi^ 
which  any  chord  or  secant  ABC  is  drawn ;  it  is  required 
to  find  the  locus  of  the  point  D»  where  the  tangents  at  B 
and  C  meet. 


LIK£8  OF  THE  SECOND  ORDER.  265 

1.  In  the  case  of  the  Parabola. 

ANALYSIS. 

Through  A,  (fig.  94.  and  95.)  draw  AE  parallel  to  the 
uoBf  meeting  the  curve  in.  E,  at  which  point  apply  the 
tangent  EL,  and  parallel  to  this  draw  DG ;  bisect  the 
chord  BC  in  I,  join  DI»  and  draw  EH  parallel  to  BI. 
Because  DI>  drawn  from  the  concourse  of  the  tangents 
BD  land  CD>  bisects  BC,  it  is  a  diameter,  and  conse- 
quently EH  is  an  ordinate  applied  to  it.  Wherefore^ 
(I.  20.  Schol.)  DI,  being  a  subtangent,  is  bisected  at  the 
▼ertex  Kf  or  the  absciss  IK  is  equal  to  KD,  and  HK  to 
KL»  and  hence  the  remainder  IH  is  equal  to  the  exterior 
uegai&it  LD ;  but  the  figures  GDLE  and  EHIA  being 
rbomboidSf  IH  and  LD  are  equal  to  AE  and  EG;  and 
since  AE  is  given,  EG  and  the  point  G  must  also  be  given« 
Whence  GD,  the  locus  of  the  point  D,  being  parallel  to 
the  given  tangent  EF,  is  given  in  position. 

COMPOSITION. 

Parallel  to  the  axis,  draw  AE,  and  produce  it  if  neces- 
sary till  EG  be  equal  to  AE  ;  through  C  draw  GD,  pa- 
rallel to  a  tangent  £L  applied  at  E ;  GD  is  the  locus  re- 
quired. For  join  DB,  DC  and  draw  DI  bisecting  BC 
and  the  parallel  EH.  KI  is  evidently  a  diameter  to  which 
EH  is  an  ordinate  applied  ;  whence  HK  is  equal  to  KL; 
but  by  construction,  AE  is  equal  to  EG,  and  thence  IH 
is  equal  to  LD ;  consequently  IK  is  equal  to  KD,  and  DB 
and  DC  are  both  tangents. 

2.  In  the  case  of  the  Ellipse  or  Hyperbola. 

ANALYSIS. 

Through  the  given  point  A,  draw  the  semidiameter 

OAE,  (fig.  96.  and  97.)  at  £  apply  a  tangent  EL  meeting 

s 
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OD  in  L)  and,  parallel  to  this  tangent,  draw  DG  to  meet 
OE  or  its  extension  in  G.  Because  BD  and  CD  arc  both 
tangents,  OD  (I.  17.  cor.  3.)  must  bisect  in  I  the  chord 
BC,  which  joins  the  point  of  contact,  and  hence  EH  being 
drawn  parallel  to  BC,  will  be  an  ordinate  applied  to  the 
semidiameter  OK.  Wherefore  (I.  20.  cor.  1.)  OI :  OK 
: :  OK  :  OD,  and  OH  :  OK  :  :  OK  :  OL ;  consequently 
(V.  6.  El.)  OK»  =  OI.OD  =  OH.OL,  and  OI  :  OH 
:  :  OL  :  OD.  Now,  from  the  property  of  parallel  and 
diverging  lines,  OI  :  OH  :  :  OA  :  OE,  and  OL  :  OD 
:  :  OE  :  OG ;  whence,  by  identity  of  ratios,  OA  :  OE 
:  :  OE  :  OG.  But  OA  and  OE  being  given,  OG  and  the 
point vG  are  (VI.  3.  EL)  given;  and  since  the  tangent  at 
£Js  given,  the  parallel  GD  is  likewise  given.  Wherefore 
the  loctis  of  the  point  D  of  mutual  concourse  is  a  straight 
line  given  in  position. 

COMPOSITION. 

From  the  centre  O,  draw  through  the  given  point  A 
the  semidiameter  OE,  make  OG  a  third  proportional  to 
O A  and  OE,  at  E  apply  a  tangent  EL,  and  draw  GD  pa- 
rallel to  it ;  this  straight  line  is  the  loctis  required. 

For  draw  OID  bisecting  BC  in  I,  and  EH  parallel  to 
BC,  and  join  DB  and  DC.  By  construction,  OA  :  OE 
:  :  OE  :  OG  j  but  from  the  property  of  parallel  and  di- 
verging lines,  OA  :  OE  :  :  OI  :  OH,  and  OE  :  OG  :  : 
OL  :  OD.  Consequently  OI :  OH : :  OL  :  OD,and  OI.OD 
==OH.OL.  Now  EH  being  parallel  to  the  bisected 
chord  BC,  is  evidently  an  ordinate  applied  to  the  semidia* 
meter  OK,  and  therefore  OH  :  OK  :  :  OK  :  OF,  and 
OK*  =  OH.OF:  whence  OK*  =  OLOD,  and  OI:  OK: : 
OK  :  OD.  Wherefore  DB  and  DC  are  both  of  them 
tangents  at  the  points  B  and  C. 
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PROP.  V.    THEOR. 

If,  from  any  point  in  the  curve,  parallels  be 
drawn  to  two  adjacent  sides  of  a  given  inscribed 
quadrilateral  figure,  the  rectangles  under  the  seg- 
ments intercepted  by  those  adjacent  and  by  the 
other  two  opposite'  sides,  will  have  a  given  ratio. 

Let  ABCD  (fig.  98.  and  99.),  inscribed  in  a  line  of  the 
second  order,  be  a  quadrilateral  figure,  which  remains  con- 
stant, and  firom  any  point  E  in  the  curve,  the  straight  lines 
EHK  and  FEG  be  drawn  parallel  to  the  adjacent  sides 
AB  and  BC ;  the  rectangle  under  EI  and  EH,  the  seg- 
ments intercepted  by  the  opposite  sides  BC  and  AD,  will 
have  a  given  ratio  to  the  rectangle  under  EF  and  EO» 
the  segments  intercepted  by  the  other  opposite  sides  AB 
and  DC. 

Case  h-^lVhen  the  line  joining  the  points  A  and  B  is 
parallel  to  that  which  joins  C  and  2). 

For  (fig.  98.)  extending  EI  to  the  curve,  the  rectangle 
EH,  HK  (I.  17.  cor.  2.)  is  to  the  rectangle  BH,  HC,  as 
the  square  of  a  diameter  parallel  to  AB  is  to  the  square  of 
a  diameter  parallel  to  BC.  But,  since  AB  and  CD  are  by 
hypothesis  parallel,  they  may  be  ordinately  applied  to  the 
same  diameter  NOP,  which  must  bisect  likewise  the  pa- 
rallel chord  EK ;  and,  diverging  to  the  same  point  with 
AD  and  BC,  it  must  evidently  bisect  the  tranverse  pa- 
rallel HI.  Whence  the  exterior  segment  EH  is  equal  to 
IK^  and  EI  to  HK ;  the  rectangle  EH,  HK  is  thus  the 
same  as  EH,  £1,  and  the  rectangle  BH,  HC  is  the  same 
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as  EF,  EG.  Wherefore  the  rectangle  EH,  £1  is  to  the 
rectangle  EF,  ]£G,  as  the  square  of  a  diameter  parallel  to 
AB  is  to  the  square  of  a  diameter  parallel  to  BC,  that  is, 
in  a  given  ratio. 

Case  H. — When  the  straight  line  AB  is  inclined  to  CD. 

Produce  (fig.  99.)  BA  and  EI  to  meet  the  extension  of 
CD  in  L  and  M,  and  join  GI  and  CK. 

From  the  property  of  parallel  and  diverging  lines, 
CL  :  CM  :  :  BL  :  HM,  and  LD  :  MD  :;  LA-.MIj  by 
compounding  these  analogies,  therefore,  CL.LD :  CM.MD 
:  :  BL.LA :  HM.MI.  But  the  oblique  secants  BAL  and 
EKM  being  mutually  parallel,  and  the  secants  CL  and 
CM  having  the  same  position,  it  follows,  (1. 1 7.  cor.  1 .)  that 
CL.LD  :  CM.MD  : :  BL.LA  :  EM.MK ;  whence,  from 
the  identity  of  ratios,  the  rectangle  HM.MI  is  equivalent  to 
EM,  MK,  and  therefore  (V.  6.  El.)  HM  is  to  EM,  or  CM 
is  to  GM,  as  MK  to  MI,  and  consequently  GI  is  parallel 
to  CK.  Again,  the  triangles  KHC  and  lEG  being  hence 
evidently  similar,  HK  is  to  HC  as  IE  to  EG,  and  the  rect- 
angle HE,  HK  is  to  the  rectangle  BH,  HC,  as  the  rect- 
angle HE,  EI  is  to  the  rectangle  BH,  EG ;  but,  from  the 
property  of  the  curve,  the  rectangle  HE,HK  is  to  the  rect- 
angle BH,  HC,  as  the  square  of  the  diameter  parallel  to 
AB  is  to  the  square  of  the  diameter  parallel  to  CB  ; 
whence  the  rectangle  HE,  EI  is  to  the  rectangle  BH,  £6 
or  FE,  EG|  in  the  same  given  ratio. 

Cor.  L  If  the  point  D  (fig.  100.)  coincide  with  A,  the 
chord  AD  will  evidently  be  represented  by  the  tangent  at 
A.  Wherefore  EHI  and  FEG  being  drawn  parallel  to 
AB  and  BC,  and  meeting  the  tangent  in  I  and  the  pro- 
duced chords  AB  and  AC  in  F  and  G,  the  rectangle  HSI 
is  to  the  rectangle  FEG  as  the  square  of  the  diameter  pa- 
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ralld  to  AB,  is  to  the  square  of  the  diameter  parallel  to 
BC. 

Cor.  2*  In  like  manner,  if  the  point  D  (fig.  101.)  merge 
in  Q  the  chord  CD  will  pass  into  the  tangent  applied  at 
C.  Whence  EHI  and  FEG  being  drawn  parallel  to  AB 
and  BC)  and  terminating  at  I  and  G  in  AC  and  the  tan* 
geiit»  the  rectangle  H£I  is  to  FEG  in  the  ratio  of  the 
sijuares  of  the  diameters  parallel  to  AB  and  BC. 

Cor.  3.  If  the  two  points  D  and  C  (fig.  102.)  both  merge 
in  A  and  B,  the  chords  AD  and  BC  will  become  repre- 
sented by  tangents  at  A  and  B  $  and  HIE  being  drawn 
parallel  to  AB,  the  parallel  to  CB  will  be  parallel  to  the 
tangent  at  B,  the  points  F  and  G  coalescing  in  the  ungle 
point  F.  Whence  the  rectangle  HEI  is  to  the  square  of 
EF  as  the  square  of  the  diameter  parallel  to  AB  is  to  the 
square  of  the  diameter  parallel  to  the  tangent  at  B. 

Cor.  4.  If  the  points  C  and  D  (fig.  lOS.)  were  concei- 
ed  to  change  positions,  the  quadrilateral  figure  ABCD 
would  take  an  inverted  form;  and  consequently  EGF 
and  HEI,  being  drawn  parallel  to  CB  and  AB,  and  meet- 
ing CD,  AB  and  CD,  AD,  the  rectangle  FEG  must  have 
a  given  ratio  to  HEI.  In  like  manner,  if  the  points  B 
and  C«(fig.  104«.)  were  interchanged,  the  quadrilateral  fi- 
gure would  be  converted  into  a  crucial  shape,  bounded  by 
a  side  BC,  and  the  rectangles  FEG  and  HEI  would  still 
have  a  given  ratio. 

Schdium.  In  the  circle  and  rectangular  hyperbola,  the 
rectangles  HEI  and  FEG  are  evidently  equivalent.  If 
the  points  of  contact  A  and  B  (fig.  102.)  be  infinitely  re- 
mote, the  rectangle  HEI  will  become  constant,  or  the  ex^- 
terior  part  HE  will  be  inversely  as  EI  \  which  is  the  pro- 
perty of  the  asymptotes  to  an  hyperbola. 
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PROP.  VI.    THEOR. 

If,  from  any  point  in  the  curve,  straight  lines 
be  drawn  at  given  angles  to  two  adjacent  sides  of 
a  given  inscribed  quadrilateral  figure,  the  rectan- 
gle under  the  segments  intercepted  by  those  ad- 
jacent and  by  the  other  two  opposite  sides  will 
have  a  given  ratio.  ,   . 

From  a  point  £  in  the  curve,  (fig.  105.)  let  MEN  and 
£KL  be  drawn  to  meet  at  given  angles  the  opposite  sides 
of  the  given  inscribed  quadrilateral  figure  ABCD ;  the 
rectangle  under  the  segments  EM,  EN  intercepted  by  the 
sides  AB  and  CD,  will  bear  a  given  ratio  to  the  rectan- 
gle under  EK,  EL,  the  segments  intercepted  by  the  other 
sides  AD  and  BC. 

For  draw  EHI  and  FEG  parallel  to  AB  and  BC.  It 
is  evident  that  the  triangles  EIL  and  EHK,  having  all 
their  angles  given,  must  be  given  in  species.  Wherefore 
the  ratio  of  EH  to  EK,  and  that  of  EI  to  EL,  are  both 
given ;  and  hence  the  compound  ratio  of  the  rectangles 
EH,  EI  to  the  rectangle  EK,  EL  is  given.  For  the  same 
reason,  since  the  triangles  FEM  and  GEN  are  given  in 

t 

species,  the  compound  ratio  of  the  rectangle  FEy  EG  to 
ME,  EN  is  given.  But,  by  the  last  proposition,  the  rect- 
angle HE,  EJ  has  to  the  rectangle  FE,  EG  a  given  ratio; 
whence  the  rectangle  ME, EN,  has  likewise  a  given  ratio 
to  the  rectangle  EK,  EL. 

Cor.  1.  Let  the  sides  AB  and  CD  (fig.  106.)  of  the  qua- 
drilateral figure  be  produced  to  meet  in  M,  from  which 
a  chord  MEE'  is  drawn  through  the  curve ;  the  points  M 
and  N  now  coalescing,  the  lines  EK  and  EL  and  E'K, 
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£'L  passiDg  through  E  and  E^  will  evidently  form  the 
same  angles  with  the  sides  BC  and  AD.  Wherefore 
EM*  :  E'M*  :  :  LEK  :  LE'K. 

Cor.  2.  Suppose  (fig.  ]07.)  the  point  B  to  merge  in  A, 
and  the  secant  ABM  will  pass  into  a  tangent.  Whence 
EM*  :  E'M* :  :.LEK :  LE'K.  And  if  D  likewise  coincide 
with  C,  (fig.  108.)  EM*  :  E'M*  :  :  EL*  :  EU%  and  con- 
sequently  EM  :  E'M  :  :  EL  :  E'L. 

Cor.  S.  Let  the  points  C  and  D  (fig.  109.)  interchange 
their  positions,  and  let  ML  be  drawn  through  L  the  inter- 
section of  AD  with  BC  ;  then  EM*  :  E'M* : :  EL*  :  E'L*, 
and  consequently  EM  :  E'^M  :  :  EL  :  EX,  or  the  chord 
EE^  is  cut  internally  in  L,  and  externally  in  M  in  the 
same  ratio. 

■» 

PROP.  VII.     TIIEOR. 

» 

In  a  curve  of  the  second  order,  four^points  be- 
ing given,  if  from  the  fourth  point  parallels  be 
drawn  to  lines  joining  the  first  and  second,  and 
the  second  and  third,  and  to  meet  other  lines  ex- 
tending from  the  first  and  third  to  any  fifth  point 
— they  will  have  a  given  ratio. 

Let  (fig.  110.)  A,  B,  C  and  D  be  four  points  in  the 
curve ;  join  AB  and  BC,  and  parallel  to  them  draw  DE 
and  DF  meeting  the  lines  AP  and  CP  converging  from 
the  points  A  and  C  to  any  assumed  point  P  in  the  curve ; 
then  will  DE  have  a  given  ratio  to  DF. 

Join  AD  and  CD,  and  through  P,  draw  PHG  parallel. 
to  BC,  and  KPI  parallel  to  AB,  cutting  AB  and  CD,  and 
meeting  the  extension  of  BC  and  AD ;  and  likewise  draw 
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DFLM  parallel  to  BC.  From  the  property  of  parallel  and 
diverging  lined,  KP  :  KL  :  :  CP  :  CF  :  :  PH  :  DF,  and 
IP  :  DE  :  :  AP  :  AE  :  :  LM  :  DM;  therefore,  by  com- 
founding  ratios,  KP.IP:  KL.DE  : :  DM.DF  :  LM.PH; 
but,  by  the  last  proposition,  the  rectangle  KP,  IP  has  a 
given  ratio  to  PH,  LM  or  PG,  PH ;  and,  consequently, 
the  ratio  of  the  rectangle  KL,  DE  to  DF,  DM  is  given, 
and  since  KL  and  DM  are  evidently  both  given,  the  ratio 
of  DE  to  DF  must  also  be  given. 

Cor.  1.  Let  DE  (fig.  1 11.)  be  produced  to  meet  the  ex- 
tension of  the  diagonal  AC  in  Q,  and  parallel  to  £F  draw 
QR  to  meet  the  extension  of  DF  in  R.  Since  the  ratio 
of  DE  to  DF  is  given,  and  their  contained  angle  EDF,  or 
the  supplement  of  ABC,  is  given,  the  triangle  EDF  and 
consequently  QDR,  is  given  in  species^  and  therefore  the 
line  CR  is  given  in  position.  Hence,  to  assign  a  point  in 
the  curve  :  Draw  any  line  MN  parallel  to  CR  and  meet- 
ing DQ  and  DR,  and  from  the  points  A  and  C  draw  the 
transverse  lines  AMO  and  CON,  which  will  intersect  in 
O  a  point  of  the  curve. 

Cor.  2,  When  NM  coincides  with  CR,  the  point  0 
falls  upon  C,  and  consequently  CR  is  a  tangient.  In  like 
manner,  if  FD  be  produced  to  meet  the  extension  of  CA 
in  S,  and  ST  drawn  parallel  to  EF  meeting  CD  in  T ; 
then  AT,  the  final  position  of  AMO,  when  the  point  0 
merges  in  A,  is  the  tangent  at  this  point. 

Cor.  S.  If  the  point  B  should  coincide  with  A,  (fig.  1 12.) 
the  line  DE  will  evidently  *become  parallel  to  a  tangent 
applied  at  A,,  while  DF  is  parallel  to  the  chord  AC. 
Hence  a  point  O  in  the  curve  is  now  readily  found;  for 
having  drawn  DQ  parallel  to  the  tangent  at  A  and  meet- 
ing  AC  in  Q,  and  having  joined  this  with  R,  the  point  of 
concourse^ of  the  tangent  at  C  with  DR  a  parallel  to  AC, 
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draw  parallel  tcF  QR  any  line  MN  terminated  by  the  di- 
verging tine^^DM  and  RDN ;  AM  and  CN  being  joined, 
thdr  int^iRiection  will  assign  a  point  O  in  the  curre. 

Scholiitm.^^The  application  of  this  proposition  discloses 
the  distinctive  features  of  the  several  species  of  the  curve. 
It  is  evident  from  fig.  ill.  that  the  radiating  lines  AM  and 
CN  must  always  cross  each  other,  except  when  M  falls  on 
T  or  Qi  and  those  lines  become  tangents  at  A  and  C ; 
the  ellipse  hence  consists  of  a  single  branch  returning  into 
itself.    The  same  inference  may  be  gathered  from  the  sim- 
pler construction  of  fig.  112. — In  the  case  of  the  parabola, 
fig.  113,  the  radiating  lines  AE  and  CF  do  not  always 
mutually  intersect  s  and  when  AE  becomes  parallel  to  CF, 
the  point  P  is  thrown  to  an  infinite  distance.     But  this 
occurs  only  in  a  solitary  position  of  the  point  £,  for  the 
oblique  inserted  line  EF  has  a  given  ratio  to  DE.     Con- 
sequently the  parabola  consists  in  a  single  branch,  the 
sides  of  which  tend  constantly  to  a  parallelism. — In  the 
hjrperbola  fig.  114,  the  radiating  lines  AE  and  CF  will, 
with  a  certain  angle,  change  from  convergence  to  diver- 
gence ;  but,  at  the  limits  on  either  hand,  they  will  shoot 
into  a  parallel  direction.     Hence  the  opposite  branch  of 
the  hyperbola,  and  hence  also  the  condition  of  the  extreme 
tangents  or  asymptotes. 

When  (fig.  1 15.)  CR  is  a  tangent,  and  the  quadrilateral 
figure  ABCD  has  its  opposite  angles  equal  to  two  right 
angles,  the  curve  passes  into  a  circle.  DUt  this  property 
may  be  derived  from  elementary  geometry.  For  DE  and 
DF  being  parallel  to  AD  and  BC,the  angle  EDF  is  equal 
to  the  supplement  of  ABC  or  to  A  PC  (III.  17.  EL),  and 
consequently  EDFP  is  contained  in:a  circle,  and  the  angle 
DEF  or  DQR  is  equal  to  DPFor  DAC,  that  is,  (III.  21.) 
DCR ;  whence  DQCR  is  also  contained  in  a  circle,  and 
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Ihe  angle  DCA  or  DCQ=:DRQ=DFE=DPE  or  DPA, 
juid  the  point  P  lies  in  the  circumferenee  [Hf  a  circle  cir- 
cumscribing ABCD.  . 

'  The  same  conclusion  is  drawn  rather  more  easily  from 
fig.  116,  which  corresponds  to  the  second  corollary.  For 
the  angle  DNO=:  CNR = AGO,  and  the  angle  DMO= 
TAO=ACX);  whence  the  angles  DMO  and  DNO  are 
equiEil,  and  DMNO  is  contained  in  a  circle.  But  the  tra- 
pezium DQCR  would  likewise  be  contained  in  a  circle, 
and  therefore  the  angle  DOM  or  DOAz=DNM=DEQ 
=:DCQ  or  DCA  j  whence  the  point  O  lies  in  the  circum- 
ference of  the  circle  which  passes  through  D  and  touches 
at  A  and  C.  / 

Suppose  the  three  points  A,  B  and  C  (fig.  1 17.)  to  stand 
in  a  straight  line,  the  locus  of  the  fifth  point  P  will  be- 
come likewise  a  straight  line.  For  DEF,  drawn  through 
the  fourth  point  D,  is  now  parallel  to  ABC ;  join  PD,  and 
produce  it  tc'meet  CBA  in  R.  It  is  evident,  that  RA  is 
to  RC  as  D£  to  DF,  and  therefore  in  a  given  ratio ;  and 
the  points  A  and  C  being  given,  AR  and  the  point  R  are 
given,  and  hence  DR  the  locus  of  P  is  a  straight  line  gi- 
ven in  position. 

PROP.  VIII.     THEOR. 

If  about  two  given  points  as  poks^  two  given 
angles  revolve,  carrying  the  mutual  intersection 
of  two  of  their  sides  along  a  directria:  or  straight 
line  given  in  position,  the  intersection  of  the  other 
two  sides  will  trace  a  line  of  the  Second  Order. 

Let  the  angles  DAG  and  DCG  (fig.  118.  uid  lf«.>:bb 
supposed  to  turn  about  i\iQ poUs  A  aad  C»  * 
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tersection  of  their  sides  AG  and  CG  moves  along  a  di^ 
r€ctrix  GH,  the  intersection  of  the  sides  AD  and  CD 
will  describe  a  line  of  the  second  order. 

Case  I. — When  the  given  angles  turn  in  the  same  direc^ 
tian. 

.  While  the  angle  DAG  (fig.  118.)  moves  into  the  posi- 
tion PAH,  let  the  angle  DCG,  turning  the  same  way, 
advance  into  the  position  PCH ;  the  intersection  P  of  their 
sides  AD  and  CD,  or  AP  and  CP  will  be  a  point  in  the 
curve. 

For,  from  the  pole  A,  draw  AB,  making  the  angle 
DAB  equal  to  the  exterior  angle  AGX ;  and,  from  the 
pole  C,  draw  CB  making  the  angle  DCB  equal  to  CGH. 
Parallel  to'  AB  and  CB,  draw  DE  and  DF,  to  meet  the 
tross  lines  AP  and  CP  in  the  points  £  and  F;  and  lastly, 
in  DF  or  its  extension,  having  made  DM  equal  to  DE, 
draw  MN  parallel  to  CF  and  meeting  DC  produced  in  N. 
Since,  by  hypothesis,  the  angle  DAG  is  equal  to 
PAH,  add  the  intermediate  angle  DAH,  and  the  angle 
GAH  is  equal  to  DAP  or  DAE;  but  the  angle  DAB 
being  made  equal  to  AGX,  the  supplementary  interior 
angle  ADE  (I.  SO.  El.)  between  the  two  parallels  AB  and 
DE,  is  equal  to  the  adjacent  angle  AGH.  Wherefore  the 
triangles  GAH  and  DAE  are  similar. 

Again,  because  the  angle  DCG  is  likewise,  by  hypothe- 
sis, equal  to  PCH,  add  the  common  angle  GCP^  and 
the  angle  DCP  or  DCF  is  equal  to  GCH  j  but,  BC  and 
DF  being  parallel,  the  angle  CDF  is  equal  to  the  alternate 
angle  DCB,  which  was  made  equal  to  CGH.  The  trian- 
gles DFC  and  GHC  are  therefore  also  similar. 

Hence  AG  is  to  GH  as  AD  to  DE,  and  CG  is  to  GH 
as  CD  to  DF,  or  (VI.  1.  EI.)  as  ND  to  DM  or  DE  j 
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,  and  therefore  (V.  16.  EI.)  AG  Is  to  CG  as  AD  to  ND. 
But  AG  and  CG  being  both  given,  their  ratio  is  given, 
and  consequently  the  ratio  o(  AD  to  ND  is  given ;  now 
the  ratio  of  AD  to  CD  is  given,  since  these  lines  them- 
selves are  given ;  whence  the  ratio  of  ND  to  CD,  that  is, 
the  ratio  of  DM  or  DE  to  DF  is  given.  Wherefore^ 
by  the  last  proposition,  the  intersection  P  of  the  given 
angles  DAG  and  ACG  is  a  jpoint  of  the  curve,  which  like- 
wise passes  through  the  four  points  A,  B,  C  and  D. 

Case  Ih^^Wken  the  given  angles  turn  in  opposite  diree* 
tions. 

While  the  angle  DAG  (fig.  119.)  moves  into  the  posi-' 
tion  PAH,  let  the  angle  DCG  turning  the  cohtrarj  way, 
come  into  the  position  PCH;  their  intersection  P  will 
be  a  point  in  the  curve. 

For,  from  the  pole  A,  draw  AB,  making  an  angle  DAB 
equal  to  AGH ;  and,  from  the  pole  C,  draw  CB,  making  an 
angle  DCB  equal  to  CGX,  the  angle  adjacent  to  CGH. 
From  D  draw  DE  and  DF  parallel  to  AB  and  CB,  meet- 
ing AP  and  CP  in  the  points  E  and  F ;  and  lastly,  having 
made  DM  equal  to  DE,  draw  MN  parallel  to  AB. 

Because  the  angle  DAG  is,  by  hypothesis,  equal  to 
PAH,  take  away  the  common  angle  DAH  and  the  angle 
GAH  is  equal  to  DAP  or  DAE ;  but  the  angle  AGH,  be- 
ing equal  by  construction  to  DAB,  is  equal  to  the  alternate 
angle  ADE.  Whence  the  triangle  AGH  is  similar  to 
ADE ;  and,  in  lik^  manner,  the  triangle  CGH  is  proved 
to  be  similar  to  CDF.  Wherefore  AG  is  to  GH  as  AD 
to  DE,  and  CG  is  to  GH  as  CD  to  DF,  or  as  ND  to 
DM  or  DE ;  and  consequently  AG  is  to  CG  as  AD  to 
ND.    Bat  the  ratio  of  AG  to  CG  is  given,  and  hence 
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that  of  AD  to  ND ;  and  since  the  ratio  of  AD  to  CD  is 
giveot  the  ratio  of  ND  to  CD,  or  that  of  DE  to  DF  is 
giyen.  Whence  P,  the  intersection  of  the  given  angles 
DAG  and  DCG,  is  a  point  in  the  curve  which  passes 
through  the  four  points  A,  B,  C  and  D. 

Cor.  1.  When  the  side  AD  of  the  angle  comes  into  the 
position  of  the  tangent  AT,  the  corresponding  side  CD 
of  the  angle  ACD  must  evidently  coincide  with  CA. 
Hence,  to  apply  a  tangent  at  A,  make  the  angle  ACI 
equal  to  DCG,  join  AI,  and  draw  AT,  making  the  anglef 
lAT  equal  to  DAG,  and  AT  is  the  tangent  required. 
In  the  same,  manner,  a  tangent  may  be  applied  at  C,  the 
side  AD  then  passing  through  that  point. 

Cor.  2.  If  one  of  the  revolving  angles  DAG  passes  into 
a  straight  line  (fig.  120.),  the  formation  of  the  curve  will 
become  much  simpler. 

Cor.  S.  If  the  directrix  GH  were  supposed  to  be  re- 
moved to  an  indefinite  distance,  it  is  evident  that  AG  and 
CG  vxkSi  AH  and  CH  would  respectively  maintain  a  pa- 
raUelism ;  consequently  the  angle  DAP  woul4  be  equal  to 
DCP,  t];ierefore  the  curve  ADPC  would  become  an  arc 
of  a  circle,  which  includes  the  other  portion  ABC. 


PROP.  IX.    PROB. 

Through  five  given  points,  to  describe  a  line  of 
the  Second  Order,  by  the  revolution  of  angles. 

Let  A,  B,  C,  D  and  P  (fig.  121.)  bjB  five  given  points, 
through  which  it  is  required  to  trace  the  curve,  by  means 
of  a  combined  angular  movement. 
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ANALYSIS. 

Let  the  points  A  and  C  be  two  poles  about  which 
the  angles  DAG  and  DC6  revolve,  and  while  the  in- 
tersection of  the  sides  AG  and  CG  glides  along  the  di- 
rectrix GH,  the  other  sides  AD  and  CD  carry  their  in- 
tersection in  the  curve.  When  the  angle  DAG  moves 
into  PAH,  the  angle  DCG  will  pass  into  PCH.  From 
the  point  D  and  parallel  to  AB  and  BC,  draw  AE  and 
DF  meeting  AP  and  CP  in  E  and  F. 

By  the  last  proposition,  the  triangles  GAH  and  GCH 
being  similar  to  DAE  and  DCF,  are  therefore  given  in 
species.  Whence  the  ratio  of  AG  to  GH,  and  that  of 
CG  to  GH  are  given,  and  consequently  the  mutual  ratio 
of  AG  to  CG  is  given ;  but  the  contained  angle  AGC,  or 
the  difference  between  AGH  and  CGH  being  given,  th6 
triangle  CAG  is  given  in  species ;  and  it  is  also  given  in 
magnitude,  because  its  base  AC  is  given.  In  like  manner, 
the  triangle  CAH  is  proved  to  be  given  in  species  and  mag- 
nitude. Wherefore  the  points  G  and  H  are  given  ;  and 
hence  the  describing  angles  DAG  and  DCG,  and  the  di-  < 
rectrix  GH  are  all  given. 

COMPOSITION. 

Assume  any  straight  line  gh^  and  upon  it  describe  the 
triangles  gah  and  gch  similar  and  similarly  placed  to 
DAE  and  DCF,  join  ac  and  upon  AC  construct  (VI.  23.) 
the  quadrilateral  figure  GACH  similar  in  its  form  and 
position  to  gach^  and  having  drawn  AG  and  CG,  let  the 
angles  DAG  and  DCG  turn  about  the  poles  AC ;  and 
while  the  intersection  G  of  their  sides  AG  and  CG  is 
made  to  slide  along  the  directrix  GH,  the  intersection 
of  the  other  sides  AD  and  CD  will  trace  out  the  curve. 

For  let  these  angles  come  into  the  positions  PAH  and 
PCH,  corresponding  to  any  fifth  point  P.    This  is  a  point 
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in  the  curve»  because  the  triangles  GAH  and  GCH  being 
similar  to  gah  and  gch^  are  therefore  similar  to  DAE  and 
DCF. 


PROP.  X.     THEOR. 

If  three  straight  lines  revolve  about  three  gi- 
ven poles^  and  carry  two  of  their  mutual  inter- 
sections along  two  given  directrices^  their  third 
intersection  will  describe  a  curve  of  the  Second 
Order. 

Let  AFG  and  LFG»  (6g.  122.)  radiating  from  the  gi* 
ven  poles  A  and  L|  carry  their  intersection  G  along  a  given 
directrix  DG>  while  the  intersection  F  of  LFG,  with  a  line 
CPF  radiating  from  a  third  given  pole  A^  is  carried  along 
another  given  directrix  DF ;  the  intersection  of  APG  with 
CPF  will  trace  the  successive  points  P  of  the  curve. 

It  is  obvious  that  the  two  poles  A  and  C  must  always 
be  points  in  the  curve ;  but  the  third  pole  L  may  occupy 
a  position  either  within  or  without  it. 

This  construction  has  evidently  two  extreme  limits  when 
the  intersections  F  and  G  of  the  directrices  are  thrown  to 
an  indefinite  distance.  As  the  intersection  F  becomes 
more  remote,  the  radiating  lines  LF  and  CF  will  be  less 
inclined  to  DF,  and  at  the  moment  it  vanishes  in  the  dis- 
tance they  will  assume  the  parallel  positions  LM  and  CB ; 
the  radiating  line  AM  being  extended  to  meet  CB,  wilt 
hence  assign  the  point  B.  Agaip,  when  the  intersection 
G  shoots  into  indefinite  remoteness,  the  radiating  lines 
LF  and  AG  will  come  into  tlie  positions  LN  and  AK  pa- 
rallel to  the  directrix  DG ;  wherefore  the  radiating  line  ' 
CN,  being  produced  to  meet  AK,  will  mark  the  point  K- 
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Draw  DE  parallel  to  M AB  and  meeting  AG  in  £,  join 
AD,  CD  and  EF. 

Since  DE  and  DF  are  parallel  to  MA  and  ML,  it  i» 
evident  that  GD  is  to  GM  as  DE  to  MA,  and  as  DF  to 
ML,  and  consequently  DE  is  to  DF.as  MA  to  ML.  But 
MA  and  ML  being  given  lines,  their  ratio  is  given,  and 
hence  the  ratio  of  DE  to  DF  is  likewise  given.  Now, 
ABCD  being  a  given  quadrilateral  figure,  and  the  paral- 

r 

lels  DE  and  DF  to  the  sides  AB  and  AC  having  a  given 
ratio,  the  intersection  of  AE  with  CF  is  (Prop.  VII.)  a 
point  of  the  curve  which  circumscribes  that  figure. 

Cor.  I,  When  the  radiating  line  AL  passes  through  the 
pole  L,  its  intersection  H,  with  the  directrix  DF,  will  be  a 
point  in  the  curve,  since  CH  is  the  line  radiating  from  C. 
For  the  same  reason,  the  radiating  line  CIL  will  cross  the 
directrix  DG  at  a  point  I  in  the  curve. 

Cor»  2.  When  the  variable  point  P  merges  in  C,  the 
radiating  line  from  that  pole  must  become  tangent.  Where- 
fore, produce  AC  to  meet  DG  in  Q,  join  LQ  intersecting 
DF  in  R ;  the  line  CR  being  joined  will  touch  the  curve 
at  C.  For,  in  like  manner,  if  CA  be  produced  to  meet 
the  directrix  in  S,  and  LS  joined  cutting  DG  in  T,  the 
radiating  line  AT  will  be  a  tangent  at  the  pole  A. 


PROP.  XL     PROB. 

Through  five  given  p*oints,  to  describe  a  curve 
bfthe  Second  Order  by  the  intersections  of  three 
revolving  lines. 

Let  A,  B,.K,  C  and  D  (fig.  123.)  be  five  points,  through 
which  it  is  required  to  trace  the  curve,  by  the  operation  of 
lines  turning  about  three  poles. 
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Jk^ssiime  the  first -imdifou^b  ^pointfi  A  and  £!  aiitwo  pf 
the  poleili  rWd  the  £ftb  poipt  B  as  the  vefta  of  ^  tvp 
dirpctnofis;  thefe  directrices  and  the  remaiping  jNole  wiU 
be'thas-disoQvared.  Join  AK  andiCB^  ancl»  paral^.to 
tbein,  diaw  X)G  and  DP,  which  .will  be  the  directrices. 
AgE^n^  having  joined  iBA  and  .^CQ  produce  them  to  meet 
the  direcitrices  in  the  point;s  M  and  N,  and  draw  ML  and 
ML  paraU§l:to  DF  and  ;DO;  their  cdncourse  L  will  made 
the  third  rpole.  If  now,  from  that  point,  any  lipe  JLFG  be 
drawn  toxut-th^  directrices  in  F  and  G,  and  these  points 
he  connected. with  the  ppl^  C  and  A;, the  intersection  of 
the  lincig  APOand  CPF  will  assign  a  point  ,P  of  the  curve. 

For  when  the  point  G  shoots  into  ,the  inde^te  dis- 
tance, the  radiating  lines  LG  and  AG  become  parallel /tp 
the  directrix  DG,  and  therefore  assume  the  positious  LN 
and  A^>iwl^ile  the  ^line  radiating  from  Q  takes  the  posi- 
tion KCK.  -Again,,when  the  point  FTanithcts  into  e^tr^me 
remoteness,  the  radiating  lines  LF  and  ,QF  acjqiMre  ,the 
poflitionSfLM^and  CB paifaUelto DF,  while  the Une AG, 
whi^' tuij^s  ,abpnt  the  pole  OA,  comes  into  Ahe  position 
JMIAB.  .P^alld  toihis  draw.QS,  ^.the  Unes  DEand 
®F  ar^.heppe  parallel  to  the  sides  AB  apd  .BC.of  a  giy^ 
4|iw}rila!teral,  ^nre  ABCD,  apd ,  have.  ^Yi4f n^y,  the,  g^v^n 
ratio  of, MA  to  JylL*,  wherefore,  by.  the  seventh j)roppsi- 
tionipf.this  Book,  the^pajgot  P  must  ocfur  in  the  cl^:^ 
which  circunjt^cribes  that  figure,  andlikewpi/se^pfi^ses  flyro' 
thcipoi^ttK. 

JBqt ;  the  ;SoIation  m^y  be  simpjlified.  .  Let  Ai .  Hi  .P» :  I 
#ffidiC  (fig.*l@4s)  be  five  points,  through  whjch  it  is  r^uirqd 
totraceithe  curve^  by  the  revolution  of  radia^uBg  lines.  As- 
au4oae  the  first  and  fifth  points  A  and  C  for  two  of  the  poles ; 
ju)d,tofind  the  third,  pole,  join  the  fi^st  and,  second  poi^ 
A  and  H,  and  the  r fifth  and;  fourth  points  C  and;I,,^^g||d 
produce  the  lines  to  meet  in  L.    Lastly,  join  the  third 
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point  D  with  the  second  and  fourth  points  H  and  I,  to  form 
the  directrices  DF  and  DG.  It  is  obvious,  that  when  the 
line  radiating  from  the  pole  L  occupies  the  position  LN 
parallel  to  the  directrix  DG,  the  line  radiating  from  A  be- 
comes likewise  parallel  to  DG,  and  is  intersected  in  K  by 
the  line  NCK  radiating  from  C.  In  like  manner,  when 
the  radiant  from  L  assumes  a  position  LM  parallel  to  the 
directrix  DF,  the  radiant  CB  being  also  parallel  to  DF, 
is  cut  in  B  by  MAB,  which  turns  about  the  pole  A.  The 
radiant  from  L  assigns  likewise  the  points  H  and  L 
Hence  these  points  belong  to  the<  same  system  with  the 
points  B  and  K,  and  the  poles  and  directrices  are  thus  the 
same  as  those  derived  from  the  five  points  A,  B,  K,  C  and 
D. 

Cor,  1.  If  the  point  H  should  coincide  with  A,  the  line 
AH  will  evidently  be  a  tangent;  and,  for  the  same  rea- 
son, if  I  should  coincide  with  C,  the  line  CIL  will  be  a 
tangent  at  this  point. 

Co7\  2.  If  the  varjring  point  P  merge  in  Q  the  radiant 
from  this  pole  will  become  a  tangent,  while  the  radiant 
from  the  pole  A  will  pass  through  C.  Whereffore,  pro- 
duce AC  to  meet  the  directrix  DG  in  Q,  and  draw  LRQ 
cutting  the  other  directrix  in  R,  join  CR,  and  it  will  touch 
at  C.  In  lik^  manner  produce  CA  to  meet  the,  directrix 
DF  in  S,  and  AT  being  drawn  to  the  intersection  of  LS 
with  the  directrix  DG,  will  be  a  tangent  at  A. 
.  Cor.  3.  If  the  points  H  and  1  interchanged  their  posi- 
tions, and  radiants  AI  and  CH  were  drawn  to  cross 
in  1L\  this  point  lying  within  the  curve  would  have  all  the 
properties  of  the  third  pole.  The  radiant  CPG'  being 
drawn  to  the  directrix  DG  and  L'Gr^,  joined  and  produced 
to  meet  the  directrix  DF  in.F  beyond  S,  the  other  ra- 
diant F'AP  will  cut  CPG'  in  the  point  P. 
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PROP.  XII.    PROB, 

• 

By  the  system  of  revolving  lines,  to  describe  a 
curve  of  the  Second  Order,  that  shall  touch  a 
straight  line  given  by  position  at  a  given  point, 
and  also  pass  through  three  given  points. 

Let  it  be  required,  by  the  combination  of  radiants,  to 
trace  the  curve  (fig  .125.)  through  a  point  of  contact  A  in 
the  line  AL,  and  likewise  through  the  points  D,  I  and  C. 

Assuming,  as  in  the  last  proposition,  the  iextreme  points 
A  and  C  as  poles,  the  remaining  pole  will  be'  easily  found. 
For,  on  the  supposition  that  there  had  been  originally  five 
given  points,  the  second  point  H  has  merged  in  the  point 
of  contact  A,  and  the  chord  AH  has  consequently  be- 
come changed  into  a  tangent.  Join  CI,  and  produce  it  to 
meet  AL  in  the  point  L,  which  is  therefore  the  third  pole. 
The  point  D  being  now  joined  with  A  and  With  I,  will 
evidently  form  the  two  directrices  ADF  and  DIG. 

To  find  any  point  in  the  curve,  from  L  d^aw  a  straight 
line  LF&,  cutting  the  directrix  AD  in  F,  and  the  direc- 
trix DI  in  G,  and  join  the  lines  CPF  and  APG;  their 
intersection  P  will  mark  out  the  curve. 

Cor.  1.  If  the  chord  CI  (fig.  126.)  be  parallel  to  the 
tangent  at  A,  the  pole  L  will  evidently  be  thrown  to  ah  in- 
finite distance,  and  the  radiants  proceeding  fix>m  it  will  be- 
come all  parallel.  Let  AG  be  drawn  to  bisect  CI,  and  it 
must  consequently  be  a  diameter  to  which  that  chord  is 
ordinately  applied.  To  find  the  other  extremity  P  of  the 
diameter,  produce  it  to  meet  DI  in  G,  draw  GF  parallel 
to  the  tangent,  and  meeting  AD  in  F,  and  join  CPF. 

Cor.  2.  If  the  point  D  coincide  with  I,  the  directrix  DI 
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will  become  a  tangent  IT,  and  the  directrix  AD  will  migrate 
into  the  chord  AL  Wherelbt<6,  TF^  bong  drawn  parallel 
to  the  tangent  at  A,  the  xross  line  CPF  will  terminate  the 
diameter.  Now,  from  the  property  of  parallel  and  iffiverg^- 
ing lines,  OP  :  FT  :  :  OC  or  OI  :  TF  : :  OA  :  OT; 
add  hence  the  interval  OT  between  the  choid  lO  and  the 
tangent  IT  is  divided  internally  at  P,  and  externally  at  A, 
in  the  same  ratio,  as  was  proved  in  the  first  Book. 


PROP.  Xm.    PROB. 

Tt)  deSfcribe,  by  the  sysifem  oif  radiantly  a  cflrve 
of  the  Second  Order,  that  shall  form  given  con- 
tacts with  two  given  tangents,  and  also  pass 
through  another  given  point. 

Let  AL  and  CL  {fig.  127;)  be  two  tangents  given  in  po- 
sition, and  A  and Cgiven  points  in  them^  and  let  it  be  re- 
quired, by  the  revolution  of  combined  radiants,  to  trace 
the  curve  through  these  points  of  contact,  and  likewise 
through  a  third  given  point  D. 

On  the  supposition  of  five  original  points,  the  second 
and  fourth  H  and  I  may  be  conceived  to  have  merged  in- 
to the  points  of  contact  A  and  C.  Wherefore,  fyf^^nmif^ 
>A  and  C  as  two  poles,  the  concourse  of  L  of  the  tangents 
will  mark  the  third  pole.  Join  the  point  D  with  A  and 
C,  to  form  the  two  directrices. 

Any  point  of  the  curve  is  now  easily  found ;  for  draw 
LFG  to  cut  the  directrices  in  F  and  6^  and  from  their 
points  draw  lines  FCP  and  GPA  to  the  poles  C  apd  At 
and  their  jntcvscfctien  P  will  define  the  curve. 
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C^4 1.  If  the  point  D  (fig*  138.)  tbould  li^  on  the  other 
siie  of  the  chord  AQ  tho  opposite  sides  AP  and  CD  of 
the  quedrilatartl  figure  ACDPeopearin  the  point  G,  and 
the  ^agenals  AD  and  CP  crews  it  in  F  in  the  same  ra- 
^ant  LFG.  Bol  if  the  points  D  and  P  were  assumed  as 
poles,  the  third  pole  L  assigned  by  the  tangents  DL  and 
PL  must  still  occupy  the  sane  line.  In  like  n^pnev,  in 
fl^.  11^.  the  opposite  sides  AD  and  PC,  and  AP  and  DC 
meet  in  Pand  6,  while  the  opposite  tangents  AL  and' 
CL,  and  DM  and  PM  meet  in  L  and  M»  all  these  pcMnts 
of  concourse  ranging  along  the  straight  line  L6. 

Cor.  9.  If  the  poles  A  and  C  (fig.  129.)  should  occupy 
the  extremities  of  a  diameter,  the  tangents  at  those  points 
will  become  parallel  to  the  conjugate  diameter,  and  their 
intersection  L  will  consequently  be  thrown  to  an  indeft* 
nite  distance.  Suppose  the  point  D  to  terminate  the  cen-^ 
jugate  diameter,  and  draw  the  directrices  AD  and  CD. 
Any  ordinate  NP  will  be  henee  found.  For  extend  the 
pandlel  radiant  FGM,  which  should  have  issued  from  "Lj 
and  johr  AF  and  CG  crossing  in  P,  and  draw  PN  parallel 
to  DO.  From  the  property  of  parallel  and  diTerging  line% 
AO:AM;:OD:MG,andAOorOC:MC::OD:MF, 
and  by  composition  ACP  :  AMC  : :  OD^  :  MG.MF$  bnt 
AM  :  AN  :  :  MF  :  NP,  and  MC  :  NC  : ;  MG :  NP;  and 
by  composition  AMO  :  ANC  :  :  MG.MF  :  NP^  ;  where- 
ibre^  by  identity  of  ratios,  AO*  :  ANC  :  :  OD*  :  NP*, 
the  general  property  of  the  curve. 

SchoUum.  The  construction  of  this  proposition  indicates 
very  clearly,  by  its  variation,  the  distinguishing  features  of 
the  several  lines  of  the  Second  Order.  Let  the  transverse 
axis  (fig.  130.)  bisect  AC  at  right  angles,  and  consequent- 
ly pass  through  the  concourse  of  the  tangents  AL  and  CL ; 
D,  the  vertex  of  the  curve  and  of  the  directriees  lying  in 
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the  same  liiiej  suppose  it  first  Co  be  nearer  to  O  than  to 
L.  Since  OD  :  DL  :  :  OA  :  LF,  it  foUows  that  OA  is 
less  than  XF,  and  consequently  the  radiants  FA  and  GC, . 
which  limit  the  axis,  will  meet  towards  E  ai)d  make  an  el*, 
lipse.  But  if,  as  in  fig..l31.y.DO  be  equal  to  DL,  thea 
QA  will  be  equal. to  LF,  and  the  radiants  FA  and  GC 
will  run  parallel  to  the  axis,  and  never  meet  it,  indicating 
thus  a  parabola.  If  the  radiant  FLG  change  its  portion 
ever  so  little  into  F'LG\  the  radiante  F'A  and  G<C  will 
meet ;  for,  through  G  draw  RGS  parallel  to  FC|  and  the 
triangle  GLR  is  evidently  equal  to  FLF^  But 
RG  :  GS  :  :  DF' :  DC ;  and  DC  being  greater  than  DF'» 
therefore  GS  is  greater  than  RG  or  FF^  Comparing 
now  the  triangles  FAF^  and  GCS,  the  angle  GCS  must, 
be  greater,  than  FAF,  and  hence  the  line  GC  jIb  inclined 
to  FA,  and.  would  meet  it  at  some  distance. 

Again,  suppose  DO  (fig.  1S2.}  to  be  greater  than  DL  i 
and  OA  being  therefore  greater  than  LF,  the  radiants 
AF  and  CG  must  meet  at  E  on  the  other  side  of  D,  thus 
intimating  the  hyperbola.  But  it  will  appear  from  the  in- 
spection of  the  figure,  that  the  radiants  AF^  and  CG^  will 
at  first  continue  to  meet  in  the  branch  of  the  curve  which 
has  E  for  its  vertex,  and  will,  after  passing  a  certain  limit, 
concur  in  the  opposite  branch. 

Let  CA  (fig.  ISS.and  134.)  represent  a  diameter  of  the 
curve,  of  which  O  is  the  centre,  and  D  the  extremity  of 
the  conjugate.  The  tangents  at  C  and  A  being  parallel, 
the  pole  L  must  vanish  into  distance.  The  directrices 
CD  and  AD  must,  in  the  ellipse,  meet  from  opposite  sides ; 
but,  in  th^  hyperbola,  they  will  run  parallel  to  each  other, 
tending  to  the  indefinitely  remote  extremity  of  an  imagi- 
nary conjugate.  Let  the  parallel  radiant  FGN,  which 
should  proceed  from  L,  cut  those  directrices  in  F  and  Gj 
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and  the  cross  lines  AG  and  CF  will  mutually  intersect  in 
a  point  F  of  the  curve. 

Now  CO  :  CM  :  :  OK  :  PM,  and  CO  or  AO :MA 
:  :  OQ  :  PM  i  whence,  by  composition,  AO^  :  CMA : : 
OK.OQ:  PM*.  But  NF:  NG::  OK:  OD:  :OD  :0Q, 
andthereforeOK.OQ=OD%andconsequentlyAO':CMA 
: :  OD* :  PM*,  the  noted  property  of  those  curves. 

The  parabola  may  be  considered  as  an  hyperbola  of  ex- 
treme elongation.  Let,  therefore,  (fig.  1S5.}  the  diameter 
shoot  into  indefinite  distance^and  the  radiants  from  A  will 
become  parallel  But  the  directrices  must  consist  of  AFD' 
in  a  given  position  parallel  to  the  diameter,  and  of  CGDl', 
which  makes  a  given  angle  with  it.  I^  therefore,  the  pa- 
rallel radiants  APG  and  FGN  be  drawn  through  any 
point  G  in  CD%  the  oblique  radiant  CPF  from  C  will  cut 
AG  in  P,  a  point  of  the  parabola. 

Now,  CM :  CN : :  PM :  NF,  and  CN :  CD'' : :  NG  or 
PM :  D'D''  or  NF  j  wherefore,  by  composition,  CM :  CD'' 
: :  PM* :  D'D"*,  the  distinguishing  property  of  the  curve. 

To  discover  the  principal  features  of  the  hyperbola,  let 
the  poles  A  and  C  (fig.  ,136.)  yanish  into  distance,  and  the 
tangents  LA  and  LC  will  become  asymptotes.  If  D  be 
any  point  in  the  curve,  draw  DX  and  DY  parallel  to  LY 
and  LZ,  and  they  will  form,  the  directrices.  Let  the  ra- 
diant LGF  cut  these  in  G  and  F,  and  the  parallels  GP 
and  FP  will  assign  the  point  P.  Complete  the  figure, 
and  the  parallelogram  GZ  is  evidently  equivalent  to  GY ; 
whence  the  inscribed  parallelogram  PL  is  equivalent  to 
DL  or  a  given  space,  a  noted  property  of  the  asytaptotes. 

If  the  lines  AD,  CD  (fig.  187.)  inflected  from  the  extre- 
mities of  the  diameter  to  terminate  the  perpendicular  dia- 
meter be  at  right  angles,  the  ellipse  will  migrate  into  a  cir- 
cle.   For  the  opposite  tangents  at  A  and  C  being  parallel. 


$88  &t;o)krtKv  oit  cuKtM. 

the  |)6lb  JL  itttkist  W  tbroWtf  to  sit  ilitfefikiit^  anttfiicdy  flnd 
consequentljrits  radiant  GFQ  will  be  i^^irpetidicular  toCA. 
iditL  AG  aiHl  6]^,  Md  dteii*  iht^r^ectiofr  P  w3I  be  d  point 
in  {fab  cdrve.  Fdr  itf  this  ttidngle  CGA,  the  fiiles  AD*  and 
<dN^  ai'e  pbrp^diciifar  tor  fhe  A6^  CG  and  CA,  k  folkmb 
ifaat  CP  18  likewitep^rpetidlctililrtc^AO;  attdffteii^ 
CFA  beinfg  tliiM  li  ri^t  angle,  the  point  F  toxisi  lie  in  a 
iMibicirde;  Agafii!i,  frbtxi  AH&hx  triangfes,  CK  :  PK  :  : 
PK :  K  Ay  and  hen6^  FK^  :=  CK  A. 

In  Htb  b^rbda,  the  conjugate  atis  is  thrbwtt:  to  inde-^ 
finite  distance;  When  the  cnrtr^  is  eqnilaterali  the  ^Br«o- 
trices  CG^  i^nd  AF^  instep  of  being  perpendicttfaur  as  in 
1^«  197.,  ton  paridlel,  and  with  the  incGnatioa  of  half  a 
tight  angle  to  the  transverse  axis;  The  perpendicalar  rsr 
diAAt  from  L  therefore  cuts  thosie  Unes  i|v  G/  and  F'^  and 
the  intersection  of  AG^  and  CF'  marks  a  point  F  of  the 
cnrV^.  But  CQ  and  AQ  being  evidently  equal  to  G^Q 
and  F^Q^  the  triangles  CQF'  and  G^QA  are  equals  and 
consequently  the  angle  ACP  is  equal  to  APK^  Wher^ 
fore  the  triangles  CKT^  fti^d  P'K'A  are  similary  and 
CK' :  FK' : :  P'K' :  AK',  and  hence  CK'A= FK'*. 


PROP.  XIV.    PHOB. 
To  describe,  by  the  system  of  radiants,  a  curve 

# 

of  the  Second  Order,  that  shall  form  given  con- 
tacts with  two  given  tangents,  and  also  touch  an- 
other straigl^t  line  given  in  position. 

Let  AL  and  CL  (fig.  1S8.)  be  two  given  tangents,  with 
the  points  of  Contact  A  and  C,  through  which  it  is  required 
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to  triee^  hy  the  revoliitioii  of  combined  radiants^  a  curva 
of  tb6  Seeom!  Ofdter  tha^  sItoU  likewise  toneh^  die  UaeKI. 

4 

Assomingy  as  in  the  last  PropositicMi,  die  points-  A,  C 
and  L  as  three  poles,  it  is  only  wanted  to  discoveri  in  the 
tangent  KI,  a  point  D,  through  which  the  two  directrices 
AD  and  DC  pass.  Now,  since  the  carve  touches  at  D, 
any  contiguous  point  P  of  the  curve  must  evidently  lie  in 
lite  divsectioii  of  tbe  tangents  But,  in  that  Knuting  posi- 
lioDy  the  radiants  from  the  poles  A,  C  and  h,  woold  still 
retain  their  parallelism  to  ADj  CD  aad  LDi  Conseqiienl>- 
ly  the  parallelogram  FDGB  being  described^  halting  ita 
diagonal  FK6  parallel  to  LD,  the  tangent  DKR  must 
form  the  other  diagonal,  lliese  diagonals  are  mutually 
bisected  in  K,  and  therefore  GK :  DL : :  FK :  DL ;  whence 
AK :  AL : :  KS :  SL,  and  thd  line  AL*is  harmonically  di- 
vided in  the  points  K  and  S.  But  since  AO  is  intersected 
by  the  lines  drawn  from  D  to  those  points  of  harmonic 
section^  it  is  likewise  (VI.  8.  Geom.)  cut  harmonically  in  Q 
and  C  For  the  same  reason,  L  being  a  radiating  point, 
the  line  AO  is  divided  harmonically  in  D  and  I,  or 
KO :  OI : :  KD :  DI.  But  the  points  A,  I  and  O  being 
given,  the  point  D  is  likewise  given ;  and  the  proposition 
is  thus  reduced  to  the  conditions  of  the  preceding  pro- 
blem. 

Car.  1.  It  hence  appears,  that  a  tangent  KI  between  two 
other  tangents,  is  divided  internally  at  the  point  of  con- 
tact D,  and  externally  at  O,  where  it  meets  the  line  joining 
the  two  contacts  A  and  C  in  the  same  ratio.  This  con- 
clusion might  also  be  derived  from  Prop.  XX.  Book  I. 

Cor.  2.  If  the  tangent  KI  run  pataHel  to  the  chord  AC, 
it  must  evidently  be  bisected  in  the  point  of  contact,  and 
the  radiant  LD  will  consequently  pass  through  the  centre 
of  the  curve.    In  the  case  of  the  hyperbola,  when  the 
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pomte  A  and  C  vanish  in  the  distaj^ce,  the  tangents  AL 
and  CL  beGome  asymptotes,  and  the  intercepted  tangent 
KI  is  always  bisected  in  D. . 


PROP.  XV.    THEOR. 

If,  ia  a  curve  of  the  Second  Or der»  a  hexagon 
be  inscribed,  and  each  pair  of  its  opposite  sides 
be  produced  to  meet,  the  three  points  of  con- 
course will  lie  in  the  same  straight  line. 

Let  a  hexagon  ABCIDH  (fig.  139.)  be  inscribed  in  the 

curve)  and  produce  the  opposite  sides  BA  and  ID,  AH 

and  CI,  HD  and  BC,  to  m^et  severally  in  the  points  N, 

L  and  M ;  these  points  of  concourse  will  occupy  the  same 

,  straight  lii^e. 

For,  conceive  the  points  A,  H,  D,  I  and  C  to  be  five 
original  points ;  if  the  points  A  and  C  be  assumed  as 
poles,  the  chords  AH  and  CI  will  meet  in  L,  the  third 
pole,  and  the  extended  chords  HDM  and  IDN  will  form 
the  two  directrices.  Wherefore  the  radiant  BAN,  which 
proceeds  through  the  pole  A  to  a  sixth  point  B,  must  cut 
the  directrix  IDN  in  N,  and  the  radiant  from  the  pole  C 
to  the  same  point^  must  cut  the  directrix  HDM  in  M, 
while  the  radiant  which  turns  about  the  pole  L  must  pass 
through  both  these  intersections  N  and  M. 

Cor»  1.  If  the  point  B  were  to  change  its  position  into 
B^  the  concourse  of  HD  and  CB  would  mark  the  point 
M^  and  the  concourse  of  DI  and  AB'  would  mark  the 
point  N',  both  of  them  lying  in  the  new  radiant  LM'N'. 

Cor.  2.  If  the  point  H  coincide  with  A,  the  chord  AH 
will  pass  into  a  tangent.     Whence  the  sides  BA  and  ID, 
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aod  the  sides  AD  and  BC  of  the  inscribed  pentagon^  meet; 
in  the  points  M  and  N,  while  the  tangent  at'  A  and  the 
side  CI  meet  in  L,  these  points  occupying  the  same  rah 
diant  MLN. 

Cor.  3.  If  both  the  points  H  and  I  (fig.  1 40.)  should  merge 
in  A  and  C,  the  hexagon  will  pass  into  the  quadrilateral 
figure  ABCD.  Wherefore  the  opposite  sides  BA,  CD 
and  AD,  BC,  and  likewise  the  opposite  tangents  AL^  CL> 
and  BL^  DL^  concur  in  the  points  N,  M,  L  and  L^  which 
lie  all  in  the  same  straight  line. 

Car.  4.  Conceive  all  the  points  of  concourse  to  be  thrown 
to  an  indefinite  distance,  and  let  the  points  A  and  B  coin« 
cide,  while  C,  H  and  I  change  their  posidons  $  it  will  then 
follow  that  BC  and  BH  (fig.  141.)  must  be  parallel  to  the 
DH  and  CI,  and  the  tangent  at  A  parallel  to  the  chord 
DI.  Hence  a  simple  method  of  applying  a  tangent' at  any 
point  of  the  curve ;  for  having  inflected  the  chords  AC  and 
AH,  draw  HD  and  CI  parallel  to  them,  join  DI,  and  pa« 
rallel  to  it,  draw  through  A  a  line  which  must  touch  at 
that  point. 

PROP.  XVI.    PROB. 

To  find  by  a  primary  construction  a  line  of  the 
Second  Order  that  shall  pass  through  five  given 
points. 

Let  A,  B,  C,  D  and  £  (fig.  142.)  bet  he  five  points 
through  which  it  is  required  to  describe  a  curve  of  the  Se« 
cond  Order,  without  employing  the  revolution  of  angles  or 
of  lines. 

ANALYSIS. 
Join  A,  B,  and  C,  D  by  two  straight  lines  which  meet 
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IB  Hf.  and  A,  D^  and  B,  C  by  two  otker  straight  llnei 
naeting  in  G ;  and  from  the  fifth  point  E  draw  EML  and 
EIK  parallel  tQ  A3H  and  CBQ,  and  cutting  the  curve  la 
M  and  K,  and  meeting  HCD  and  DAG  in  L  and  K« 
F^om  the  property  pf  the  carve,  DH.HC:  AH.HB: : 
DL.LC :  'Efu.LM ;  but  th^  three  first  terms  of  this  analo- 
fff  being  given,  the  r^angle  EL.LM  is  given  ;  and  since 
EL  is  given,  I^M  is  akp  given,  and  the  point  M  in  the 
dirve^  Biseet  the  chords  A?  and  EM  in  V  and  T,  and 
the  straight  line  YVTZ,  which  joins  these  points,  is  a  dia* 
asetev  given  m  position.  Again,  DG.GA  :  CGcGB  : : 
IM.IA  :  EUK,  an4  consequently  the  rectangle  EI JK 
and  thence  IK  and  (he  point  K  in  the  curve  are  given* 
Bisect  the  parallel  chords  BC  and  EK  by  the  straight  line 
SOR,  which  will  be  a  diameter  given  in  position.  Bui 
tliese  dlaniipters  Y2i  mi  SR  are  likewise  given  ui  magni- 
todeV  for  AV^ :  E'P  r :  YVZ,  or  OY"— OV*- 1 YTZ,  or 
OY«u-OTS  and  haioe  the  ratio  of  O^*— OV*  to  OY»— 
01>  is  given ;  and  since  OV  and  OT  and  their  squares 
are  given,  the  square  of  OY,  and  OY  itself,  are  (YI.  f  • 
and  I.  23.  EL)  given.  In  the  same  manner  it  is  shewn  that 
OS  is  given.  Again,  from  the  property  of  parallel  lines 
intersecting  the  curve,  DI.IA  :  EI.IK : :  OZ*  :  OX»,  and 
CQiipequently  XQW^the  popjugat^  of  SOR  is  giveuj  and 
the  curve  is  given,  |ay  Proposition  XXX.  of  tb^  )a3t  Sook. 

COMPOSITION. 

Praw  AB,  DC  to  meet  in  H?  and  CB,  DA  tp  n^oel  in 
G,  and  through  E  draw  EL  and  EK  par9llel  tq  A3E}  aod 
CBG.  Make  DHC ;  AHB : :  DLC :  ELM  \  a^d  again, 
DGA :  CGB : :  DIA :  EIK,  and  the  points  M  and  K  wUI 
be  found.  Bisect  the  chords  AB,  EM,  and  BC,  EK  by 
the  straight  lines  YZ  and  SR,  which  will  define  the  posi- 
tion of  two  diameters.     Next,  make  TE*— AV* :  AV*  :  : 
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OT^-^OT^ :  OY*~OV%  whence  OY  wiD  be  fottnd ;  and 
Bgaith  Mke  IK»— QC*  :  QC* : :  OQ^u^P :  OS*— OQ* , 
and  OS  will  be  likewise  found.  Laitly,  mak  DI A :  EiK 
:  :OiZ"  :  OX^  and  thus  XW,  ibe  conjugate  ofSOR,  is 
Ibund)  iftid  tb^bums  is  defernmied,  by  Proposition  XXX. 
BoAt. 


PROP.  XVII.    PROS. 

To  find,  by  a  primary  construction,  a  line  of 
the  Second  Order  that  shall  pass  through  three  gi- 
ven p(»nt%  and  touch  two  straight  lines  given  in 
^obitioiL 

Let  FAR  and  FHB  {6g.  1 4^)  be  two  gbmi  itmgents, 
and  C^  (D  ttud  E  three  ^visn  points  Arongh  whteh  h  is 
required  to  describe  a  line  of  the  Second  Order,  without 
employing  the  revolution  of  angles  or  lines. 

ANALYSIS. 

Join  the  points  of  cohtkct  A  atvd  B,  draw  the  chord 

CD  iBXid  ptioduc^e  it  to  itii^et  AB  in  I ;  connect  likewise  die 

chord  DE,  extend  it  both  ways  to  meet  the  tangents  FB 

and  Fil  in  H  and  R,  And,  1ai!(tly,  parallel  to  these  draw 

lGK£todHSM. 

Since  NB  and  GL  are  parallel,  (I.  It.  t6r.  ^.) 
CND :  DGC  : :  NB*  :  LGK  or  GT*  : :  NP  :  GP.  But 
the  rectangles  CND  atid  COD  being  given,  the  ratio  of 
itr  16  <GI^,  and  eodisequ^tiy  thM  of  !NI  tb  OI  \s  ^bn ; 
whete^f  6N  bcfhig  giveh,  the  poiht  I  Is  likewise  ^Iveh. 
AgldH,  Wsatis^  HM  ahd  FR  4^i6  ^s^^  EflD  :  &RE 
: :  MHStor  HQ»  :  AR*  :  :  HP*  t  Pit* ;  bat  t!he  ^cthft. 
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gjies  EHD  and  DRE  being  given,  the  ratio  of  HP  to 
.  PR  is  hence  given,  and  the  line  HR  being  giveni,  the 
point  P  is  ako  given.  Wherefore  the  points  I  and  P 
being  given,  the  line  IBPA  is  given  in  position,  f»id  conse- 
quently its  intersections  with  the  tangents,  or  points;  of 
contact  A  and  B  are  given.  The  problem  is  thys  re- 
duced .to  the  description  of  a  curve  through  five  given 
points,  A,  B,  C,  D  and  E. 

COMPOSITION. 

Find  V  and  X  mean  proportionals  to  the  rectangles 
CND  and  CGD,  and  Y  and  Z  mean  proportionals  to  the 
rectangles  EHD  and  DRE.  In  the  ratio  of  V  to  X  di- 
vide ND  in  I,  and  in  the  ratio  of  Y  to  Z  divide  HR  in 
P;  join  IP,  and  produce  it  to  cut  the  tangents  in  A  and 
B,  whidi  are  the  points  of  contact,  with  the  curve.  The 
problem  is  thus  brought  under  the  last  Proposition. 


PROP.  XVIII.     PROS. 

The  focus  beipg  given,  to  describe  a  curve  of 
the  Second  Order  through  three  given  points. 

Let  it  be  required  to  find  a  curve  which  passes  through 
the  points  A  and  B  and  C,  (fig.  144.)  and  has  its  focus 
placed  in  F. 

ANALYSIS. 

Join  AB  and  BC,  and  produce  these  chords  to  the  di- 
rectrix. From  the  general  property  of  the  curve,  AF :  AD 
:  :,BE  :.BD,  ^nd  altjeriwtely,  AF. :  BF  :  :  AJ?,:  BD. 
But  AF  md  BF  being  giv0n,  their  ratios  ii^given,  oiifil  con- 
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sequently  that  of  AD  to  BD ;  wherefore  the  points  A  and 
B  being  given,  the  point  D  in  the  directrix  is  likewise  gi- 
ven. In  the  same  way,  it  is  shown  that  the  point  E^  where 
the  chord  BC  meets  the  directrix,  is  given.  Whence  the  di- 
rectrix DE  itself  being  given,  the  curve  is  determined. 

COMPOSITION. 

Drawthechord  BA,and  extend  it  tin  FA:FB::AD:BD; 
draw  likewise  the  chord  BC,  and  extend  it  till  FC :  FB : : 
CE :  BE ;  now  join  DE,  which  will  be  the  directrix  to  the 
curve. 

If  two  of  the  given  points,  such  as  A  and  B,  should  lie  in 
the  opposite  branches  of  a  hyperbola,  it  is  obvious  that 
AB  mast  be  cut  internally  in  D  in  the  ratio  of  FA  to  FB. 
If  two  of  the  points,  such  as  B  and  C,  be  equidistant  from 
the  focus,  the  point  E  will  be  thrown  to  an  indefinite  dis- 
tance, and  consequently  the  directrix  will  pass  through  D 
parallel  to  BC.  When  all  the  three  points  A,  B  and  C 
are  equidistant  from  the  focus,  the  directrix  becomes  in- 
definitely remote,  and  the  curve  migrates  into  a  circle,  ha- 
ving F  for  its  centre. 

PROP.  XIX.    PROB. 

By  the  system  of  radiants,  to  describe,  through 
three  given  points,  a  curve  of  the  Second  Order, 
whose  centre  is  given. 

Let  O  (fig.  145.  and  146.)  be  the  centre  of  a  curve, 
which  it  is  required  to  trace  through  the  points  A,  Ci  and 

o.  _  ...■. ;;,,-:" 

Join  AO  and  CO,  and  produce  them  to  equal  distaiioes 
OI  and  OH,  beyond  the  centre ;-  the  extremities  J  ^pd  H 
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of  these  diameterB  )mtt8t  evidently  be  ^pdints  in  th^  leilrve. 
Fhre  points  being  hence  assigned  in  it^  ;tbe  |>rofoteni  as  re^ 
duced  to  Prop.  Il« 

)Bat  the  construction  maybe  greatly ^simplified^  tbe  tri- 
angles AOH  and  IQC  being  obvioasly  equal)  the  im^e 
OAH  is  equal  to  OIC^  and  consequently  the  base  AH  is 
parallel  to  CL  Wherefore  the  third  pole  I  vanishes  in 
the  ^distance,  and  all  its  .radiants  must.be  paraUel;to,AH 
or  GI.  To  find  any  point  in  the  curve,  draWt  hetw^n 
the  directrices  MD  and  ID)  the  parallel  radiant  FG,  wd 
from  the  poles  A  and  C  draw  the  oblique  radiants  A&avA 
CFtome^tin  P. 

'Vor.  1.  'When  the  points  F  and  6  are  tbroimrto  an  ip- 
jdefinite  distance,  it  is  evident  that  the :  radiants.  AB  and 
CBwill  become  parallel  to  the  directrices  :£&  and  HD. 
Hence  the  opposite  pairs  of  the  jides: ofr  tliet  inacribediiex* 
iagon  ABCIDH  are  all. parallel. 

Cor.  2.  Thi»proposition  will  also  ^>ply  to  tlie>pasibola, 
if! the  diredtion  of  the  axis  be  substituted  for  tfeeposiUen 
of  the  centre.  'For  'H>  D  and  A  (fig. 1 147.) 'being  three 
points  in  the  curve,  other  two  points  I  aad  C,-  indefinitdy 
remote,  may  be  conceived  to  occur  in  the  extension  of  the 
axis.  Consequently,  the  chord  HD  and  a  parallel  ID  to 
the  axis  will  form  the  directrices;  while  A  and  the  remote 
point  C,  in  the  line^f  the  axis,  ^re  two  poles,  and  the  third 
poleX  is  represented  by  a  vanishing  point  in  the  direction 
of  the  chord  HA,  or  its  concourse  with  the  extreme  chord 
IC.  Any  point  of  the  curve  is  hence  found,  by  drawing 
between  the  directrices  the  radiant  FG  from  L  parallel  to 
HA,  and  extending  to  the  pole  A  the  line  FA  to  meet 
the  par&llel  radiant  CG  in  P. 

From  this  construction  it  follows,  that  HM:HN:: 
MD  :\NG  or  MF,  and  MA  :  NA  2 :  MF:  NP;  Whence^ 
by  com|)oui!ding  the  analogies,  HMA  r  NHA-  ? ''  "^**»  '^P. 
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PROP.  XX.    PROB. 

By  the  system  of  radiants,  to  describe  a  para- 
bola, of  which  the  direction  of  the  axis,  the  con- 
tact of  a  tangent,  and  a  point  in  the  curve  are 
given. 

Let  it  be  required  to  trace,  by  a  combination  of  ra* 
diants,  a  parabola  that  shall  touch  AL  in  A,  (fig.  147.) 
pass  through  the  point  I,  and  have  its  axis  parallel  to  AE« 

Having  drawn  the  double  ordinate  lED  parallel  to  the 
tangent  AL,  and  made  ED  equal  to  IE,  the  point  D  will 
evidently  lie  in  the  curve.  Wherefore,  on  the  supposition 
of  five  ordinal  points  in  the  curve,  two  of  them,  A  and  H, 
may  be  conceived  to  coalesce  in  the  point  of  contact  of  the 
tangent,  and  a  third  point  C  to  vanish  in  the  direction  of 
the  axis.  The  lines  DAK  and. DAL  will  hence  form  the 
two  directrices ;  and  IL  being  drawn  towards  C,  or  pa« 
rallel  to  the  axis,  to  meet  the  extension  of  AH  or  the  tan- 
gent in  L>  this  point,  with  A  and  the  remote  point  C,  will 
constitute  the  three  poles. 

To  find  any  point  in  the  curve,  from  A  draw  the  radiant 
AP,  cutting  the  directrix  DEI  in  G,  extend  -through  L 
the  oblique  radiant  GLF,  and  from  F  draw  the  parallel 
radiant  FP  to  intersect  AP  in  P. 

But  this  point,  where  the  oblique  radiant  AP  meets  the 
curve,  might  also  be  discovered  by  another  construction. 
For  the  ordinate  DE  being  equal  to  EI,  it  is  evident  that 
IL  is  equal  to  LK,  and  MO  equal  to  OF.  Consequently, 
from  the  property  of  parallel  and  converging  lines,  GN :  NP 
:;GL:LF::IL:OForMO,butIL;MO::AI:AM;s 

u 
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AN:  AP,and,  therefore,  GN:  NF: :  AN  :  AP,  and  bydi- 
wion  AG:  AN::  AN:  AP^  or  AG:  AN  : :  AI  :  AM» 
and  consequently  NM  is  parallel  to  GL  Wherefore^  let 
AP  cut  NIL  in  N,  and  parallel  to  the  tangent  AL,  draw 
NM  to  meet  AI  in  M  ^  then  MP  parallel  to  NIL  will)  by 
its  intersection,  assign  the  point  P. 


PROP.  XXL    PROB. 

Given  the  direction  of  each  asymptote  and 
three  points  in  the  curve,  to  describe  an  hyperbo- 
la by  the  system  of  radiants. 

Let  it  be  required  to  trace,  by  the  combined  intersec- 
tions <>f  lines,  an  hyperbola  through  the  points  £,  D  and 
H,  (fig.  148.)  and  having  its  asymptotes  parallel  to  EL 

and  HL. 

It  is  evident,  that,  of  five  original  points  A,  E,  D,  H,  C 
in  the  curve,  if  the  extremes  A  and  C  were  to  vanish  in  the 
distance,  the  lines  LE  and  LH,'  parallel  to  the  asymptotes, 
would  tend  towards  th^m.  Wherefore  L  is  one  of  the 
poles,  the  remote  points  A  and  C  representing  the  other 
two  pole^  while  the  cross  lines  DE  and  DH  are  the  cor- 
responding directrices.  Consequently,  to  find  any  point 
P  of  the  curve^  firom  the  pple  L  extend  any  oblique  line 
LGF  to  meet  the  directrix  DE  in  F  and  the  directrix  DH 
in  G,  draw  FP  the  radiant  to  C  parallel  to  LH,  and  in- 
tersect this  by  the  radiant  GP,  tending  towards  A,  and 
parallel  to  LE. 

CcT.  When  the  radiant  LGF  comes  into  the  portion 
LM  parallel  to  DE,  it  is  evident  that  the  point  P  vanishes 
towards  A.    Wherefore  the  parallel  CM  must  be  an  a- 
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fcyuipUHfc  In  like  manner,  the  other  asympCdle  ON  it 
foimd,  bjr  drawing  LN  paraHel  to  DH,  rince  the  j[>oint  P 
would  then  retire  towards  C. 


PROP.  XXIL    PROB. 

An  asymptote  being  given  and  three  points  in 

the  curvey  to  describe  an  hyperbolat  by  the  sys* 
tern  of  radiants. 

Let  it  be  required  to  tracey  by  the  combined  interseo- 
tiom  of  linesy  an  hyperbolsy  one  of  whose  asymptotes  is 
AL,  (fig.  1490  through  the  points  D,  E  and  C 

Recurring  to  the  original  five  points  A»  H|  D9  £  and 
C  it  is  obvious  that  the  ac^acent  points  A  and  H  must 
merge  into  one^  and  vanish  in  the  distance  along  the  a^ 
symptote.  Wherefore  CE,  being  produced  to  meet  that 
line^  will  assign  the  pole  L.  Agaiuy  the  oblique  line  DE 
will  constitute  one  of  the  directrices,  while  DF9  tending 
to  the  remote  point  H,  and  therefore  parallel  to  the  a- 
sjrmptote,  will  form  the  other  directrix. 

To  find  any  point  in  the  cutrei  firom  the  pole  L  extend 
the  oUique  radiant  LFQ,  from  F  draw  FC  through  the 
pole  Cf  and  intersect  it  by  GP>  tending  to  the  remote  pole 
A»  and  therefore  running  parallel  to  the  aq^ptote. 

It  must  likewise  follow,  that  LM  drawn  parallel  to  the 
directrix  DE|  will  determine  the  position  CM  of  a  parallel 
to  the  other  asymptote. 

General  SchUiunu  It  hence  appears  that  the  application 
of  the  system  of  radiants  not  only  discloses  finely  the  relationi 
of  curves  of  the  second  order,  but  affords  the  most  easy  and 
ready  methods  in  practice  for  solving  a  variety  of  problems. 
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Tho-Aame  theory  likewise  throws  much  light  on  other  geome' 
trical  constructions,  and  particularly.on  the  procedure  em-^' 
ployed  in  Linear  Perspective.  Thus,  let  DF  (fig.  150.)  be 
the  base  of  the  picture,  and  CK  the  horizontal  line  at  the 
height  of  the  eye,  E  the  point  of  sight,  and  the  perpendi- 
cular EA  equal  to  the  principid  ray,  or  die  distance  of  the 
eye  from  the  picture ;  any  point  G  on  the  ground  plan 
will  be  projected  in  the  Kne  GF  drawn  from  an  accidental 
pmtU  C  to  join  F,  inhere  6F»  the  parallel  to  AC*  meets  the 
base,  its  place  being  marked  by  the  intersection  of  GA. 
But  P  may  be  formed  by  a  different  construction ;  for  the 
oblique  line  DG  being  drawn  from  any  point  in  the  base  to 
O,  and  AK  being  extended  from  A  parallel  to  it  and  DK 
joined,  this  line  will  be  the  projection  of  DG  and  must 
consequently  cross  CF  in  the  required  point.      '  .>• 

The  same  conclusion  is  derived  from  the  theory  of  ra- 
diantff.  Conceive  A,  C,  H  and  I  four  of  the  original 
points,  to  occupy  a  given  straight  line,  while  the  fifth  D 
lies  beyond  it;  the  locus  of  any  sixth  point  P,  determined 
by  the  combination  of  radiants,  will  be  another  straight 
Hne  DKA,  given  likewise  in  position.  For  A  and  C  be- 
ing two  poles,  the  third  pole  L  will  vanish  in  the  extension 
of  >ACHI,  and  DH  and  DI  will  form  the  two  directrices. 
Aiiy  radiant^  FG  parallel  to  AI  being  therefore  drawn, 
and  the  oblique  radiants  FC  and  GA  produced  to  the 
poles  A  and  C,  their  intersection  will  mark  a  sixth  point 
P  in  the  same  system.  For,  parallel  to  DF,  draw  CK  to 
meet  the  extension  of  DP  in  K,  and  join  AK.  From  the 
property  of  parallel  and  diverging  lines,  AC  :  FG  :  : 
Cf^ :  PF  2 :  KC :  DF,  and  alternately,  AC :  KC : :  FG :  DF; 
but  the  angle  DFG  being  equal  to  FHC,  is  therefore  equal 
to  ACK ;  consequently  (VI.  13.  Geom.)  the  triangle  KAC 
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isflimilir  to  FGD,  and  the  asagle  AKC  equd  to.QDF. 
Wherefore  CK  teing  paralld  to  DH,  kfoUowa  that  AK 
18  parallel  to  DG.    Both  the  Hnes  AK  and  CK.are  hence; 
giiren  infMition,  and^.thiereforei  the  pomt  K  and  the  line 
DFK  are  Hlcewise  given. 

:  If:  the  point  D  (fig.  151.)  should,  fidl  into  the  saoMv 
straigbt'line  with  A  and.  C,  and  absorb  ako  the  poinftfi; 
andrJi^  'tarigentf  to  these  points  would  form  the  dirtetriceai 
DF  and  'I)G/  and  the  construction  would  become  simpler. . 
In  thb  case  DP :  PK : :  PF :  PC : :  PG  :  PA;  and,  there^/ 
fi)ve}:AK4s  parallel  to.  DG^  and  the  point  K  and  .the  line; 
DKigiVen  in  position.  .:..:}. 

'  But  if  the  p6iht  I  were  supposed  to  shift  its  place  along' 
the  line  ACD^  the  directrix  DG,  and  consequently,  its 
projectiicm  DK,  would  likewise  change  their  mutual  po-^ 
sitions.  If  DG  terminate  in  the  circumference  of  a  givea. 
circle,  DP  'will  trace  out  its  projection,  which  is  always  a 
curve  of  the  Second  Order.  The  resulting  curve  must  in- 
deed be  a  section  which  the  vertical  plane  of  the  picture 
makes  through  a  cone  formed  by  the  oblique  rays  flowing 
to  the  eye  from  the  circle  on  the  ground.  The  nature  of 
this  curve,  however,  may  be  deduced  from  the  primary 
construction.  Let  A  and  D  (fig.  152.)  be  given  points, 
and  DH  apdCK  parallels  given  in  position. 

To  avoid  unnecessary  complication,  suppose  the  circle 
which  is  to  be  represented  in  perspective  to  touch  the  base 
at  O,  and  having  drawn  DG  to  touch  the  circumference 
in  G,  and  extended  AK  parallel  to  it,  join  the  lines  AG 
and  DK,  and  their  intersection  P  will  mark  the  contact  of 
DP,  a  tangent  to  the  curve.  From  any  point  H,  between 
O  and  D,  draw  HQ  parallel  to  DK,  join  AQ,  and  parallel 
to  it  extend  HMN  to  cut  the  circle,  and  join  AM  and  AN, 
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wHidi  will  crqis  HQ  in  the  points  R  and  6,  where  the 
secant  HRS  meets  the  curve.  La8t)]r>  produce  NH  and 
OD  to  meet  ill  I^  and  join  ACL 

Since  DHQK  i%  by  construcdon*  a  parattelogran^  the 
side  DH  is  equal  to  KQ  ;  consequently  the  triangles  IDH 
and  AKQ9  bating  all  their  sides  nmtually  parallel^  are  e- 
qfUaL  Wherefore  ID  is  equal  to  AK,  and  IH  to  AQ^and 
hoice  the  figures  IDKA  and  IHQA  are  paralletograms» 
NoWs  from  the  property  of  parallel  and  diverging  Hnes^ 
ODor  OD :  PD : :  61 :  AI»  and  therefore  OD^  :  PD*  : : 
GP:AI^  Again,NH:NI::SH:AI»andMH:MI 
: :  RH  :  AI  \  whence^  by  composition^  NHM  :  NIM  :  i 
9HR :  AP ;  but  the  rectan^  NHM  and  NIM  are  equi- 
wient  to  the  squares  of  OH  and  IG;  consequently 
OH*  :  SG^  : :  SHR  :  AP,  or  alternately  OH*  :  SHR  :  r 
l<^zAl\  Again,  IG  :  AI  ;  :  GD  or  OD  :  FD»  and 
IGp  :  AP  : :  OD^ :  PD^ ;  wherefore,  by  identity  of  ratios, 
OH»  ;  SHR : :  OD» :  PD*-  But  OD  and  PD  being  tan- 
gents, and  the  parallel  HRS  a  secant,  this  property  desig* 
nates  a  curve  of  the  Second  Order. 

PROP.  XXIU.    THEOR. 

If  a  circle  meet  a  line  of  the  Second  Order,  the 
straight  lines  joining  each  pair  of  the  points  of  in- 
tersection are  equally  inclined  to  the  axis. 

Let  (fig.  84.  and  82.)  a  circle  meet  the  curve  in  the  four 
points  A,  B,  C  and  D ;  the  chords  AC  and  BD  will  make 
equal  angles  with  the  axes,  and  so  will  the  secants  ABE 
andDCE. 
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For  draw  the  semidionieters  OK,  OL  parallel  to  tlioie 
chdnl%  and  tlie  tangents  GI  and  HI  paraUel  to  the  se- 
cants. From  the  property  of  the  curvei  AT.TC :  BT.TD 
: !  OK*:  OL*;  bnt  since  the  chords  ACand  BD  cat  each 
othor  within  the  drde^  AT.TC  s  BT.TD,  and  oonse- 
quendy  0K'csOL%  and  OKszOL.  Wherefore  thes^  e- 
qaal  semidiameters,  and  their  paralld  chords,  must  be  e- 
qnally  inclined  on  each  side  of  the  axis.  Again,  AE.EB : 
DE.EC : :  lO  :  IH< ;  bat  (III.  26.  EL)  AE.EBsDE.EC 
and  dierefore  IG^=rIH%  and  IGsIH,  which  eqaal  tan- 
gents must  likewise  be  equally  inclined  to  the  axis  IMN. 

Cor.  Hence  in  the  parabola,  (fig.  82.)  the  perpendi- 
culars let  fall  from  the  points  of  intersection  of  a  circle  up- 
on die  axis,  are  together  equal  on  either  side.  For  the 
perpendiculars  AP  and  BQ  are  double  of  the  perpendica- 
lar  from  the  middle  point  of  AB,  and  which  is  equal  to 
OV ;  and  for  the  same  reason  the  perpendiculars  PS  and 
CR  are  double  of  the  perpendicular  from  the  middle  point 
of  CD,  and  which  is  equal  ta  H  V.  Wherefore  HG  being 
equal  to  HV,  it  follows  that  AP+BQ=DS+CR. 

PROP.  XXIV.    PROB. 

To  find  two  mean  proportionals  between  two 
given  straight  ImeSt 

Let  AB  and  AC  (fig.  80.)  be  two  straight  lines,  between 
which  it  is  required  to  find  two  mean  proportionals. 

ANALYSIS. 

Suppose  the  given  lines  to  be  perpendicular,  and  let  AH 
and  AE  be  the  mean  proportionals.    Complete  the  rect- 
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angle  AHDE ;  and  because  AB  :  AH : :  AH :  AE,  or 
AB  :  DE  :  :  DE :  AE,  it  foUows,  (V.  6.  El.)  that  DE«= 

AB,  AE»'  and  therefore  the  locus  of  the  point  is  a  parabo- 
la, having  AB  for  its  axis,  and  AC  for  its  parameter,  and 
which  is  therefore  given.    Again,  since  AH :  AE : :  AE : 

AC,  or  AH :  DH : :  DH  :  AQ  it  is  evident  that  DH*  = 
AC.  AH,  and  that  the  locus  of  D  is  likewise  a  given  parabo- 
Ja,.  having  AC  and  AB  for  its  axis  and  parameter.  Where- 
fore D,  the  point  of  the  intersection  of  these  curves,  is  gi- 
ven, and  consequently  the  mean  proportionals  AH  and 
AE. 

COMPOSITION. 

On  the  axis  AH,  and  with  the  parameter  AC,  describe 
a  parabola,  and  on  the  axis  AE,  and  with  the  parameter 
AB,  describe  another  jfiarabola  intersecting  the  former  in 
O,  from  which  let  fall  the  perpendiculars  DH  and  DE ; 
these  are  the  mean  proportionals  required.  For  AB.AE= 
DE*  or  AHS  and  AB  :  AH  :  :  AH  :  AE.  Likewise, 
AC. AH  =  DH*  or  AE%  and  consequently  AH :  AE  :  : 
AE :  AC. 

Othenxiise  thus  : 

Let  (fig.  81.)  AB  aiyl  AC  at  right  angles,  be  the  given 
lines,  and  AE  and  AH  the  mean  proportionals  required* 

ANALYSIS. 

Construct  the  rectangles  ACDB  and  AEGH.  Because 
AB:AE::AE:AH::AH:AC,orAB:AE::AH:AC, 
therefore, (V.  6.  El.)  the  rectangles  ACDB  and  AEGH 
are  equivalent,  and  consequently  the  locus  of  the  point  G 
is  an  hyperbola  passing  through  D,  and  having  AB  and 
AC  for  its  asymptotes.  Complete  the  rectangle  AEGH» 
dr&w  the  diagonal  AG,  and  join  DG,  which  produce  to  I 
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and  L.  Since  AB :  AE : :  AE :  AH,  and,  from  the  pro- 
perty of  the  hyperbola,  DI=GL,  or  AB=HL;  conse- 
quently HL  :  HG :  :  HG  s-AH,  and  the  right-angled  tri- 
angles LHG  and  HGA  are  similar.  Wherefore  the  a)i- 
gle  AGD  being  equal  (I.  80.  El.)  to  the  two  acute  angles 
GAH  and  GLH,  or  HGA,  is  a  right  angle,  and  the  la* 
cus  of  the  point  G  is  a  semicircle  described  on  the  ^ven 
diameter  AD ;  this  point  being  the  intersection  of  a  given 
circumference  with  a  given  curve,  is  consequently  given^ 
and  thence  the  rectangle  AG  contained  by  the  mean  pro- 
portionals AE  and  AH. 

COMPOSITION. 

Apply  a  rectangular  hyperbola  to  the  asymptotes  AB 
and  AC  and  passing  through  the  point  D,  draw  the  dia- 
gonal ^Df  and  upon  it  describe  a  circle  meeting  the 
curve  again,  in  the  point  G,  from  which  draw  GE  and 
GH  parallel  to  the  asymptotes ;  the  segments  AE  and 
AH  are  the  mean  proportionals  required ;  for  draw  the 
diagonals  AD  and  AG,  join  DG,  and  produce  it  to  meet 
the  asymptotes  in  the  points  I  and  L.  Because  the  angle 
AGD  in  the  semicircle  is  a  right  angle,  the  triangle  AGL 
is  right-angled,  and  divided  by  the  perpendicular  GH ; 
whence  HL  :  HG : :  HG :  AH;  but  (Prop.  IS.)  DI  = 
GL  and  AB=HL,  and  therefore  AB :  AE : :  AE :  AH. 
Again,  from  the  property  of  the  hyperbola,  AB.AC  =: 
AH. AE ;  whence  AB  :  AE  :  :  AH  :  AC,  and  AH  and 
AE  are  mean  proportionals  inserted  between  AB  and  AC* 

Scholium.  This  proposition  embraces  the  famous  Delian 
Problem  or  the  Duplication  of  the  Cubcj  which  the  ancient 
Greeks  were  the  more  eager  to  solve  geometrically,  as  they 
had  not,  with  all  their  ingenuity,  attained  sufficient  skill 
to  extract  the  cube  root  by  a  process  of  arithmetic. 
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PROP.  XXV.  PROB. 

To  trisect  a  given  angle. 

Let  (fig.  83.)  aOF  be  an  angle^  of  which  it  is  required 
to  find  the  third  part 

ANALYSIS. 

From  the  vertex  O  of  the  angle  describe  a  circles  and 
the  arc  FD»  which  subtends  at  O  the  third  part  of  the  an- 
gle aOF,  must  likewise  be  the  third  of  the  whole  intercept- 
ed arc  FDa.  Join  aF,  and,  parallel  to  it,  draw  the  chord 
D6}  which  (IIL  18.  El.)  will  cut  off  an  arc,  aG  equal  to 
FD,  and  therefore  leave  the  intermediate  arc  DG,  equal 
to  another  third  part  of  FDa.  Join  FD,  and  draw  the 
diameter  B5  perpendicular  to  aF  or  DCr.  Because  B&  is 
at  right  angles  to  the  chord  DG,  it  (IIL  4.  El.)  bisects  this 
in  E,  and  consequently  FD  is  double  of  DE«  The  ratio 
of  the  distances  FD  and  DE  is  thus  given^  while  the  point 
F  is  given,  and  CB  is  given  in  position  ;  wherefore,  the 
locus  of  the  point  D  of  trisection  is  a  given  hyperbola,  of 
which  F  is  the  focus,  CB  the  directrix,  and  the  determi- 
ning ratio  that  of  two  to  one.    But  the  circle  being  given, 

its  intersection  D  with  the  curve  is  likewise  given* 

• 

COMPOSITION. 
Having  described  the  circle,  draw  the  chord  aF,  and 
let  fall  the  perpendicular  OCB,  firom  the  focus  F,  with  the 
directrix  CB,  and  the  determining  ratio  of  2  to  1,  describe 
an  hyperbola,  cutting  the  circumference  in  the  point  D ; 
the  arc  FD  is  the  third  part  of  aDF,  which  subtends  the 
given  angle. 
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For  draw  DG  pandlel  to  aF,  and  join  FD  and  aO. 
From  the  nature  of  thh  hyperboh,  the  ftcal  distance  FDf 
being  doable  of  DE»  is  equal  to  the  chord  DO,  and  con- 
sequently the  arc  FD  is  equal  to  DO ;  but  it  is  likewise 
equal  to  the  arc  aQy  (IIL  20.  EI.)  and  therefore  is  the 
third  part  of  the  whole  arc  nBF. 

But,  besides  the  point  D,  thb  construction  affi>rds  like- 
wise two  more  points  of  trisecdon  D'  and  D''.  In  the  fiir« 
mer,  since  FD"  is  double  oSjyE\  it  is  equal  to  D'G',  and 
consequently  the  arc  FBD'  is  equal  to  D^iO^i  but  the 
chord  jyOff  being  parallel  to.aFf  the  arc  FBD'  is  also  e- 
qual  to  Q^Ba.  Wherefore,  these  three  arcs  FBD",  D^M^, 
and  O^Ba  are  all  equal,  and  they  compose  eridently  the 
whole  drcumference,  together  with  the  original  arc  FDa  i 
hence  the  second  arc  of  trisection  FBD^  consists  of  a  third 
part  "Dajy  of  the  circumference,  joined  to  the  first  third 
FD.  Again,  because  FD"',  being  double  of  iy'E\  is  equal 
to  D^G^',  the  compound  arc  FBD'AIV'  is  equal  to 
D^^FBuD^G^' ;  and  D^'O^'  being  parallel  ito  oF^  the  arc 
FBD'&D''  is  equal  to  (y'biy'FBa ;  and,  consequently,  the 
three  large  arcs  FBD'ftD'',  D'TBaD'G",  an4G''6D''FBa 
are  all  equal,  and  combine  to  form  two  circumferences  to- 
gether with  the  original  arc  FDa.  Whence  the  third  arc 
of  trisection  FBaD'iD^^  is  composed  of  two-third  parts 
Dajy  and  D^ W^  of  the  circumference,  joined  to  the  first 
third  FD. 

The  reason  of  this  curious  result  is,  that  the  are  FDa, 
measuring  the  angle  FOa,  and  formed  by  the  revolution  of 
its  radius  OF,  necessarily  inyolves  in  it  aH  the  successive 
arcs,  which  have  their  origin  at  F,  and  their  termination 
at  a.  The  describing  line  OF  will  again  arrive  at  the  po- 
sition Oa,  after  having  made  one^  two,  or  more  circuits  ^ 
and  the  intersections  of  the  hyperbola  with  the  circle  must 
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exhilntf  therdforlB^  the  third  part  of  those  suocetsiireljrccim* 
pounded  arcs.:  But  though* the  arcs  themsdives  ajce  thus 
absolutely  innumerable,  their  irisection  gires  only  three  ta^ 
rietie8.;ifor  eadi  accession  of  a  whole  circunifertocp,.i^|id 
which  is  the  result  of  three  added  circuits,  only:  returns 
back  on  the  same  points  of  division.    . 

A  similar  conduiion  may  be  derived  from  Prop*.  Si;  of 
the  First  Book  of  Geometrical  Analysis;  for  it  was  there 
showii,  'that  if  a  straight  liner  CFG  be  drawn  from.  l3ie  ex- 
tremity of  the  arc  AC,  such  as  to  intercept,  between  the 
ctrcumfiarence  and  the  extended  diameter,  a  segmebtl  FQy 
equal  to  the  radius  of  the  circle,  the  arc  EF  wilt  be  the 
third  part  of  AC  But  this  line  CFG,  is  evidently  capaUe 
of  having  three  several  positions,  one  beyond  eitbet  end  of 
the  diameter,  and  another  crossing  it;  and  it  is  easily  de- 
monstrated, that  the  points  of  successive  intersection,  F, 
F^  and  F^^,  are  mutually  separated  by  intervals,, each  equal 
to  the  third  of  the  whole  circumference,  or  that,  if  they 
were  connected  together,  they  would  form  an  equilateral 
triangle. 

Another  Solution. 
Let  it  be  required  to  find  (fig.  153.)  CAD,  which  is  a 
third  part  of  the  angle  BAC. 

ANALYSIS. 

Parallel  to  AD  draw  BC,  to  which,  meeting  AC,  erect 
the  perpendicular  AF,  crossing  at  F  the  extension  of  CB. 
Make  CE  equal  to  BF,  bisect  CF  in  O,  and  join  AO. 

Because  CAF  is  a  right  angle,  it  is  contained  in  a  semi- 
circle, of  which  the  middle  point  O  of  the  diameter  must 
be  the  centre.  Wherefore  AO  being  equal  to  OC,  the  an- 
gle OAC  is  equal  to  OCA,  or  the  alternate  angle  CAD,  the 
third  part  of  the  given  angle  BAC;  consequently  the  re- 
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maining  kngle  BAO,  being  two-thirds  of  BAC^  muat  be 
equal  to  the  compound  angle  OAD,  or  its  alternate  angle 
AOB;  whence  AB  is  equal  to  BO.  But  since  OF  is  equal  to 
OC>  and  BF  equal  to  EC,  the  part  OB  siust  be  equal  to 
OE ;  wherefore  BE  is  equal  to  the  double  of  AB,  which 
being  given  in  magnitude,  the  locus  of  the  point  E  must 
be  a  given  circumference  described  from  the  point  B. 
Again,  because  the  segment  CE  is  equal  to  BF,  the  lo- 
cus of  E  is  a  rectangular  hyperbola,  passing  through  B9 
and  having  AC  and  AF  for  its  asymptotes.  But  both  the 
cirde  and  hyperbola  being  given,  their  intersection,  or  the 
point  E,  is  given,  and  therefore  the  line  BC  is  given  in 
position ;  whence  the  angle  BCA  or  CAD,  the  third  part 
of  BACy  is  given. 

COMPOSITION. 

Assume  any  equilateral  hyperbola,  and  from  the  centre 
A  draw  AB,  making  with  the  asymptote  AC  the  given 
angle  BAC ;  from  the  point  B  in  the  curve,  with  twice  the 
distance  AB  as  a  radius,  describe  a  circle  cutting  the  curve 
in  E ;  join  BE,  and  produce  it  to  meet  AC  in  C }  then 
ACB  is  a  third  part  of  the  angle  BAC. 

For  extend  BE  to  the  other  asymptote  AF,  bisect  it  in 
O,  and  join  AB  and  AO.  Because  BE  is  by  construction 
double  of  AB,  its  half  BO  must  be  equal  to  AB,  whence 
the  angle  BAO  is  equal  to  BOA.  Again,  from  the  pro- 
perty of  the  hyperbola,  the  segment  BF  is  equal  to  EC, 
to  which  add  the  equal  parts  OB  and  OE,  and  OF  is 
equal  to  OC ;  wherefore  O  is  the  centre  of  a  semicircle 
which  contains  the  right  angle  CAF,  and  the  radius  OA 
is  equal  to  OC.  Consequently  the  angle  OAC  is  equal  to 
OCA,  and  the  exterior  angle  AOB  is  double  of  either  of 
these ;  the  angle  BAC,  composed  of  BAO  and  OAC,  is 
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therefore  eqaal  to  three  times  BCA)  or  the  angle  BAC  is 
a  third  part  of  BAC. 

It  18  obvious  that  the  circle  described  irom  B  may  cut 
the  complete  hyperbola  in  four  points,  the  fourth  pcmit  be- 
ing always  B^  the  other  extremity  of  the  diameter  BAB'. 
There  consequently  result  three  distijict  sections  of  the 
given  angle  BAC,  corresponding  to  the  points  E,  E'  and 
W.  The  lines  BE,  BE',  and  BE''  being  inflected  to  these 
points,  wffl  make  equal  angles  about  B,  and  cooseqaendy 
the  inclination  of  BE'  and  of  BE"  to  AC  is  aagmented 
successively  by  the  third  part  of  four  right  angles.  ThuSf 
the  angle  BAO  is  two-third  parts  of  BAC ;  and  it  is  easy 
to  show,  that  BACy  is  likewise  two-thirds  of  BAF,  which 
completes  the  right  angle;  whencethecombinedangleOACy 
is  two-thirds  of  a  right  angle,  or  the  third  part  of  two 
right  angles.  ^  But  B  is  the  centre  of  a  circle  which  would 
pass  through  the  points  O,  A,  and  C,  and  consequently 
the  angle  OBCy  is  the  double  of  OACy,  or  the  third  part 
of  four  right  angles. 

Again,  the  angle  BAO"  is  equal  to  BO" A,  and  double 
of  F"C"A ;  consequently  BAO",  together  with  the  don* 
ble  of  AF'O"  or  of  0"AF  is  equal  to  two  right  angles ; 
that  is,  three  times  the  angle  0"AF  and  the  angle  BAP', 
or  the  triple  of  the  angle  O'AF',  are  equal  to  two  right 
angles.  The  combined  angle  O'AO"  is  therefore  the  third 
part  of  two  right  angles ;  consequently  the  angle  OHM)" 
at  the  centre  of  the  circle,  which  would  pass  through  C, 
A,  and  O",  is  the  third  part  of  four  right  angles. 

This  Problem  may  be  somewhat  varied,  by  substitotiiig 
an  arc  for  the  angle  to  be  bisected,  as  in  the  nest  Plro|K^ 
sition.  • 
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•  PROP.  XXVI.  PROR 
To  trisect  a  given  arc  of  a  circle. 
Let  it  be  reqaired  to  trisect  the  arc  ABC,  (fig.  154.) 

ANALYSIS. 

Let  BC  be  the  third  part  of  ABC,  join  AB  and  BC, 
make  the  angle  CAD  equal  to  BAC,  and  produce  BC  to 
meet  AD  in  D. 

It  is  obvious,  from  the  hypothesis,  that  the  arc  AB  is 
double  of  BC,  whence  the  angle  ACB  is  likewise  double  of 
the  angle  CAB ;  but  (I.  SO.  El.)  ACB  is  equal  to  CDA 
and  CAD,  and  consequently  the  angles  CDA  and  CAD  or 
CAB  are  double  of  the  same  angle  CAB,  or  CAD  is  equal 
to  CDA;  wherefore  (I.  5.  El.)  CD,  being  equal  to  AC,  is 
given.  Agmn  (I.  SO.  El.)  the  angle  ACD  is  equal  to  the 
angles  ABC  and  BAC  or  CAD,  and  hence  the  angle 
ABC,  which  is  given,  is  equal  to  the  difierence  between 
the  angles  ACD  and  CAD.  The  triangle  ADC  has  there- 
fore its  base  AC  given,  and  the  difference  between  the  ad- 
jacent angles ;  whence  the  locus  of  the  vertex  D  is  a  given 
rectangular  hyperbola.  But  CD  being  also  given,  the 
point  D  lies  in  the  circumference  of  a  given  circle ;  there- 
fore D  is  given,  and  consequently  DCB,  and  the  point  B 
oftrisection. 

COMPOSITION. 

With  conjugate  diameters  equal  to  the  chord  AC,  and 
inclined  at  the  angle  ABC  contained  in  the  given  segment, 
construct  an  equilateral  hyperbola,  from  C  with  the  radius 
CA  describe  a  circle  intersecting  the  curve  in  D,  and  draw 
DCB ;  the  arc  ABC  is  trisected  in  B. 
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For  C A  being  equal  to  CD,  the  angle  CAD  is  equal  to 
CDA ;  but,  from  the  construction,  the  angle  AfiC  is  equal 
to  the  difference  of  the  angles  ACD  and  CAD ;  that  is, 
die  angle  ACD,  which  is  equal  (L  30.  EI.)  to  the  angles 
ABC  and  C AB^  is  equal  to  the  angles  ABC  and  CAD  $ 
whence  the  angle  CAB  is  equal  to  CAD.  Again  (I.  SO, 
£1.)  the  angle  ACB  is  equal  to  CAD  and  CDA,  or  the 
double  of  CAB  $  whence  the  arc  AB  is  double  of  BC,  or 
BC  is  the  third  part  of  the  whole  arc  ABC. 

PROP.  XXVII.    PROB. 

The  base  and  the  difference  of  its  adjacent  an- 
gles being  given,  to  find  the  locus  of  the  vertex 
of  the  triangle. 

Let  it  be  required  to  find  the  locus  of  C  (fig.  155.),  the 
vertex  of  the  triangle  ABC,  of  which  the  base  AB  and 
the  excess  of  the  angle  ABC  above  BAC  are  given. 

ANALYSIS. 

• 

Draw  CD,  making  an  angle  BCD  equal  to  BAC,  and 
meeting  the  extension  of  AB  in  D.  The  angle  ABC  be- 
ing equal  (I.  SO.  El.)  to  the  angles  BDC  and  BCD  or 
BAC,  the  angle  BDC  is  consequently  equal  to  the  diffe- 
rence of  the  angles  ABC  and  BAC  at  the  base,  and  there- 
fore the  line  CD  has  a  given  inclination  to  AD.  But  the 
triangles  ACD  and  CBD,  having  the  same  vertical  angle 
at  D,  and  the  angle  DAC,  by  construction,  equal  to  DCB, 
are  ( VL  1 1.  El.)  similar ;  whence  AD :  DC : :  DC :  DB, 
and  (V.  6.  El.)  AD.DB=DC*.  Wherefore  the  vertex  C 
lies  in  a  given  rectangular  hyperbola,  of  which  AB  and 
an  equal  straight  line  parallel  to  DC  are  conjugate  dia« 
metersl 
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COMPOSITION. 

fihMt  AB  in  O,  find  thtcmgh  this  middle  point  dratu^ 
lOK  eqttal  on  both  sides  to  the  pottions  OA  or  OB»  and 
making  an  angle  tO  A  equal  to  the  difference  of  the  an- 
glers BAG  and  ABC  at  the  bftse,  and  describe  a  rectail- 
gidar  hyperbola,  of  which  O  is  the  centre,  and  AB,  IK 
6onjagate  diameters.    This  cnrve  is  the  locus  required. 

For,  from  any  point  in  it  as  C,  and  parallel  to  IK,  dr6W 
CD  meeting  the  conjdgtite  diameter  AB  produced  in  D. 
From  the  property  of  this  curve  AD.DB=DC*,  and  there- 
fore (V.  6.  El.)  AD :  DC  :  :  DC :  DB;  whence  the  trian- 
gles  ACD  and  CBD,  having  likewise  a  common  vertical  An- 
gle 9^  D,  are  (VI.  1 3.  El.)  similar,  and  the  angle  BCD  is 
equal  to  6AC.  But  (I.  50.  El.)  the  angle  ABC  is  equal 
to  BDC  and  BCD  or  BAC,  and  consequently  ADC  6t 
(I.  22.  El.)  the  given  angle  AOI  is  equal  to  the  AiSktehtB^ 
of  the  angles  ABC  and  BAC. 

The  construction  may  be  simplified,  by  drawing  EBF 
at  angles  equal  to  the  difference  of  those  of  the  base,  and 
having  made  BE  and  BF  equal  to  OB,  extend  the  per- 
pendicular asymptotes  OE  and  OF. 

Scholium.  If  the  sufrti  instead  of  the  difference  of  the  ati* 
gles  at  the  base  of  the  triangle  were  given,  the  locus  of  thd 
vertex  would  become  a  circle^  which  is  indeed  only  the  in* 
versioti  of  the  rectangtitar  hyperbola.  For  all  the  angles  of 
the  triangle  ABC  being  equal  to  two  right  angles,  and  the 
HUfti  of  the  angles  at  the  base  being  given  by  hypoth^is, 
the  vertical  angle  ACB  is  hence  given,  and  consequently 
(III.  16.  EI.)  the  vertex  C  must  lie  in  a  given  arc  of  a  circle. 

But  the  analysis  may  be  conducted  in  the  same  way 
M  Wheh  the  difference  of  the  angles  nt  the  hk'&e  was  given. 
Xhtm  Cly  making  an  angle  BCty  equtd  to  BAC,  and 
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produce  it  till  BC  be  equal  to  BC ;  then  AD'C,  being 
equal  to  ]>BC  and  BCD'  or  BAG,  is  equal  to  the  sum  of 
the  angles  at  the  base,  and  therefore  given*  Now  the  tri« 
angles  AIVC  and  BD'C  are  evidently  similar,  and  con- 
sequently Aiy  :  D'C  :  :  DC  :  D'B,  and  (V.  6.  EI.) 
AD'.D'BrrDC.DC.  But  this  is  the  property  of  a  circle 
passing  through  the  two  points  A  and  B,  or  having  its 
diameter  bisecting  AB  at  right  angles ;  and  since  the  chord 
BC  is  equal  to  BC,  another  diameter  must  cut  CC  at 
right  angles,  and  is  consequently  gi^^  in  position,  whence 
the  circle  is  given. 

If  the  sum  of  the  angles  at  the  base  be  a  right  angle^  the 
vertical  angle  at  C  must  also  be  a  right  angle,  and  hence 
contained  in  a  semicircle.  Whence  the  difference  of  the 
angles  at  the  base  becomes  a  right  angle,  the  conjugate 
diameters  AB  and  IK  pass  into  the  transverse  and  conju* 
gate  axes. 


PROP.  XXVIII.    PROB. 

To  find  a  point  in  the  circumference  of  a  given 
circle,  from  v^hich  straight  lines  drawn  to  tveo  gi- 
ven  points  shall  be  equally  inclined  on  either  side 
of  the  radius. 

m 

Let  D  (fig.  156.)  be  the  centre  of  the  given  circle,  and 
A,  B  two  given  points ;  it  is  required  to  find  a  point  C  in 
the  circumference,  such  that  C  A,  CD  and  CB  being  drawn, 
the  angle  DCA  shall  be  equal  to  DCB. 

ANALYSIS. 

Join  DA  and  DB;  from  C  draw  CE  and  CF,  maidng 
the  angles  DCE  and  DCF  equal  to  DAC  and  BBC^moi^ 
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meeting  DA  and  DB  produced  in  £  and  F,  and  join  CE,  . 
CF  and  EF.  The  triangles  CDA  and  EDC,  having  tjhe 
same  vertical  angle,  and  the  angle  DAC  by  construction 
equal  to  DCE,  are  similar. .  In  like  manner,  the  triangles 
CDB  and  FDC  are  proved  to  be  similar.  Wherefore 
AD  :  DC :  iJiCi  DE,  and  consequently  AD  and  DC  be- 
ing given,^the  third  proportional  DE  is  given,  and  therdbre 
the  point  E.  Again,  DB :  DC  : :  DC  :  DF,  whence  DF 
and  the  point  F  are  given.  But  the  triangles  CDA 
and  CDB  being  similar  to  EDC  and  FDC,  the  angles 
DEC  and  DFC  are  equal  to  DCA  and  DCB,  which  are 
equal  by  hypothesis ;  whence  adding  DEF  and  DFE  to 
each,  the  difference  between  the  angles  CEF  and  CFE 
roust  be  the  same  as  the  difference  between  the  angles 
DEF  and  DFE.  Now,  the  triangle  EDF  being  given, 
the  difference  between  the  angles  DEF  and  DFE  is  gi- 
ven; whence  the  triangle  ECF  having  its  base  EF  given, 
and  the  difference  between  the  adjacent  angles  CEF  and 
CFE,  its  vertex  C  must  lie  in  a  given  rectangular  hyper- 
bola, by  the  last  Proposition. 

COMPOSITION. 

Join  DA,  DB  and  AB,  find  (VI.  8.  El.)  a  third  pro- 
portional  to  DA  and  the  radius,  and  to  DB  and  the  ra- 
dius, and  produce  DA  and  DB  till  DE  and  DF  be  equal 
to  those  lines ;  join  EF,  and  bisect  it  in  O ;  through  O  draw 
60H  parallel  to  AB,  and  having  its  portions  OG  and  OH 
equal  to  EO  or  OF,  and  construct  a  rectangular  hyperbo- 
la to  the  conjugate  diameters  EF  and  GH ;  the  intersection 
of  this  curve  with  the  circle  will  assign  the  required  point  C. 

For,  since  by  construction  AD  :  DC  :  :  DC  :  DE, 
and  BD  :  DC  :  :  DC  :  DF,  the  rectangles  AD.DE  and 
BD.DF  are  both  equal  to  the  square  of  DC;  whence 
AD.DE=BD.DF,  and  AD  :  BD  :  :  DF  :  DE;  where-, 
fore  the  triangles  ADB  and  FDE,  having  a  common  ver- 
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tical  angle,  are  similar,  and  consequently  the  angle  DAB 
equal  to  DFE ;  but  DAB  (I.  22.  EL)  is  equal  to  AIO, 
which  again  (I.  30.  EI.)  is  equal  to  DEF  and  EOI^  and 
hence  GH  makes  with  EF  an  angle  equal  to  the  diffe* 
rence  of  the  angles  DEF  and  DFE.  Now,  the  point  C 
Ijring  in  a  rectangular  hyperbola,  of  which  EF  and  GM 
are  conjugate  diameters,  the  angle  EOG  must,  by  the 
last  Proposition,  be  equal  to  the  difierence  between  the 
an^es  CEF  and  CFE,  and  therefore  the  angles  CED 
and  CFD  on  both  sides  must  be  equal.  Again,  becatase 
AD:DC::DC:DEandBD:DC::DC:DF,  the  tri- 
angles ADC  and  BDC  are  similar;  whence  the  angles 
CED  and  CFD  are  equal  to  ACD  and  BCD,  wkich  are 
therefore  equal. 


PROP.  XXIX.    PROB. 

The  segment  of  a  curve  of  the  second  order  be* 
ing  given,  to  find  either  absolutely  or  approxi- 
mately its  area. 

1.  In  the  Parabola. 

To  find  the  space  ABC  (fig.  710  included  by  a  parabo* 
lie  arc,  and  its  diameter  and  ordinate^ 

Conceive  the  absciss  AC  to  be  divided  into  minute  in- 
tervals Ee,  at  which  the  ordinates  ED,  ed^  &c.  are  applied^ 
and  from  their  extremities  drawing  parallels  Dm,  &c.  to 
the  diameter  AC,  the  curved  space  will  be  occupied  by  a 
polygon  consisting  of  elementary  rhomboids  "EDme  ;  join 
the  contiguous  vertices  D,  d,  by  the  straight  line  UHd ; 
complete  the  rhomboids  HIDE,  Hidet  and  apply  the  ver- 
tical tangent  AG.  The  oomplenlents  D?  and  Df  about 
the  diagixial  of  the  rhomboid  Aedg  are  (II.  8.  El.)  equi- 
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valent ;  but  tbe  nearer  that  the  point  D  is  taken  to  d,  or 
the  secant  HDd  made  to  approach  the  position  of  a  tan- 
gent at  Hj  the  nearer  is  HE  the  double  of  Ae,  and  the 
complementary  rhomboid  Df  hence  approximates  to  the 
double  of  Dg.  Wherefore  the  element  D^  is  ultimately 
double  of  Jig  I  and  consequently  the  aggregate  interior 
polygon,  filling  up  the  curved  segment,  is  double  of  the 
Ulterior  polygon,  which  completes  the  circumscribing 
rhomboid  AEDO.  Whence  the  space  ADBCE  is  the 
double  of  AGKBD,  and  consequently  the  parabolic  s^ 
ment  is  two-thirds  of  the  circumscribing  rhomboid. 

2.  Jn  the  J^lipse. 

It  is  required  to  approximate  to  the  area  of  the  curve 
ABO  (fig.  74.)  included  by  the  elliptical  arc  and  its  diame- 
ter and  ordinate. 

Coneeive  the  absciss  AC  to  be  divided  into  minute  sec- 
tions E^,  the  adjacent  ordinates  ED,  ed  applied,  and  the 
elementary  rhomboids  EDm^,  and  "Ende  formed ;  let  the 
diameter  AL  describe  the  semicircle  AHL,  erect  the  per* 
pendiculars  CH,  eg  and  EG,  and  complete  the  rectangles 
GEge,  Erge ;  and,  lastly,  in  the  ellipse  draw  the  semicon- 
jugate  diameter  OI,  and  let  fall  upon  AL  the  perpendicu- 
lar IK.  The  elementary  rectangle  EG^^  is  to  the  elemeq- 
tary  rhomboid  EDm^,  which  has  the  same  base,  as  the  al- 
titude EG  to  the  perpendicular  from  D  upon  AL,  or  in  tbe 
ratio  compounded  of  EG  to  ED,  and  of  ED  to  that  per- 
pendicular. But,  from  the  property  of  the  ellipse,  EG  is  to 
£D  as  OA  to  OI ;  and,  from  similar  triangles,  EDme  is 
to  a  perpendicular  from  D  as  OI  to  IK ;  wherefore,  the 
minute  rectangle  EG^^  is  to  the  minute  rhomboid  EDme 
as  Oi  to  IK ;  and,  for  a  like  reason,  Erge  is  to  Ende  in 
the  same  ratio.  Now  the  rectangles  EGge  and  Erge  are 
elements  of  the  polygons  inscribing  and  circumscribing 
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the  circular  segment  AGE,  and  the  rhomboids  EDme  and 
"Ende  are  the  elements  of  the  elliptical  segment  ADE; 
whence  the  former  is  to  the  latter,  as  OI  to  tK,  and  there- 
fore the  circular  segment  itself  is  to  the  corresponding  el- 
liptical one  ultimately  in  that  ratio. 

%*  In  the  Hyperbola. 

Let  it  be  required  to  approximate  to  the  hyperbolic 
space  ZMHGA,  (fig.  77.)  included  by  an  arc  of  the  curve 
and  the  asymptote.  Find  (VI.  18.  El.)  OB  a  mean  pro^ 
portional  between  OZ  and  OA ;  draw  the  parallel  BH, 
and  make  2;6=2ZB.  The  space  ZMHB  is  (Prop.  23.) 
cor.  1.)  equivalent  to  BHGA,  or  the  whole  hyperbolic 
space  ZMHGA  is  double  of  ZMHB ;  and  consequently  the 
rhomboid  contained  by  the  double  of  ZB  or  by  zb  and 
ZM,  and  under  the  angle  ZO  A  of  the  asymptotes,  is  great- 
er, and  the  like  rhomboid,  contained  by  zb  and  BH  is  less 
than  the  whole  space.  Again,  find  OC,  a  mean  propor- 
tional between  OZ  and  OB,  draw  the  parallel  CI,  and 
make  2;c=4ZC.  The  spaces  ZMIC  and  CIHB  are  equi- 
valent, and  each  of  them  is  hence  the  fourth  of  the  whole 
hyperbolic  space  ZMGA,  which  must  therefore  be  greater 
than  the  rhomboid  under  zc  and  CI,  and  less  than  that  un- 
der zc  and  ZM.  In  the  same  manner,  OD  and  0£^  &c. 
being  found  successive  mean  proportionals  -  to  OZ,  and 
OC,  OD,  &c.  and  having  made  2;ii=8ZD,  2;^=16ZE,  &c. 
the  area  of  the  hyperbolic  space  will  be  confined  within  the 
approximating  limits  of  the  rhomboid  contained  by  ze  and 
ZM,  and  one  contained  by  ze  and  EL.  Hence  OX  is  to 
XY,  iEis  the  rectangle  under  ZM  and  the  ultimate  length 
of  zey  to  the  measure  of  the  hyperbolic  space  ZMHGA* 

Cor.  The  quadrature  of  the  parabola  is  hence  always 
Assigned  geometrically,  the  quadrature  of  the  ellipse  m«j 
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be  dcnrived  from  that  of  the  drcle,  and  the  quadrature  of 
the  hyperbola  can  be  expressed  numerically  by  help  of 
a  table  of  logarithms. 


PROP.  XXX.     PROB. 

To  find  the  length  of  a  given  portion  of  the 
curve  of  a  given  parabola,   v 

Let  it  be  required  to  find  the  length  of  an  arc  AC 
of  (fig.  156.)  the  parabola  CAM. 

ANALYSIS. 
Apply  the  vertical  tangent  EAR ;  near  C  assume  any 
point  Cf  and  draw  C£  and  ce  parallel  to  the  axis ;  erect 
CH  perpendicular  to  the  chord  Cc,  and  draw  CG  and  ck 
parallel  to  the  vertical  tangent.  The  triangles  HGC  and 
ckC  are  evidently  similar,  and  consequently  CH :  GH  :  :. 
Ccick ;  whence  CH.c^=GH.G;.  Let  the  point  c  ap- 
jNToximiate  to  C,  and  GH  will  become  the  subnormal,  and 
equal  to  half  the  parameter  of  the  axis.  In  HA  produced^ 
make  AB  equal  to  this  semiparameter,  join  BE,  and  pro- 
duce CE  till  ED  be  equal  to  it.  Then  CUxk  =  ED.E^, 
and  therefore  AB.G;  =  the  space  ED^/^,  when  ed  approxi- 
mates to  ED.  Consequently,  collecting  the  component 
portions  ABCr,  and  the  corresponding  parallelogramic 
spaces  'EDde^  it  follows  that  the  rectangle  s  under  AB^ 
and  a  straight  line  equal  to  the  arc  CO  is  equivalent  to 
the  curvilineal  space  EDKP.  But  since  ED  is  equal  to 
the  oblique  line  EB,  the  curve  DKB  is  a  rectangular  hy- 
perbola,  which  has  AB  for  its  semitransverse  axis.  Now, 
the  area  of  this  hyperbola  being  given  by  the  last  proposi- 
tion, the  exterior  space  EDKP  is  also  given,  and  there 
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for^  tl(^  rept#i9gl#  mii^  CO  iip4  |t}i9  s^qipAiianifter  ABa 

But  the  difference  between  two  given  vdiateii  arcs  of  Ibe 
parabola  is  more  easily  determined*  For,  draw  any  paral- 
lel chords  DI  and  KL,  and  likewise  IRM  and  LQN  parallel 
to  the  axis*  Frooi  ^wbat  wa$  b^ore  shwPy  it  follows  that 
AB.MN  =  curvilineal  space  QLIR,  and  therefore,  that 
AP  (MN— CO)  =  QLIJU^EDKP.  Rvf  KD  ni^  LI 
being  joined,  the  narrow  spaces  included  between  ttioa« 
chords  and  the  curve  must  be  equal.  Wherefore  the  dif- 
ference between  the  curvilineal  ipaces  EDKP  and  QLIR 
is  equivalent  to  the  difference  between  tb^  quadrilat(Bral 
figures  PEDK  and  QRIL.  But  the  areas  of  these  tra- 
pezoids are  the  rectangles  under  their  bases,  and  the 
aum  of  their  altitudes.  Whence,  AB(MN.ir«-CD)  ss 
4QR  (QL + RI)— 4EP(DE + PK).  ^ 

If  L  coalesce  with  B,  the  chord  KL  will  pass  into  BS, 
a  parallel  to  DI.     Wherefore  AB  (AM  -^  CO)  s 
4AB  (AB  +  RI)— iEP(DE+SV). 

Scholium.  The  Rectification  of  the  Parabola  thus  de- 
pends on  the  quadrature  of  the  hyperbola  combined  wJitb 
that  of  a  rectilineal  figure,  and  the  length  of  any  portion 
of  the  curve  is  therefore  expressed  by  a  logaritbmt  joined 
to  a  common  algebraic  quantity*  It  is  not  difficult  to 
fihow  that  the  rectangle  under  the  arc  AC  and  the  %^ 
miparameter  AB,  which  is  equivalent  to  the  mixtiJineal 

fip&ce  ABDE,  might  be  denoted  by  — — .  log.  — -^^ 

.  (BE— AE)  AE 
+ 2 

It  might  likewise  be  proved,  that  if  AV  were  taken 
equal  to  half  the  focal  distance,  or  the  fourth  part  of  the 
cem^parameter  AB,  of  the  piMrabola^  and  an  equilatteral 
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bjl^bola  ponstjFuctedy  bftyiiig  the  |Kiiiito  V  and  A  for  <!• 
^Dt|re  and  YerU(x»  or  tssumiiig  VX  equal  to  AV,  airil 
^n^^Pg  PY  tp  the  icurye;  tben  will  the  redtatigle  <aBdW 
AV  ao4  jtba  par«LboUc  arc  AC  be  equivalent  to  cloufala 
tb?  #pi^ce  XYA  compaunded  of  the  triangle  XYV  and 
of  ti^  byperbQilc  sector  V Y A. 

An  Approximation  may  be  easily  obtained  in  the  ease 
of  small  arcs ;  for  considering  the  incurvation  of  BD  as 
mar#ly  pambolic»  the  area  of  the  mixtilineal  space  ABDE 
wiH  be  AE  iJ  2AB+DE  x      g^^  ^^^  ^^  ^^  .^  ^^^j^  _ 

AE» 
AB+^-^^  =  BG,  and  consequently  the  space  ABDE= 

^  (S  AB+AG). 

This  result  corresponds  with  the  Scholium^  to  Prop.  6. 
of  the  Trigonometry,  the  parabolic  arc  AC  nearly  coincid- 
ing with  the  osculating  circle  of  which  AB  is  the  radius. 


PROP.  XXXI.    THEOR. 
Parabolas  are  all  similar  figures. 

Let  BAC  and  bac{&g'  157.)  be  two  parabolas,  whose  fo- 
cal distances  are  AF  and  a/*;  they  are  similar  figures,  all 
their  parts  being  constructed  after  the  same  proportion. 

For  make  AC  :  ac::  AF :  o^  divide  AC  and  ac  into 
any  number  of  equal  parts,  and  from  the  points  of  section 
draw  ordinates  to  the  curves.  Since  AF :  a/*: :  AD  :  adj 
therefore  AP  'Of^::  4AF.AD  :  ^qf.ad ;  but,  from  the 
property  of  the  parabola,  DG2=4AF.AD,  and  dg^=s 
^fdg;    whence  AF  :  a/**  ::DG»:£fe*,  and  AF.afii 
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DG :  dg»  In  like  manner  it  is  proved)  that  nil  the  other 
ordinates  ar6  in  the  ratio  of  AF  to  o^  or  of  the  mutual 
interval  AD  to  euL  The  inscribed  polygons  AGHBC  and 
agibc  are  therefore  similar ;  but  this  property  must  ob- 
tain whatever  be  the  number  of  sides,  and  consequently 
their  extreme  limits,  or  the  semi-parabolas  themselves,  must 
be  similar.    The  entire  parabolas  are  hence  also  similar. 

The  circle,  the  parabola,  and  the  equilateral  hyperbola, 
being  only  particular  shoots  from  the  general  curve,  retain 
each  of  them  its  unvaried  feature,  while  the  ellipse  and  ob- 
lique hyperbola  exhibit  great  diversity  of  forms. 
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GEOMETRY  OF  CURVES. 


I.  CISSOID. 

If  from  the  extremty  qf  the  diameter  of  a  circle 

any  straight  line  be  drawn  to  meet  a  tangent  ap-^ 

plied  at  the  other  extremity y  and  a  portion  be  cut 

from  it  equal  to  the  intercepted  chords  the  locus 

of  the  point  of  section  is  a  Cissow. 

fiXTEND  any  straight  line  CR  (fig.  158.)  from  C,  the  end  of 
the  diameter  CA,  to  meet  AR,  the  tangent  applied  at  the 
other  end,  and  make  £R  equal  to  the' chord  CF;  the 
point  E  will  trace  a  Cissoid. 

If  the  perpendicular  diameter  OD  be  drawn^  it  is  ob« 
vious^  that  the  intersection  D  will  bisect  the  segment  FE 
intercepted  between  the  curve  and  the  circumference  of 
the  circle.  For  the  same  reason,  the  perpendiculars  FH 
and  EI  must  lie  at  equal  distances  OH  and  OI  from  the 
centre,  and  the  extreme  segments  CH  and  AI  must  like- 
wise be  equal. 

The  revolving  line  CR  may  be  conceived  to  turn  on 
both  sides  of  the  diameter  CA,  till  it  vanishes  away  in  the 
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position  of  a  tangent  to  the  circle  at  C.  The  Cis^oid^ 
therefore,  consists  of  two  branches,  which  issue  from  the 
point  C,  pass  through  G  and  }if  the  extremities  of  the 
perpendicular  diameter,  and  stretching  upwards  and  down- 
wards, approaches  always  nearer  to  the  tangent  RS.  But 
since  CH  is  equal  to  lA  pr  £Qi  tWturve,  notwithstand- 
ing its  continual  approximation,  must  yet  be  separated 
from  RS  by  some  definite  interval. 

DEFINITIONS. 

1.  The  circle  CGAN  is  called  the  Generating  Circle. 

2.  The  point  of  origin  C  is  luup^d  t^ie  Cusp  of  the  Cissoid. 
S.  The  primary  diameter  CA  is  termed  the  Aris  of  the 

Cissoid. 

4.  The  extended  tangent  RS  is  called  the  Directrix,  or 
Asymptote  of  the  Cissoid. 

5.  Any  segment  CI  of  the  axis  intercepted  from  the  cusp, 
is  termed  an  Absciss^  the  perpendicular  IE  to  the  curve 
being  named  an  Ordinate. 


PROP.  J.    THEOR. 

If,  through  any  point  in  the  Cissoid,  a  straight 
line  be  drawn  parallel  to  the  line  joining  the  cor- 
responding pqint  in  the  circumference  of  the  ge- 
nerating circle  with  the  centre  and  meeting  the 
perpendicular  diameter,  it  will  be  equal  to  the  ra- 
dius ;  and  if  it  be  extended  to  the  same  distance 
on  the  other  side,  and  a  perpendicular  erected, 
this  will  cross  the  prolongation  of  the  axis  at  a 
poiot  situate  beyond  the  cusp  at  the  interval  like- 
wise of  the  radius. 
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Let  the  revolving  line  CR  (fig.  159.)  cut  the  generating 
circle  and  the  Cissoid  iti  points  F  Atid  £,  join  OF,  and  pa- 
rallel to  it  draw  EL,  which  will  be  shown  to  be  equal  to 
OF ;  produce  LE  till  EM  be  likewise  equal  to  the  radius, 
and  erect  the  perpendicular  MK  to  meet  the  extended  axis 
in  the  point  K,  between  which  and  the  centre  O  the  cusp 
C  of  the  curve  will  be  equidistant. 

For  join  KL  and  OM.  Since  EL  is  parallel  to  OF, 
the  angles  DOF  and  DFO  are  equal  to  the  alternate  an* 
gles  DLE  and  DEL ;  and,  from  the  genesis  of  the  curve, 
the  corresponding  sides  DF  and  DE  are  equal ;  whence 
the  triangles  ODF  and  LDE  are  equal,  and  therefore  the 
side  OF  is  equal  to  LE,  and  OD  to  DL.  Again,  lEM 
being  equal  and  parallel  to  OF,  the  figure  OFEM  must 
be  a  parallelogram ;  and  since  the  transverse  lines  OM,  C£ 
and  KL  divide  the  converging  lines  KO  and  LM  into 
equal  segments,  they  must  all  be  parallel ;  and  hence  the 
angle  LKO  is  equal  to  FCO,  and  KLM  is  equal  to  CEM 
or  CFO.  But  the  triangle  COF  being  isosceles,  the  an- 
gle FCO  is  equal  to  CFO,  and  consequently  the  angle 
LKO  is  equal  to  KLM.  Wherefore  the  right-angled 
triangles  LKM  and  LKO,  having  likewise  the  acute  an- 
gles LKO  and  KLM  equal,  and  the  side  KL  common, 
are  equal ;  the  side  OK  is  hence  equal  to  LM,  or  to  the 
diameter  AC»  Wherefore  the  exterior  segment  CK  is 
equal  to  the  radius  OC. 

Scholium.  Hence  the  organic  description  of  the  Cissoid 
is  easily  derived ;  for,  in  the  extension  of  the  axis,  having 
assumed  CK  equal  to  CO,  let  a  right  angle  KML,  whose 
side  LM  is  equal  to  the  diameter  and  bisected  in  E,  and 
the  other  side  KM  is  of  indefinite  length,  travel  througfi 
the  point  K,  while  the  extremity  L  slides  along  the  pe;- 
pendicular  diameter  OD}  then  will  the  middle  pointful 
trace  out  the  curve. 
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PROP.  11.    THEOB. 

Any  absciss  and  ordinate  of  the  Cissoid,  and 
the  corresponding  absciss  and  ordinate  of  the  ge- 
nerating circle,  are  in  continued  proportion. 

Let  the  revolving  line  CR  (fig.  158.)  cut  the  circle  and 
Cissoid  in  the  points  £  and  F,  from  which  let  fall  the  per- 
pendiculars EI  and  FH  ;  then  CI  :  EI :  :  EI  :  AI  or 
CH::CH:FH. 

For  EA  being  joined,  the  angle  CEA  in  the  semicir- 
cle is  a  right  angle,  and  FH  is  a  mean  proportional  be- 
tween the  segments  CI  and  lA  or  CH.  But,  from  the 
property  of  parallel  and  diverging  lines,  CI  :  EI  :  : 
CH  :  FH;  wherefore,  collectively,  CI :  EI : :  EI :  CH  :  : 
CH :  FH. 

l>ROP.  III.     PROB. 

At  a  given  point  in  the  Cissoid  to  apply  a  tan- 
gent. 

Let  it  be  required  to  draw  a  straight  line  (fig.  160.) 
that  shall  touch  the  curve  at  the  point  E. 

Adjacent  to  the  radiant  CR,  assume  another  radiant 
Cr,  draw  the  secant  CETX  to  meet  IX  a  parallel  to 
CF,  and  from  C  describe  the  minute  arcs^^  and  Ee.  It 
is  evident,  that  the  elementary  arc  ¥f  being  viewed  as  a 
portion  of  a  tangent  to  the  circle  at  F,  and  hence  the  angle 
"Cl^being  equal  to  CAF  or  CEI,  the  elementary  trian- 
gle f  ^is  similar,  to  FCA,  and  the  elementary  or  nascent 
triangle  FC/*is  similar  to  eCE.     But  since,  from  the  nature 
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of  the  cunre,  CF  is  equal  to  £R»  and  Cfto  eR,  and  that  Op 
is  eqaal  to  sR,  it/foUows,  that  ^/  is  equal  to  ei ;  where- 
fore the  ratio  of  £s  to  se,  is  compounded  of  the  ratios  of 
Es  to  I/and  of  1^  to  4^  that  is,  compounded  of  the  ratio 
of  CE  to  CF,  or  EI  to  FH,  and  of  the  ratio  of  CF  to 
FH  or  of  FH  to  the  parallel  HS.  Consequently,  Eg :  ^  : : 
EI ;  HS ;  but,  from  the  property  of  parallel  and  diverging 
lines,  Eg  :  ge  :  :  EI :  IX;  and  hence  EI :  HS  : :  EI :  IX, 
and  IX  is  therefore  equal  and  parallel  to  HS,  when  the 
points  Eg  and  e  collapse  and  the  secant  merges  into  a  tan- 
gent. 

An  easy  construction  is  thus  obtained.  Draw  HS  pa- 
rallel to  CF,  and  meeting  the  chord  AF,  join  IS,  and 
complete  the  parallelogram  HSTX ;  the  oblique  line  EX 
will  be  the  tangent  required. 

Cor.  It  is  plain,  that  in  tracing  the  progress  of  the 
curve  from  its  cusp  to  its  indefinite  extension  along  the 
asymptote,  the  intersection  T  of  the  tangent  likewise  tra- 
vels through  the  diameter  from  C  to  A.  The  curve  is 
hence  always  convex  towards  the  diameter. 

PROP.  IV.    PROB. 

To  find  two  mean  proportionals  between  two 
given  lines. 

Let  it  be  required  to  find  two  mean  proportionals 
(fiig.  158.)  to  the  lines  OA  and  OT. 

Place  the  longer  line  OA  at  right  angles  to  the  other, 
and  with  it,  as  a  radius,  describe  a  circle,  to  which  trace 
the  corresponding  Cissoid,  and  draw  the  diagonal  AT  to 
cut  the  curve  in  F,  join  CF ;  and  the  segment  OD^  which 
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iUs  Ime  iriterdcpt^  on  the  perpetidicnlar  dSatnef^f,  will  ht 
the  first  of  th6  two  mead  proportionals  to  OA  and  OT« 

For  CI^  £I|  CH  and  FH  were  proved  to  be  in  eooti* 
nved  proportion!  and  they  must  evidently  be  still  pro- 
portionals when  diminished  in  a  given  ratio.  But  CI :  CX> 
.• :  EI  s  pD,  and  CI  or  AH  :  CO  or  AO  : :  FH  :  OT* 

To  find  the  other  mean  proportional,  draw  DS  parallel 
to  CA,  and  join  CS  cutting  OD  in  X ;  then  CI  :  CO 
: :  OD  or  IS  :  OX. 


PROP.  V.    THEOR. 

The  space  lying  between  the  double  bi*anches 
ot  the  Cissoid  and  its  asymptote  is  eqiiivalent  to 
triple  the  area  of  the  generating  circle. 

The  space  comprehended  between  the  Cissoid  as  it 
stretches  on  both  sides  of  the  diameter  AC  (fig.  161.),  and 
bends  indefinitely  towards  the  directrix  or  asymptote  AS, 
is  three  times  the  area  of  the  generating  circle. 

For  let  CFER  be  any  revolving  line^  draw  another 
Cfer  indefinitely  near  it,  and  complete  the  parallelogram 
ERr5. 

Because  the  squafe  of  the  hypotenuse  CR  is  ^quiviilent 
to  the  squares  of  AC  and  AR,  and  the  rectangle  CR^  RF 
is  itself  equivalent  to  the  square  of  AR,  the  remaining 
rectangle  CR,  CF  must  be  equivalent  to  the  square  of 
AC,  which,  for  the  same  reason,  is  equivalent  to  the  rect- 
angle Cr,  C/;  wherefore  CR  :  Cr:  :  Cf :  C]P ;  arid  Con- 
ceiving the  small  arc  Tf  as  coinciding  with  a  tangent  at 
t,  the  triangles  FC/^and  RCf  are  similar,  and  C^^ :  CR 
: :  By :  Rr ;  but  CF  :  Cit : :  CH  :  CA,  and  coAseqU^ritty, 
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CH  :  CA  : :  1^:  Rr»  and  the  rectangle  under  CA  and 
T^  is  equivalent  to  the  rectangle  nnder  CH  or  £Q  and 
Rr.  Now  the  rectangle  under  the  diameter  CA  and  Tf 
is  evidently  equivalent  to  four  times  the  elementary  trian- 
gle FQ/*;  and  the  rectangle  under  the  perpendicular  EQ 
and  the  base  Rr  is  the  area  of  the  parallelogram  ERr;. 
Again,  since  CF  is  equal  to  ER  or  sr^  and  the  alternate 
angle  ¥Cf  is  equal  to  sre,  the  elementary  triangles  CFf 
and  rse  are  equal.  Wherefore  the  elementary  space  ERre 
is  equivalent  to  the  excess  of  four  times  FOf  above  FCf; 
and  hence  the  aggregate  space  ACGER,  lying  above 
the  diameter  AC  and  bounded  by  the  curves  the  line  £R, 
and  the  asymptote  AR|  is  equivalent  to  the  excess  of  four 
times  the  sector  AOF  above  the  compound  segment 
AGFQ  or  the  excess  of  the  triangle  AOF,  and  the  seg- 
ment AGF  quadrupled,  above  double  the  triangle  AOF 
with  the  segment  AGF. 

Cor.  Hence  the  quadrantal  crescents  CG  and  CN  form- 
ed by  the  Cissoid  are  equivalent  to  the  space  included  be- 
tween the  circle  and  its  circumscribing  square.  For  the 
mixtilineal  space  ACG  is  equivalent  to  double  the  triangle 
AOG  or  ACG  and  thrice  the  segment  AG,  take  ACG 
from  both,  and  the  triangle  AGV  or  AGC  is  equivalent 
to  thrice  the  circular  segment  AG  with  the  segment  CG 
of  the  Cissoid;  wherefore  the  inscribed  square,  or  the  dif- 
ference between  it  and  the  circumscribing  square,  is  equi- 
valent to  the  two  crescents  CG  and  CN,  with  the  four  seg- 
ments AG,  GC,  CN  and  AN ;  but  these  segments,  with 
the  interior  square,  make  up  the  circle,  and  consequently 
the  crescents  are  equivalent  to  the  space  between  the  circle 
and  its  circumscribing  square,  that  is,  equivalent  to  thrice 
the  segment  AGF  and  double  the  triangle  AOF.  Con- 
sequently, when  the  revolving  line  CFR  vanishes  into  a 
tangent  YCX,  the  triangle  AOF  becomes  extinguished, 
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and  the  curved  asymptotic  space  above  the  diameter  AC  is 
equivalent  merely  to  three  semicircles ;  but  the  correspond- 
ing space  below  the  diameter  having  the  same  measure, 
the  joint  space  between  the  curve  and  its  extended  asymp- 
tote must  be  equivalent  to  three  times  the  generating  cir- 
cle. 


The  Cissoid  of  Diodes  was  one  of  the  first  curves  pro- 
duced in  the  Platonic  School,  after  the  discovery  of  the 
Conic  Sections  or  Lines  of  the  Second  Order.  The  ob- 
ject in  view  was,  to  solve  the  famous  problem  of  the  Dur 
plication  of  the  Cube,  or  the  Inse7iion  of  two  mean  proper^ 
tionals  between  tlw  given  lines4    The  Cissoid  received  its 

name  from  xttftfog,  the  Greek  word  for  Ity,  because  the 
curve  appears  to  mount  along  its  asymptote  in  the  same 
manner  as  that  parasite  plant  climbs  on  the  tall  trunk  of 
the  pine. 

Newton  himself  first  gave,  in  his  Universal  Arithmetic^ 
the  mechanical  description  of  the  Cissoid,  by  the  motion 
of  a  rectangular  ruler,  and  proposed  this  curve  as  a  con- 
venient medium  for  the  construction  of  the  Higher  Equa- 
tions. 
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11.  CONCHOID. 

tft  throitgh  a  given  pointy  a  straight  line  he  drawn  to 
a  line  given  in  position^  making  on  either  side  a 
given  segment ;  the  locus  of  the  point  of  section  is 
a  Concho li). 

Let  P  (fig.  1625  163,  and  l^^.)  be  a  given  poiiit,  through 
which  any  straight  line  is  drawn,  to  cut  or  meet  another 
straight  h'ne  AD  given  in  position ;  if  a  given  s^ment  AB 
be  taken  on  either  side,  the  point  B  will  trace  a  Conchoid. 

DEFINITIONS. 

1.  The  given  point  P  is  called  the  Pole  of  the  Conchoid. 

2%  The  given  line  AD  is  named  the  Directrix^  the  per- 
pendicular PDEthe  Axis^  the  part  DE  the  Diameter^ 
and  the  point  D  where  this  stands  on  the  directrix,  is 
called  the  Centre  of  the  curve. 

3.  Any  perpendicular  CB  to  the  diirectrix  is  termed  an  Or^^ 
dinaief  to  which  the  intercepted  portion  CD  from  the 
Centre  is  the  Abscisg. 

4.  When  the  section  B  of  the  radiating  line  PA  lies  be- 
yond the  directrix,  (fig.  162.)  the  curve  is  termed  an  Ex" 
terior  Conchoid  /  if  that  point  lies  between  the  pole  and 
the  directrix,  (fig.  163.)  the  curve  is  termed  an  Inte- 
rior Conchoid;  but  when  the  segment  AB  exceeds  PD, 
{fig.  164<.)  and  the  point  B,  during  part  of  its  tract  winds, 
beyond  the  pole,  the  curve  is  termed  a  Nodated  Conchoid. 


ii- 
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PROP.  L    THEOR. 


An  ordinate  to  the  Conchoid  is  the  cosine  of 
the  inclination  of  the  radiant  to  a  radius  equal  to 
the  diameter,  and  the  absciss  is  the  sine  of  that 
angle  to  a  radius  equal  to  the  radiant  itself. 

It  is  erident,  that  (fig.  162,  163,  and  164.)  AB,  which 
is  equal  to  the  diameter  DE,  being  made  a  radios,  the 
ordinate  BC  will  be  the  cosine  of  the  angle  ABC  or  DPA 
the  inclination  of  PAB  to  the  axis  of  the  curve.  It  is  like- 
wise apparent,  that  the  absciss  CD  or  BF  is  the  sine  of 
the  same  angle  DPA  to  the  compound  radius  PB.. 

Cor.  Let  a  denote  the  axis  PD,  d  the  diameter  D£»  and 

•    ■ 

%  the  angle  DPA ;  then  BC=c2.co5  f.CD=c2.siii  t+a. ^. 

=  d,sin  i+aJan  u  Whence  BC  continually  diminishes 
as  CD  augments,  and  the  directrix  must  therefore  be  an 
asymptote  to  the  conchoid. 

PROP-  11.    PROB. 

To  apply  a  tangent  at  a  given  point  of  the  Con- 
choid. 

Let  it  be  required  (fig.  162,  16S,  and  164.)  through  the 
point  B  to  draw  a  tangent  BT  to  the  curve. 

Join  BP  with  the  pole,  and  let  another  radiant  &P  ap- 
proach it,  extend  the  secant  Bb  to  meet  the  directrix  in 
T;  from  A  draw  A^  equal  and  parallel  to  ab,  join  bfi  and 
B^i  which  produce  to  G. 

Since  A^  is  by  construction  equal  and  parallel  to  ab,  the 
figure  abfiA  is  a  parallelogram,  and  its  opposite  sides  Aa 
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and  fb  are  likewise  equal  and  paralleL  It  is  hence  ob- 
vious that  the  triangle  B6T  is  similar  to  the  elementary 
triangle  Bfib^  and  B6 :  6T  iiBfii  Bb.  But  the  vanishing 
chord  Bid  of  a  circle,  of  which  AB  and  A^s  are  radii,  may  be 
considered  as  perpendicular  to  ABj  or  parallel  to  a  cor- 
responding perpendicular  Aa.  The  ratio  of  B^  to  fib  or 
Aa  is  compounded  of  the  ratio  of  Bj3  to  Acs  and  of  hot,  to 
Aj$  s  that  isy  of  the  ratio  of  AB  to  AP,  and  of  BC  to  AB. 
Wher€£>re  B/8  ifibi  :  BC  :  AP,  and  hence  B6  :  GT  :  : 
BC  :  AP;  but,  from  similar  triangles,  AG  )  BG  :  : 
AB  :  BC,  and  (V.  16.  El.)  AG  :  GT  : :  AB  ;  AP,  or, 
by  composition,  AG  :  AT  : :  AB  :  BP. 

Whence  wx  easy  construction  is  derived.  For  draw 
BG  peapendicular  to  the  radiant  PB,  and  produce  it  to 
meet  a  parallel  from  the  pole  to  the  directrix  in  H;  and  AT 
being  made  equal  to  PH,  or  HT  being  drawn  parallel  to 
AP,  will  asugn  the  point  T  where  the  tangent  terminates. 

Cor.  It  is  evident  that  the  tangent  at  the  vertex  E  will 
be  parallel  to  the  directrix.  It.  also  qipears  that,  in  the  ex- 
treme verge,  the  tangents  will  vanish  into  parallelism.  But 
in  the  intermediate  distances,  the  siibtangent  DT  eon- 
tracts  within  moderate  limits.  Consequently  there  must 
be  a  certain  position  on  either  side,  at  which  the  subtan- 
gent  is  the  least  possible^  and  the  curve  su£Per8  a  contrary 
inflection.  ^ 

The  same  observations  apply  to  the  interior  conchoid. 
But  in  the  case  of  the  nodated  conchoid,  the  construc- 
tion becomes  indeterminate  at  the  pole  P,  where  the  op- 
posite branches  of  the  curve  cross  each  other.  To  find  the 
tangents  at  thatpdint,  inflect  towards  the  directrix  the  two 
lines  P^  and  j7^  equal  to  the  axis. 
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PROP- III.    PROS. 

To  trisect  a  given  angle  by  the  application  of 
the  Conchoid. 

Let  it  be  required,  by  help  of  this  curve,  to  divide  the 
angle  ABC  (fig.  177.)  into  three  equal  angles. 

From  B  as  a  centre,  with  any  radius  BA,  describe  a  cir- 
cle ;  supposing  the  angle  ABD  to  be  the  third  part  of  ABC, 
draw  DF  parallel  to  AB,  join  CF  and  produce  it  to  meet 
the  extension  of  AB  in  6.  In  the  Sist  Proposition  of  the 
First  Book  of  the  Geometrical  Analysis,  it  was  demonstra- 
ted, that  the  intercepted  segment  FG  is  equal  to  the  radius 
of  the  circle  $  whence  the  point  C  may  be  the  pole  of 
a  Conchoid,  of  which  AG  is  the  directrix,  CG  a  radiant, 
and  FG  the  diameter  of  curve. 

Having  therefore  constructed  an  exterior  and  interior, 
or  nodated  Conchoid  to  the  pole  C,  the  directrix  AG,  and 
the  diameter  AB;  let  it  cut  the  circumference  of  the  circle 
in  the  points  F,  F',  and  F''.  Join  BF,  BF',  and  BF^  and 
draw  the  parallel  radii  BD,  Biy^  and  Biy,  which  wilj 
mark  the  triple  section  of  the  angle  ABC. 

It  may  be  perceived  that  the  exterior  branch  of  the  Con- 
choid intersects  the  lower  semicircle  in  another  point 
besides  F^'.  This  occurs  in  the  extension  of  CB,  or  where 
the  diameter  passing  through  C,  the  extremity  of  the  oiri- 
ginal  arc,  meets  the  opposite  circumference ;  the  portion 
of  the  inflected  line  intercepted  below  the  directrix  AG 
being  evidently  equal  to  the  radius.  This  fourth  intersec- 
tion, however,  affords  no  actual  solution,  bu^  only  exhibits 

the  process  of  repeated  division  as  completing  the  angle  it- 
self. 
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Anothe?'  mode  of  construction. 

But  the  second  analysis,  which  was  given  of  the  same 
Problem,  affords  a  different  solution.  Let  it  be  required 
to  trisect  the  angle  ABC  (fig.  178.)  draw  AC  perpendicut> 
lar  and  CF  parallel  to  AB ;  it  has  been  demonstrated  that 
if  the  segment  DF  of  the  inflected  line  BF  were  equal  to 
the  double  of  BC,  the  angle  ABD  would  be  the  third  part  of 
ABC;  whence  the  construction  is  reduced  to  the  describing 
of  a  Conchoid  from  the  pole  B  to  the  directrix  AC,  with 
the  double  of  BC  as  its  diameter  ;  the  intersection  of  the 
curve  with  the  perpendicular  CF  will  determine  the  position 
of  the  trisecting  radiant  BDF.  The  exterior  branch  of  the 
Conchoid  will  cut  this  perpendicular  in  the  point  F,  and 
the  interior  or  nodated  branch  will  meet  and  cross  it  at 
the  two  points  F'  and  F^'.  Thp  radiating  lines  BF,  BF' 
and  BF'^  or  its  extension  Bf,  will  complete  the  trisection 
of  the  angle  A3C.  These  lines  will  be  found,  as  in  the 
first  constn^ction,  to  make  angles  with  each  other  that  are 
equal  to  the  thirds  of  an  entire  circuit. 

It  may  be  worth  while  to  examine  the  successive  cases. 
In  the  second  position  DBF'  of  the  trisecting  line,  draw 
CG'  to  the  middle  point.  Because  the  triangle  F'G'C  is 
isosceles,  its  exterior  angle  CG'B  is  double  of  CF'G'  or 
of  the  angle  ABD' ;  but  G'CB  being  also  an  isosceles  tri- 
angle, CGr'B  is  equal  to  CBG,  and  is  consequently  double 
of  ABD.  Add  CBD,  which  is  the  double  of  ABD,  and 
the  compound  angle  DBF'  is  double  of  DBD',  which 
would  complete  Iwo  right  angles ;  whence  DBF'  is  two- 
thirds  of  two  right  angles,  or  one-third  of  a  whole  circuit. 

In  the  third  position  BF"D"  of  the  trisecting  line,  or 
rather  its  extension  kf'\  draw  CG"  to  bisect  F"D".  The 
triangles  CG"D  and  BCG"  are  their  isosceles,  and  con- 
sequently the  angle  CBD"  or  CG"B  is  double  of  CD"B ; 
but  CBF  is  likewise  double  of  CFB,  and  therefore  the 
combined  angle  D"GF  is  double  of  the  ai\^k^  C^i"^  %X!i4^ 
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CFB.  Now  this  angle  D'^GF,  together  with  the  two 
angles  Ciy^B  and  CFG,  is  evidently  equal  to  the  exterior 
angle  DC^T  or  a  right  angle.  Whence  IK^BF  is  two* 
thirds  of  a  right  angle,  or  one-third  of  two  right  angles, 
and  therefore  the  adjacent  angle  DBF^^  is  two-thirds  of  two 
right  angles,  or  one-third  of  a  whole  circuit. 

PROP.  IV.    PROB. 

By  the  application  of  the  Conchoid  to  find  two 
mean  proportionals  between  two  given  lines. 

Let  it  be  required  (fig.  179.)  to  find  two  mean  propor- 
tionals to  the  perpendiculars  AB  and  AC,  by  help  of  this 
curve. 

In  Book  I.  Prop.  32.  of  the  Geometrical  Analysis,  it 
was  shown,  that,  having  completed  the  rectangle  BACD, 
bisected  BD  in  F,  constructed  upon  the  base  AB  an  isos- 
celes triangle  ABK  with  its  sides  AK  and  BK  equal  to  BF, 
produced  AB  till  BL  be  equal  to  it,  joined  KL,  and  drawn 
AM  parallel  to  this ;  if,  from  the  vertex  K  of  the  isosceles 
triangle,  the  straight  line  KMG  were  inflected  such,  that 
the  part  MG  intercepted  between  AM  and  the  extension 
of  BA  shall  be  equal  to  BF  the  half  of  AC,  the  oblique 
line  GCE  would  cut  off  the  segments  DE  and  AG,  which 
are  mean  proportionals  to  AB  and  AC.  Wherefore  de- 
scribe an  Exterior  Conchoid,  of  which  K  is  the  pole,  AM 
its  directrix,  and  BF  its  diameter ;  and  the  intersection  of 
the  curve  with  the  line  BA  produced  will  assign  AG  the 
second  of  the  two  mean  proportionals,  and  GC  being  drawn 
to  meet  the  e'xtension  of  BD,  will  indicate  DE  the  first 
term. 

The  Conchoid  had  its  name  from  Mvyjag^  a  shell ;  being 
invented  by  Nicomedes  for  the  Duplication  of  the  Cube  and 
the  Tr {section  of  an  Angle. 
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III.  QUADRATRIX. 

If<i  Straight  line  turn  tmiformly  ahovt  a  given  pointy 
"while  another  straight  line  advances  uniformly  in 
a  parallel  position^  their  mutual  intersection  mU 
describe  the  curve  called  a  Quadratrix. 

Let  the.cohicident  straight  lines  01  and  lOH)  (fig.  166.) 
begin  their  motion,  the  former  turning  uniformly  about 
the  point  O,  and  the  latter  advancing  uniformly  paralld 
to  its  first  position ;  the  intersection  B  resulting  from  this 
combined  revolving  and  progressive  movement  will  trace 
out  the  Qjiadratrix. 

Suppose,  while  the  revolving  line  describes  a  right  an« 
gle,  the  parallel  advances  to  E ;  this  must  be  a  point  in 
the  curve.  But  in  describing  the  second  right  angle,  the 
revolving  line  will  stretch  out,  and  will  itself  become  pa- 
rallel to  the  position  FG,  which  the  progressive  paralld 
attains  when  it  has  passed  over  a  space  EF  equal  to  OE« 
At  this  limit,  the  curve  must  vanish  into  distance.  In  the 
description  of  the  third  right  angle,  the  intersection  will 
begin  again  beyond  H,  will  travel  through  E  at  an  interval 
beyond  F,  equal  to  OE,  and  will  shade  away  towards  G 
along  a  second  asymptote  placed  at  an  equal  distance  be- 
yond the  first.  A  similar  recurrence  will  take  place  at 
every  succeeding  two  right  angles ;  and  thus  the  quadra* 
trix  must  consist  of  a  series  of  innumerable  branches,  exr 
tending  indefinitely  both  to  the  right  and  to  the  left. 
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Since  the  revolving  and  progressive  motions  involved  in 
the  genesis  of  tbb  carve  are  nniform,  it  follows,  that  the 
qmces  which  they  describe  will  be  proportional.  Where- 
fore OE  is  to  the  perpendicular  BD,  as  the  right  angle 
EOI  to  the  obliqoe  angle  BOI ;  or,  if  a  circle  be  describ- 
ed from  the  given  point  O,  and  passing  through  E,  the 
radius  OE  will  be  to  BD  as  the  quadrant  IPE  is  to  the 
arc  JPt 

DEFINITIONS. 

1.  The  intercepted  portion  OA  of  the  revolving  line  in  its 
first  position  is  called  the  Base  of  the  curve,  and  the 
extended  perpendicular  EFFT^^  &c.  its  Axis. 

f  •  A  perpendicular  BC  to  the  axis  is  named  an  Ordinate^ 
and  its  distance  CO  or  BD  from  the  centre  of  revolu- 
tion its  Absciss. 


PROP.  I.    THEOR. 

The  base  of  the  Quadratrix  is  a  third  propor- 
tional to  the  quadrant  and  its  describing  radiant. 

Let  IE  (fig.  167.)  be  the  quadrant  traced  in  the  evolu- 
tion of  a  right  angle,  the  radius  being  OE;  then  will 
IE :  OE :  :  OE  :  OA. 

For  suppose  Oai  to  be  the  position  of  the  revolving 
linei  the  instant  after  it  has  commenced  its  motion.  The 
elementary  arc  Aa  may  be  viewed  as  coinciding  with  a 
perpendicular  to  the  basci  and  therefore  IE  :  It  :  : 
GE  or  01  :  Aa,  or  alternately,  IE  :  OI  :  :  Ii  :  Aa ;  but 
\i :  Aa  :  :0I  :  OA,  and  consequently  IE  :  OI : :  OI :  OA. 

Cor.  1.  Hence  OA  :  201  : :  201  :  *IE,  or  OA  :  IH  :  : 
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IH  :  4IE ;  that  i^  the  base  OA  is  to  the  diameter  IH,  as 
this  diameter  to  the  circumference  of  its  circle. 

Cor.  2.  Hence  likewise  the  square  of  the  diameter  is  to 
the  area  of  the  circle,  as  the  base  OA  to  half  the  radios 
OI;  for,  by  composition,  IE.20I  or  IE.IOH :  40P  or  !» 
: :  20I  or  IH  :  OA ;  but  IE.IOH  is  the  area  of  the  cir« 
cle,  and  the  ratio  of  IH  to  OA  is  the  same  as  that  of  OI 
to  the  half  of  OA.  The  description  of  this  curve  would 
thus  give  the  quadrature  of  the  circle,  and  hence  its  name 
Qsmdratrix. 

Car.  S.  Since  BD  :  PI : :  OA :  OI,  and  BD  :  PQ  : : 
OB  :  OP  or  OI ;  it  iTollows,  that  PQ  :  PI : :  OA  :  OB- 
Wherefore  the  sine  of  the  angle  generated  is  to  its  corre* 
sponding  arc  as  the  base  of  the  curve  is  to  the  radiant. 


PROP.  II.    THEOH. 

The  base  of  the  Quadratrix  being  made  the 
radius  of  a  circle,  the  arc  of  revolution  will  be 
equal  to  the  corresponding  absciss  of  the  curve. 

If  from  the  centre  O,  (fig.  167.)  with  the  radius  OA,  a 
circle  be  described,  the  arc  AR  intercepted  by  a  radiant 
is  equal  to  BD  the  absciss  to  the  curve. 

For  the  absciss  BD  is  to  the  arc  IP  as  OA  to  OI,  and 
consequently  as  the  arc  AR  to  the  arc  IP;  wherefore  th^ 
elapsed  arc  AR  must  be  equal  to  BD. 

Scholium.  If  OK  be  made  equal  to  any  radiant  OB, 
and  BK  joined,  the  bisection  of  this  base  of  the  isosceles 
triangle  BOK  will  assign  a  point  L  in  the  Quadratrix.  For 
the  perpendicular  LM  is  evidently  the  half  of  BD,  while 
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the  radiant  OL  biaects  the  angle  lOP ;  the  point  L  would 
hence  be  attained  by  just  half  the  progressive  and  revol- 
ving movements  which  determine  B.  Repeating  this 
process,  a  succession  of  points  may  be  found  approaching 
always  nearer  to  A,  and  the  arc  AR  thus  determined 
wonld  be  measured  by  the  assumed  straight  line  BD. 

An  approximation  to  the  quadrature  of  the  cirde  could 
in  this  way  be  discovered  mechanically  with  great  facility 
and  tolerable  precision.  Let  OA  (fig.  165.)  be  a  radiant 
corresponding  to  a  right  angle,  the  lines  OB,  OC,  OD, 
OE,  &C.  drawn  from  the  centre  O  to  bisect  the  bases  of 
the  successive  isosceles  triangles,  will  exhiUt  the  radianta 
of  the  series  of  bisected  angles ;  the  Qnal  radiant  OZ, 
which  is  the  base  of  the  Quadratrix,  being  made  theradiua 
of  a  circle  OA,  will  be  equal  to  its  quadrant.  The  same  con- 
struction will  apply  when  the  radiant  of  an  oblique  angle 
is  taken  $  but,  if  the  assumed  angle  should  exceed  a  right 
angle,  the  first  of  the  isosceles  triangles  will  likewise  be  ob- 
tuse. 

This  curious  property  may  be  viewed  as  a  modification 
of  Prop.  6.  of  the  Trigonometry  and  its  corollaries.  K 
r  denote  the  radiant  of  any  angle  ^,  the  radiants  corre- 
sponding to  \(p,  i^,  i^,  Sec.  will  be  expressed  by  r.  cos  i?>> 
r.  cos  ^p.  cos  J^,  r.  cos  ^(p.  cos  ^p.  cos  ip ;  and  the  ra- 
dius of  the  circle  which  has  r  for  the  length  of  the  arc 
that  measures  the  angle  (p  will  be 

r.  cos  ^(p.  cos  Ip.  cos  ip.  cos  yV^.  cos.  ^^p.  &c. 
In  the  case    selected  for  illustration,   OZ  = 
OA .  cos  45^.  cos  22 1  .  co$  11^ .  cos  5*^1 .  cos  2^\  &c. 
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PROP.  III.    THEOR. 

If,  from  the  extremity  of  the  base  of  the  Quad- 
ratrix,  straight  lines  be  drawn  to  the  points  where 
its  successive  branches  cross  the  axis,  they  will  be 
normals  to  the  curve. 

Let  (fig.  166,  167,  and  180.)  BE,  BE',  BE'',  &c.  be 
drawn  from  B  to  the  successive  points  E,  E',  E",  &c. 
where  the  Quadratrix  cuts  the  axis ;  these  straight  lines 
will  be  perpendicular  to  the  curve  or  its  tangent. 

For  assume  (fig.  180.)  the  proximate  radiant  O^.  It  is 
obvious  that  OE  is  to  OS  as  the  minute  arc  Es  to  8s;  but,  by 
the  last  proposition,  the  elapsed  arcs  AS  and  As  are  equal 
to  the  perpendiculars  from  £  and  e ;  and  consequently  their 

minute  di£Perence  Ss  is  equal  to  Be  the  increment  of  the 
perpendicular  radiant.  Wherefore  OE  is  to  OS  or  OB 
as  £s  to  fe,  and  the  elementary  triangle  'Eie  is  similar  to 

the  right  angled  triangle  EOB.  Hence  BE  is  perpendi- 
cular to  E^,  and  thus  a  normal  to  the  curve. 

Cor.  Since  the  tangent  OT  is  perpendicular  to  BE, 
it  follows  that  OB  or  O  A  is  to  0£  or  the  quadrant  AS  to 
OT ;  but  OA  is  to  OE  as  AS  to  IE,  and  consequently 
the  subtangent  OT  is  equal  to  the  quadrant  of  the  gene- 
rating circle. 

The  corresponding  subtangents  of  the  second  and  third 
&c.  branches  would  be  equal  to  five  and  nine,  &c.  quad- 
rants, their  intervals  being  always  equal  to  the  whole  cir- 
cumference of  the  generating  circle. 
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PROP.  IV.    PROB. 

To  divide  a  given  angle  into  any  number  of 
equal  parts  by  help  of  the  Quadratrix, 

Let  it  be  required^  by  the  description  of  this  cunrei  to 
divide  the  angle  AOVy  (fig*  180.)  suppose  into  three  equal 
angles. 

Frdtn  the  point  V,  where  the  line  OY  cuts  the  Quadra- 
trix,  let  fall  the  perpendicular  VZ^  which  trisect  in  X  and 
Y,  draw  the  parallels  Yy  and  X^  to  meet  the  curve,  and 
join  the  radiants  Oy  and  0.r;  the  angle  AOV  will  be  thus 
divided  into  three  equal  angles  AOy^  yOx  and  ^O V. 

For,  by  the  genesis  of  the  curve,  while  the  parallels  Yy 
and  X^  advance  through  equal  spaces  ZY  and  YX,  the 
radiants  Oy  and  Ox  describe  equal  angles. 

If  the  perpendicular  ZV  were  extended  to  the  remoter 
branches  of  the  curve,  the  trisection  of  it  would  furnish 
parallels  which  not  only  mark  AQy,  but  this  angle  aug^ 
mented  successively  by  the  third  part  of  four  right  angles. 

If  the  given  angle  should  exceed  four  right  angles,  its 
radiant  would  evidently  meet  the  higher  branches  of  the 
curve,  and  the  subdivision  of  the  perpendiculars  would 
produce  a  series  of  parallels  indicating  aU  the  varieties  of 
angular  section. 


^.^^ 


The  Quadratrix  was  proposed  by  Dinpstrates  for  the 
Subdivision  of  Angles^  and  the  Squaring  of  a  Circle.  Its 
construction,  however,  is  difficult,  and  merely  mechanical. 
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IV.    LOGARITHMIC  CURVE. 

If  perpendiculars  in  continued  proportion  be  dis- 
posed at  equal  intervals  along  a  given  contended 
Une,  their  summits  will  range  in  what  is  called  tJte 
Logistic  or  Logarithmic  Curve. 

Let  (fig.  168.)  the  interyeniDg  spaces  AB,  BC|  CD,  DE^ 
£F,  &c.  be  all  equals  and  from  the  several  points  of  sec- 
tion let  perpendiculars  be^erected  in  continued  proportion, 
or  such  that  AL  :  BM  :  :  BM  :  GN  :  2  CN  :  DO  J : 
DO  :  EP  : :  EP  5  FQ,  &c. ;  then  their  summits  L,  M,  N, 
0|  P9  Q,  Sec*  will  mark  a  Logarithmic  Curve. 

It  is  evident  any  intermediate  points  of  the  curve  may 
be  easily  found  ;  for  bisect  the  space  EF  in  O,  and  erect 
a  perpendicular  GH  equal  to  a  mean  proportional  be« 
Iween  EP  and  FQ,  and  the  extremity  H  will  be  in  the 
curve.  But  the  process  of  bisection  could  be  repeated, 
and  hence  the  curve  traced  out.  « 

DEFINITIONS. 

1.  The  extended  line  AF  is  named  the  Base  of  the  curve. 

2.  Any  perpendicular  is  an  Ordin&te^  to  which  the  dis- 
tance from  some  given  point  in  the  base  forms  the  cor- 
responding Absciss. 

3.  The  logarithmic  curve  is  considered  as  either  ascending 
or  descending^  according  as  it  is  carried  upwards  or 
downwards  from  the  origin  of  the  abscissae. 
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PROP.  I.    THEOR. 

The  distance  between  two  ordlnates  represents 
the  Logarithm  of  their  ratio. 

The  point  J^  (fig.  168.)  being  the  origin  of  the  abscissae, 
let  DO  and  FQ  be  any  two  ordinates;  then  will  DF  ex- 
press the  ratio  of  B  to  C. 

For  find  AB,  a  common  measure  to  the  segments  AD 
and  AF)  divide  these  into  portions^  equal  to  it,  and  from 
the  intermediate  points  B,  C,  E  erect  perpendiculars.  Tlie 
ordinates  thus  interpolated  must  evidently  ba  in  continued 
proportion ;  but  A  marking  the  beginn/pg  of  the  scale, 
AL  will  denote  unit,  and  consequently  AD  expressing  the 
number  of  ratios  inserted  betwe^i  AL  and  DO,  the  inter- 
val BC  will  represent  the  number  of  equal  ratios  which 
connect  DO  with  FQ ;  that  is,  the  logarithm  of  their  ratio. 

Cor.  If  equal  spaces  A5,  Ar,  A</,  &c.  be  taken  on  the 
other  side  of  the  point  A,  they  will  still  denote  the  loga- 
rithms of  the  ratio  of  the  unit  AL  to  the  ordinates  bm  and 
cd,  oTij  &c.  /  but  their  opposite  position  intimates  a  decrea- 
sing series. 

PROP.  IL    THEOR. 

The  subtangents  at  different  points  of  the  Lo- 
garithmic Curve  are  all  equal. 

Let  LT  and  MR  (fig.  I69.)  be  drawn  to  touch  the  curve 
at  the  summits  L  and  M  of  the  ordinates  AL  and  BM ; 
the  subtangent  AT  will  be  equal  to  BR. 
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For  assume  another  pair  of  ordinates  al  and  bm  at  equal 
intervals  beyond  AL  and  BM,  and  draw  the  secants  /LT 
and  ^MR.  From  the  nature  of  the  curve,  AL  :  al :  : 
BM  :  bm;  but,  froip  the  property  of  parallel  and  diverging 
lines,  TA  :  Ta  :  :  AL  :  a/,  and  RB  :  R6 :  :  BM  :  bm  ; 
whence  TA  :  Ta  :  :  BM  :  fore,  and  by  division  TA  ;  Aa  :  : 
RB  :  Hb.  Now,  by  construction,  Aa  was  made  equal  to 
Bd,  and  therefore  TA  is  equal  to  RB.  This  equality 
must  obtain  whatever  be  the  proximity  of  the  ordinate! 
al  and  bm  to  AL  and  BM.  At  the  moment,  therefore, 
when  they  coalesce  and  the  secants  /LT  and  mTAR  pass 
into  tangents,  the  subtangents  AT  and  BR  must  be 
equal. 

Cor.  The  length  of  the  subtangent  will  hence  determine 
the  scale  on  which  the  curve  is  constructed.  It  may  re- 
present different  systems  of  logarithms,  according  to  the 
mutual  distances  of  its  ordinates.  When  the  primary  or- 
dinate, or  that  which  represents  unit,  is  equal  to  the  sub- 
tangent  AT,  the  curve  will  exhibit  the  Natural  Loga^ 
rithms.  For  any  other  system  of  logarithms,  the  subtan- 
gent will  be  proportional  to  the  Modultis. 


PROP.  in.    THEOR. 

# 
The  space  included  by  any  two  ordinates  of  the 

Logarithmic  Curve  is  equivalent  to  the  rectangle 
under  their  difference  and  the  common  subtan- 
gent. 

Let  AL  and  CN  (fig.  170.)  be  two  ordinates,  and  draw 
LO  parallel  to  the  base ;  then  the  space  ALNC  is  equi- 
valent to  the  rectangle  under  ON  and  AT  the  subtangent* 
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For  asdunie  any  intermediate  ordinate  BM,  and  another 
bm  proximate  to  this,  draw  the  secant  mMR  and  the  pa- 
rallel Mr.  It  is  evident  that  RB  :  BM  :  :  Mr  :  mr,  and 
therefore  RB.mr  =  BM.Mr  ;  but  this  rectangle  BM.Mr 
melts  into  the  elementary  space  BM.mb,  while  the  ordinate 
bni  migrates  into  BM  and  the  secant  passes  into  a  tangent ; 
consequently  the  rectangles  under  the  common  subtangent 
ATy  and  the  successive  excesses  mr^  forming  together  the 
irectangle  tinder  AT  and  ON»  are  equivalent  to  the  inter- 
cepted space  ALNC. 

Car.  Hence  the  whole  of  the  descending  space  extend- 
ed indefinitely  below  an  ordinate^  is  equivalent  to  the  rect- 
angle under  that  ordinate  and  the  subtangent.  For  the 
space  included  between  AL  and  any  lower  ordinate  is  equi- 
valent to  the  rectangle  under  their  difference  and  the  sub- 
tangent  AT.  When  the  inferior'  ordinate  vanishes,  the 
unlimited  space  will  hence  be  equivalent  to  the  rectangle 
under  AL  itself  and  AT. 


PROP.  IV.    PROB. 

To  find,  by  the  application  of  the  Logarithmic 
Curve,  any  number  of  mean  proportionals  to  tvsro 
given  straight  lines. 

Let  it  be  required,  by  help  of  this  curve,  to  interpolate 
n  proportionals  (fig.  171.)  between  X  and  Y. 

Extend  the  ordinate  AK,  and  make  AP  equal  to  X  and 
AQ  to  Y,  draw  the  parallels  PL  and  QO  to  meet  the 
curve,  and  let  fall  the  perpendiculars  LB  and  0£,  divide 
the  interval  BE  into  n-^l  parts  at  the  points  C  and  D, 
and  the  ordioates  CM  apd  DN  wiU  be  the  mean  propor- 
tionals required* 
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For  the  figures  AL  and  AO  being  paraUelograms,  the 
ordinates  BL  and  OE  are  evidently  eqnal  to  X  and  Y, 
and,  from  the  nature  of  the  curve,  BL :  CM : ;  CM  :  DN 
::DN:Ea 

Cor.  Let  AQ  be  double  of  AP,  and  trisect  the  interval 
BE ;  the  ordinate  CM  will  evidently  be  the  side  of  a  cube 
vhich  has  double  the  capacity  of  one  that  has  AP  or  BL 
for  its  side.  In  this  way,  the  dapUcation  qfthe  aJbe  could 
in  pradioe  have  easHy  been  effected. 


PROP.  V.    THEOR. 

The  radius  of  a  circle  osculating  at  any  point 
of  the  logarithmic  Curve,  is  a  fourth  proportional 
to  the  Corresponding  ordinate  and  tangent. 

Let  (fig.  171.)  DN  and  NT  be  an  ordinate  and  tangent ; 
then  will  the  square  of  DN  be  to  the  square  of  NT  as  NT 
itself  is  to  the  radius  of  curvature  at  the  point  N. 

For  assume  the  equidistant  proximate  ordinates  GH 
and  EO|  extend  the  secant  ONT  to  *  the  axis,  and  erect 
FQ  perpendicular  to  it,  meeting  the  ordinate  DN  pro^ 
duced  in  Q,  draw  QR,  and  likewise  the  minute  lines  NK 
and  IL  parallel  to  the  axis.  Since  BN  :  GH  :  :  L0>  by 
conversion  KH  :  DN  : :  LO— KH  or  2IH  :  KH,  and, 
consequently!  IN  :  NT  : :  2IH  :  KH.  But  the  elemen- 
tary triangle  NKI  or  NKH  being  evidently  similar  to 
ITQ,  NT  :  NQ  :  :  KI  or  KH  :  IN,  and  by  compounding 
the  analogies,  IN  :  NQ  :  :  2IH  :  IN.  Now,  if  a  circle 
were  described  through  the  three  points  N,  H,  and  O, 
and  the  ordinate  GHI  were  produced  to  meet  it,  the  square 
semichord  IN  would  be  equivalent  to  the  rectangle  under 
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the  minute  segment  HI  and  the  rest  of  the  intercepted 
chord ;  whence,  if  these  points  were  brought  to  coalesce 
with  Ny  the  chord  of  the  equicurve  circle,  intercepted  by 
the  extension  of  the  ordinate  DN,  would  be  equal  to  2NQ. 
Again,  from  similar  triangles,  that  chord  is  to  the  diame- 
ter of  the  circle  as  NQ  to  NB ;  whence  the  diameter  is 
equal  to  2NR,  and  the  radius  of  curvature  equal  to  NR. 
But,  from  the  construction,  DN,  NT,  NQ,  and  NR  are 
continued  proportionals,  of  which  NR  is  the  fourth  term, 
or  DN*  :  NT*  : :  NT  :  NR. 

Cor.  Hence  the  Logarithmic  Curve  has  its  greatest  in- 
curvation at  the  summit  of  an  ordinate  VY  (fig.  168.) 
whose  square  is  double  the  square  of  the  subtangent,  or 
the  radius  of  the  osculating  circle  at  V  is  a  minimum. 

Let  AB  (fig.  205.)  represent  the  ordinate  VY,  and  the 
perpendicular  BC  the  constant  subtangent,  join  AC,  draw 
CD  at  right  angles  to  it,  and  erect  the  perpendicular  D£ 
to  meet  AC  produced  in  E,  the  extended  line  AE  will  then 
exhibit  the  corresponding  radius  of  curvature,  and  it  is 
only  requisite  Xo  prove  this  line  to  be  shorter  than  any 
Qther  obtained  by  following  the  same  construction  ;  or  it 
may  be  sufficient  to  show  that  AE  occupies  a  stationary 
limit,  and  that  the  proximate  line  ae  suffers  a  decrement 
at  the  end  a,  just  equal  to  the  increment  which  it  receives 
at  the  other  end  e.  From  the  centre  C  describe  the  ele- 
mentary arcs  flot.  Eg,  and  Dg,  extend  D(3  equal  to  dg^  and 
draw  /36  parallel  to  CD.  By  similar  triangles,  AB  :  BC 
:  :  BC  :  BD,  and  aB  :  BC  :  :  BC  :  "Rd,  consequently 
AB  :  aB  :  :  Bd :  BD,  and  by  division,  AB  :  Bd  or  BD 
:  :  Aa  :  Dc^  ;  but  AB  :  BC  :  :  BC  :  BD,  and  therefore 
AB  :  BD  :  :  AB»  :  BC*  ;  whence  AB  =z  2BD,  and  in 
the  preceding  analogy,  Aa  =  2Drf.     Again,  the  triangles 


LOGARITHMIC  CURVE.  S49 

i^D  and  aaA  being  simUar,  dD  :  Dg :  :  Aai  Act,  and 
therefore  Dg  is  the  half  of  Aa ;  but  dD  :  dg : :  Aa  :  aa> 
and  consequently  dg  is  the  half  of  aos.  But,  from  similar 
sectors,  AC :  CE : :  aa :  E£ ;  whence  Es  is  the  half  of  aa  and 
therefore  equal  to  dg.  Hence  the  right-angled  triangles 
Ef/*and  dgS  are  equal,  and  consequently  ^S  is  equal  to  Sg 
or  D|3.  Wherefore,  the  compound  line  d|3  =  cs  = 
'Dg  +  Sg  +  D|3  =  2Dg  =  Aa,  and  thus,  in  the  slight  muta^ 
lion  of  AE  into  ae,  the  segment  Aa  is  taken  away  from 
the  one  end,  while  the  equal  segment  ee  is  annexed  at  the 
other  end.  The  line  AE,  which  represents  the  radius  of 
curvature,  is  hence  placed  in  the  limit  where  it  has,  on  the 
whole,  neither  increase  nor  diminution,  and  has  therefore 
contracted  into  its  minimum.* 


The  Logarithmic  Curve  was  first  proposed  by  Gregory 
of  St  Vincent  soon  after  the  noble  discovery  of  Loga- 
rithms; but  its  leading  properties  were  investigated  by 
Huygens  and  others  during  the  latter  half  of  the  seven- 
teenth century.  It  is  of  extreme  importance  in  various  ap- 
plications of  Physical  Science,  and  particularly  in  exhi- 
biting the  relations  of  elastic  fluids. 
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V.    CYCLOID. 


Ify  in  the  same  plane^  a  circle  be  conceived  to  roll 
along  a  straight  line^  any  point  in  its  circumference 
will  describe  the  curve  which  is  called  a  Trochoid 
or  Cycloid^ 

Let  a  circle  touching  an  extended  straight  line  at  A, 
(6g.  172.)  roll  onwards,  till  the  point  of  contact  comes  again 
to  touch  at  B ;  that  point  will  have  traced  a  Trochoid  or  Cy* 
cloid.  But  contiouing  the  process  of  proffressive  rotation, 
the  same  point  must  evidently  describe  a  repeated  suc- 
cession of  equal  and  similar  curves. 

DEFINITIONS. 

1.  The  circle  of  revolution  is  called  the  Generating  Cir* 
cle. 

2.  The  portion  AB  of  the  extended  line  on  which  a  whole 
circumference  of  the  circle  is  measured  out,  is  termed 
the  Base  of  the  Cycloid,  and  the  middle  perpendicular 
CD  its  Axis, 

3.  Any  straight  line  HE  drawn  from  the  axis  parallel  to 
the  base  is  called  an  Ordinate  to  the  curve,  the  inter- 
cepted part  DH  of  the  axis  being  the  Absciss. 


If  a  thread  or  Jlexible  line  be  unfolded  from  the  convex  side 
of  any  curves  its  extremity  mil  describe  an  Involute^  to 
ivhich  the  principal  curve  it  the  EvoLUTE, 
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PROP.  I.    THEOR. 

The  absciss  of  the  Cycloid  is  equ^  to  the  ver- 
sed sine  of  the  corresponding  arc  of  the  genera- 
ting circle,  and  the  ordinate  is  equal  to  the  sum 
of  that  arc  and  of  its  sine* 

While  the  generating  circle  rolls  from  A  to  F  (fig.  172,), 
its  tracing  point  will  come  into  the  position  E,  and  the 
segment  AF  of  the  base  will  evidently  be  equal  to  the  elap- 
sed arc  £F»  But  when  the  circle  has  reached  the  middle 
position  Cj  the  remaining  part  FC  will  be  equal  to  the 
supplemental  arc  £1  or  GD,  and  the  figure  EFCG  is 
obviously  a  parallelogram.  Wherefore  the  absciss  DH  is 
the  versed  sine  of  the  arc  D6|  and  the  ordinate  EH  is 
equal  to  EG  and  GH,  that  is,  to  the  arc  DG  together 
with  it9  sine  GH. 

PROP.  II.    THEOR. 

The  supplemental  chord  of  the  generating  cir- 
cle is  a  tangent  to  the  Cycloid. 

Let  FEI  (fig.  172.)  be  the  position  (^  the  generating 
circle  corresponding  to  any  point  E  of  the  Cycloid ;  the 
supplemental  chord  ]SI  will  touch  the  curve. 

For  assume  in  the  Cycloid  the  point  e  proximate  to  E, 
and  draw  egh  parallel  to  EGH. 

The  minute  arc  Gg  may  be  considered  as  coincident 
widi  a  tangent  to  the  circle  at  O^  and  consequently  the 
angle  gG^  which  it  makes  with  the  inflected  line  GD  is 
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equal  to  the  angle  GCD  in  the  alternate  segment ;  but 
this  angle  GCD  is  evidently  equal  to  D6H9  which  again 
is  equal  to  G^^.  Wherefore  the  elementary  triangle  Ggk 
is  isosceles^  and  the  side  G^  equal  to  gk.  But,  by 
the  last  proposition,  the  segments  EG  and  eg  of  the  cy- 
cloidal  ordinates  are  equal  to  the  circular  arcs  DG  and 
D^,  and  consequently  EG  is  equal  to  eg  and  Gg,  or  eg 
and  gkf  that  is,  equal  to  ek.  Wherefore  the  secant  E^,  in 
merging  into  a  tangent,  becomes  parallel  to  DG,  and 
thus  coalesces  with  the  supplemental  chord  EI. 

The  same  result  is  obtained  from  another  consideration. 
Viewing  the  generating  circle  as  a  polygon  of  innumerable 
sides,  the  Cycloid  would  consist  of  a  series  of  minute  cir- 
cular arcs  described  from  the  successive  points  of  the  base 
on  which  the  comers  of  the  polygon  turn.  The  point  F 
is  hence  the  centre  of  the  arc  "Ee,  whose  tangent  EI  being 
perpendicular  to  the  radius  FE,  must  therefore  be  contain- 
ed within  the  semicircle. 

Cor.  Hence  to  apply  a  tangent  to  the  Cycloid  that 
shall  be  parallel  to  a  given  straight  line.  From  the  ver- 
tex of  the  curve,  draw  the  chord  DG,  in  the  middle  circle, 
parallel  to  the  given  line,  and  extend  the  ordinate  HGE ; 
a  tangent  at  E  must  evidently  be  parallel  to  DG,  and  will 
therefore  answer  the  condition  required. 

PROP.  III.    THEOR. 

An  arc  of  the  Cycloid  measured  from  the  ver- 
tex is  double  of  the  corresponding  chord  of  the 
generating  circle. 

The  cycloidal  arc  DE  (fig.  172.)  is  equal  to  twice  the 
chord  DG  of  the  circle  described  on  the  axis. 
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For  let  egkh  be  the  proximate  ordinate  to  EOH^  and 
from  D  as  a  centre  describe  the  portion  of  a  circle  go. 

It  is  manifest  that  go  being  considered  as  a  perpendi- 
cular to  DG,  must  bisect  the  base  Gk  of  the  isosceles  tri- 
angle Ogh  Wherefore  the  elementary  arc  E^,  which  is 
equal  to  the  segment  G^  of  the  parallel  chord,  is  al- 
ways the  double  of  Go,  or  of  the  excess  of  DG  above  Dg  i 
and,  consequently,  estimating  from  the  vertex  D,  the  ag- 
gregate of  the  minute  portions  f^  constituting  the  arc 
D£  must  be  double  of  all  successive  increments  Go  which 
compose  the  chord  DG. 

Cor.  Hence  the  length  of  the  arc  AED  of  the  Cycloid 
is  equal  to  double  the  diameter  CD  of  the  generating  cirr 
cle,  and  the  whole  cycloidal  arc  ADB  is  four  times  that 
diameter. 

Scholium.  The  leading  properties  of  the  Cycloid  might 
be  derived  with  great  facility  from  the  consideration  of 
motion.  Instead  of  the  generating  circle,  substitute  a  po- 
lygon  of  innumerable  sides,  and  the  Cycloid  will  be  com- 
posed, as  we  have  seen,  of  a  series  of  minute  arcs  de- 
scribed from  the  successive  points  of  contact,  with  the 
elapsed  chords  as  radii.  The  direction  of  the  curve  or  its 
tangent  at  E  must  therefore  be  at  right  angles  to  EF,  and 
will  hence  coincide  with  the  supplemental  chord  EL 

But  the  same  conclusion  is  attained  by  a  different  pro- 
cess of  reasoning.  Fpr  every  portion  of  the  Cycloid  being 
described  by  a  rotatory,  combined  with  an  equal  progres- 
sive, motion,  the  direction  of  the  curve  at  any  point  E 
must  evidently  be  the  diagonal  resulting  from  this  com- 
pound traction.  But  the  rotatory  motion  is  perpendicular 
to  EO,  and  the  progressive  motion  perpendicular  to  OF ; 
and  consequently  the  tangent  to  the  curve  must  run  per- 
pendicular to  the  diagonal  EF,  or  take  the  position  of  the 
supplemental  chord  EI. 
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Hence  ihe  inflexioo  of  the  Cycloid  is  batf  the  iDflexion 
of  the  geaerating  circle.  For  when  this  circle  has  arrived 
at  the  CiHitact  ¥,  the  describing  radius  has,  moved  from 
the  position  OF  into  OE^  &nd  consequently  the  circum-r 
ference  at  E  has  bent  through  an  angle  FOE ;  while  the 
curve  of  the  Cycloid  has  rnily  turned  from  the  direction 
FI  into  £I|  making  an  inflexion  OIE  which  is  the  half 
of  the  exterior  angle  FOE.  The  Cycloid  thus  rises  per- 
pendicttlarly  at  Af  becomes  parallel  to  the  base  at  the  ver^* 
tex  Df  and  again  descepds^  perpendicularly  at  B. 

An  arc  of  the  Cycloid,  reckoning  from  its  vertex,  being 
thtt9  double  of  the  corresponding  chord  of  the  generating 
circle^  which  is  itself  equal  to  twice  the  sine  of  half  the  an* 
gle  of  rotation ;  those  cycloidal  arcs  must  be  proportional 
to  the  sines  of  infle:fion  at  every  point  of  the  curve. 

It  has  been  proved  Uiat  OF  is  to  £F  as  the  velocity  of 
rotation  is  to  the  velocity  with  which  the  Cycloid  is  de* 
scribed  at  E,  or  as  each  increment  of  the  circumference 
of  the  generating  circle  is  to  the  corresponding  elementary 
arc  of  the  cycloid.  Draw  Em  perpendicular  to  the  ra^ 
dins  0E|  and  OF  :  EF : :  £^  :  Em  ^  but  the  elementary 
triafigle  Eem  being  similar  to  the  isosceles  triangle  EOFf 
the  parallel  en  to  EF  must  bisect  the  base  £^,  and  there^ 
fore  this  element  of  the  cycloidal  curve  DE  is  doable 
of  the  corresponding  increment  En  of  the  supplemental 
chord  EL  Now  the  same  relation  subsisting  at  every 
step  from  D  to  E,  and  from  D  to  G,  the  aggregate  arc 
DE  must  be  douMe  of  the  accrescent  chord  DG  or  IE. 
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PROP.  IV.    THEOR. 


The  exterior  space  between  the  Cycloid  and  its 
vertical  tangent  is  equivalent  to  the  segment  of 
the  generating  circle  intercepted  by  the  ordi- 
nate* 

Let  LDM  (fig.  172.)  be  a  tangent  applied  at  the  vertex 
of  the  cycloid,  and  EHN  a  doable  ordinate  drawn  i  com* 
plete  the  rectangle  ELMN,  and  the  area  of  the  exterior 
curvilineal  space  EDNML  will  be  equal  to  that  of  the  cor- 
responding circular  segment  GDK. 

For  assume  the  proximate  ordinate  ke^  and  extend  it  to 
L£,  and  parallel  to  it  draw  le. 

Because  the  minute  cycloidal  arc  'Ee  may  be  considered 
as  a  portion  of  the  tangent  at  E|  which  is  parallel  to  the 
chord  D6 ;  the  elementary  triangle  Ese  is  evidently  similar 
to  the  right-angled  triangle  DHO.  Wherefore  DH  or 
LE :  OH : :  Es  or  HA :  ee,  and  LE.g^=:GH.HA,  or  the  ex* 
terior  elementary  rectangle  he  is  equivalent  to  the  rectan* 
gle  Gh  within  the  circle.  Consequently  the  exterior  space 
ELD,  formed  by  those  accumulated  rectangles  Le,  is  equi- 
valent to  the  circular  segment  GDH,  which  is  composed 
of  the  aggregate  internal  rectangles  Gh.  The  double  ex- 
ternal space  EDNML  must  therefore  be  equivalent  to  the 
double  of  GDH9  or  to  the  complete  segment  GDK.  ^ 

Cor.  Hence  the  whole  area  of  the  Cycloid  is  triple  of 
that  of  the  generating  circle.  For  the  circle  being  equi- 
valent to  the  exterior  space>  the  area  of  the  Cycloid  must 
be  the  excess  of  the  rectangle  under  its  base  and  axis  above 
the  area  of  that  circle.  But  the  base  and  axis  being  the 
same  as  the  circumference  and  diameter  of  the  generating 
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circlet  the  rectangle  is  four  times  the  area  of  this  circle^ 
and  consequently  the  whole  cycloidal  space  is  three  times 
that  area. 

PROP.  V.    THEOB. 

If  a  thread  or  flexible  line,  attached  to  the  end 
of  a  Cycloid  and  bent  along  the  convexity  of  the 
curve  to  its  vertex,  be  then  unfolded,  its  extre- 
mity will  describe  another  half  cycloid,  equal  and 
similar  to  the  former. 

Let  APK  (fig.  173.)  be  a  semi*-cycloid,  of  which  LA  is 
the  axis  and  LK  half  the  base;  and  conceive  a  line,  fasten- 
ed at  K,  and  applied  externally  to  the  curve  as  far  as  the 
vertex  A,  to  be  again  unfolded,  its  remote  end  will  trace 
from  A  to  D  a  similar  and  equal  curve :  and  after  it  has 
reached  D,  and  again  bends  along  an  opposite  correspond- 
ing semi-cycloid  KB,  it  will  describe  the  complete  Cycloid 
ADB. 

For  draw  ACB  parallel  to  the  compound  base  LKM 
of  the  two  semi-cycloids.  When  the  thread  is  completely 
unfolded,  it  will  touch  both  curves  at  K,  and  hence  occupy 
the  perpendicular  KCD,  which  being  thus  equal  to  the 
arc  APK,  is  double  of  the  diameter  AL  of  the  generating 
circle,  and  consequently  CD  is  equal  to  CK  or  AL.  On 
AL  and  CD  describe  equal  semicircles,  let  KPE  be  an 
intermediate  position  of  the  folding  line,  draw  PON  and 
EOH  parallel  to  AC,  and  join  AO,  OI,  C6  and  D6. 

Since  PE  touches  the  curve  at  P,  it  is  parallel  to  the 
chord  AO  of  the  generating  circle,  and  consequently 
AOPQ  is  a  parallelogram,  and  the  opposite  sides  AO 
and  PQ,  AQ  and  OP  are  equal.  Now  the  line  PE,  being 
equal  to  the  cycloidal  arc  AP,  is  double  of  the  chord  AO ; 
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whence  EQ  is  equal  to  PQ  or  AO.  Wherefore,  from  the 
property  of  parallel  and  diverging  lines,  CH=CR=AN; 
consequently,  if  the  semicircle  DGC  were  transferred  to 
LOA,  the  points  D,  H  and  C  would  coincide  with  L,  N 
and  A,  and  the  perpendicular  HG  with  NO  ;  wherefore 
the  chord  CO*  is  equal  to  AO  or  QE,  but  it  is  likewise 
parallel  to  QE,  since  the  angle  HC6  is  equal  to  NAO  or 
AQE  i  whence  EGCQEG  is  a  parallelogram,  and  the 
opposite  side  EG  is  equal  to  QC.  But  AQ  being  equal 
to  the  circular  arc  AO,  and  AC  to  the  semi*circumfe- 
rence  AOL,  the  segment  QC  .must  be  equal  to  the  re- 
maining arc  OL,  and  consequently  EG  is  equal  to  the  cor- 
responding arc  DG.  Wherefore  E  is  a  point  of  a  Cy- 
cloid having  its  generating  circle  described  on  the  diame- 
ter CD. 

From  the  uniform  genesis  of  this  curve,  it  follows,  that 
all  Cycloids  are  cast  on  the  same  mould,  and  are  therefore 
similar  figures. 

The  Cycloid  will  assume  endless  varieties  of  form,  if  the 
tracing  point  attached  to  the  generating  circle  be  taken 
without  or  within  the  circumference,  though  still  in  the 
same  plane.  In  the  former  case,  the  curve  having  its  base 
shortened,  is  called  the  Curtate  or  Contracted  Cycloid,  and 
has  a  nodated  convolution,  (fig.  174.)  But  when  the  tra* 
cing  point  lies  within  the  generating  circle,  the  curve 
having  its  revolution  distended  is  named  the  Prolate  or 
Inflected  Cycloid,  and  acquires  an  undulating  shape, 
(fig.  175.) 

The  properties  of  these  modified  cycloids  are  nearly  re- 
lated to  those  of  the  principal  curve,  from  which  they 
might  easily  be  derived.  But,  as  it  would  not  suit  the  na* 
ture  of  an  elementary  work  to  engage  in  such  details,  I 
shall  confine  this  analysis  to  a  curve  closely  related  to  the 
Cycloid,  and  therefore  called  the  Companion  to  the  Cycloid. 
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VI.    COMPANION  TO  THE  CYCLOID. 

■ 

If  the  ordinates  of  the  Cycloid  he  diminished  hy  the 
corresponding  ordinates  of  the  generating  circle^ 
the  curve  mil  be  transformed  into  the  Companion 
to  the  Cycloid. 

Let  (fig.  176.)  BAG  be  a  Cycloid,  of  which  the  genera- 
ting circle  is  described  from  thexentre  O9  and  HE  an  or- 
dinate; if  HD  be  taken  equal  to  FE,  the  point  D  will 
mark  out  the  Companion  to  the  Cycloid. 

It  is  hence  obvious,  that  the  ordinate  ED  of  this  cunre 
must  be  equaf  to  AF,  the  corresponding  arc  of  the  gene- 
rating circle. 

This  curve  will  evidently  form  a  series  of  equal  convolu- 
tions about  an  extended  axis  drawn  through  O  parallel  to 
BC. 

PROP.  L    PROB. 

To  apply  a  tangent  at  any  point  of  the  Compa* 
nion  of  tlie  Cycloid. 

Let  it  be  required  to  draw  (fig.  176.)  a  straight  line 
touching  the  curve  called  the  Companion  of  the  Cycloid 
at  the  point  D. 

Assume  any  proximate  point  dj  draw  the  secant  "DdT 
the  ordinates  DFE  and  dfe^  and  the  parallels  d^  andy^, 
and  join  the  point  F  with  the  centre  O  of  the  generating 
circle* 

From  the  nature  of  this  curve^  the  ordinates  D£  and  de 
are  egual  to  the  circular  arcs  AF  and  Afj  and  consequent- 
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ly  the  minute  difference  D)  is  equal  to  the  elementary  arc 
TPf.  Wherefore  1^  being  considered  at  an  elementary 
triangle  similar  to  FOE^  it  follows,  that  Yfor  D)  \fp  or  dl 
:  :  FO  :  FE  ;  but  the  elementary  triangle  Hdi  being 
obviously  similar  to  DTE,  D) :  cf)  : :  DE  :  TE,  and  con* 
sequently  FO  :  FE  : :  DE :  TE.  Make  EO  equal  to  the 
radius  FO>  and  EO  :  FE  : :  DE  :  TE;  join  FO,  and  the 
right-angled  triangles  FEO  and  DET  are  similar  \  whence 
ihe  angle  EDT  is  equal  to  EOF,  and  therefore  DT,  in 
merging  into  a  tangent,  is  perpendicular  to  the  line  FO. 

Ccyr.  Hence,  proceeding  from  the  vertex  where  the 
cnrve  runs  parallel  to  its  base,  the  cnrve  gradually  bends 
nearer  the  direction  of  the  axis  till  it  reaches  the  mid« 
dle'posidon,  and  then  reclines  i^in  towards  its  first  di- 
rection. For  EO  continuing  equal  to  this  radius,  the 
angle  EOF»  or  the  inclination  of  the  tangent  to  the  bast 
of  the  curve,  must  increase  till  the  ordinate  DE  passes 
through  the  centre,  when  that  angle  becomes  half  a  right 
angle.  Beyond  this  position  the  angle  EOF  will  diminish 
till  the  cnrve  grazes  the  base.  At  its  middle  position  the 
curve  must  therefore  sufier  a  contrary  flexure. 


PROP.  II.    THEOR. 


The  area  of  a  segnfient  of  the  Companion  to  ike 
Cycloid^  is  equivalent  to  the  excess  of  the  rectangle 
under  the  absciss  and  the  sum  of  the  correspond- 
ing arc  and  sine  of  the  generating  circle,  above 
twice  the  area  of  the  circular  segment. 

The  curvilineal  segment  DAE  (fig.  176.)  is  equivalent  to 
the  rectangle  under  AE  and  the  sum  of  the  arc  AF  and 
its  sine  £F,  diminished  by  the  circular  segment  FAE. 
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For  let  the  cycloid  BHAC  stand  on  the  same  base^ 
and  produce  the  ordinate  ED  and  the  proximate  ordinate 
ed  to  meet  that  curve  in  H  and  h.  Since  HF  is  equal  to  the 
circular  arc  AF,  it  is  equal  to  DE;  whence  the  elementary 
rectangle  H^F  is  equal  to  the  rectangle  D^/^E,  and  there- 
fore the  whole  exterior  space  HAF  is  equivalent  to  the 
segment  DAE  of  the  Companion  to  the  Cycloid.  But  the 
space  HAF  is  only  the  rectangle  HIAE,  or  that  under 
AE  and  HE,  diminished  on  the  one  side  by  the  circular 
segment  DAE  and  on  the  other  by  the  equivalent  space 
HIA.  Wherefore,  the  curvilineal  segment  DAE  is  equi- 
valent to  the  rectangle  under  AE  and  the  sum  of  AF  and 
EFy  diminished  by  twice  the  circular  segment  DAE. 

Cor.  Hence  the  whole  area  of  the  Companion  of  the 
Cycloid  is  double  that  of  the  generating  circle.  For  the 
rectangle  BIAL  being  four  times  the  area  of  the  semicir- 
cle AFL,  leaves  BDAL  equivalent  to  double  that  space ; 
but  the  same  relation  subsists  on  the  opposite  side  of  the 
diameter  AL,  and  consequently  the  whole  surface  BDAC 
of  the  curve  is  double  the  area  of  the  generating  circle. 


PROP.  III.     PROB. 

To  find  an  aliquot  part  of  an  angle  by  the  ap- 
plication  of  this  curve. 

Let  it  be  required  to  find  (fig.  176.)  any  part,  suppose 
the  third,  of  the  angle  AON. 

About  O  describe  a  generating  circle  and  construct  the 

Companion  of  the  Cycloid.     Draw  the  ordinate   KNM, 

from  which  cut  oflF  the  third  part  KP,  draw  PQ  paral- 

el  to  the  diameter  ai^d  terminating  in  the  curve,  then  draw 
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RPQ  parallel  to  the  base  and  cutting  the  circle  in  R, 
join  OP9  and  the  angle  AOP  is  the  third  part  of  AON. 

For  the  arc  APN  being  equal  to  the  ordinate  KNM> 
the  arc  AP  is  equal  to  QO  or  KN,  the  third  part  of  that 
ordinate. 

Scholium.    Pursuing  the  analogy,  it  is  obvious,  that  the 

Companion  to  the  Cycloid  must  include  a  succession  of  wa- 
ving branches,  extending  on  the  same  side  of  the  diame- 
ter of  the  generating  circle.  The  ordinates  corresponding 
for  instance,  to  the  absciss  AK,  are  AM,A;»,AM^A9i2', 
AM'^  Am'',  &c.  equal  to  the  arcs  AR,  ARLS,  and  these 
continually  augmented  by  a  whole  circumference.  It  hence 
follows,  that  the  section  of  the  same  angle  involves  as  many 
different  results  as  the  number  of  the  divisions. 


The  Cycloid  has  afforded  the  finest  scope  for  the  exer- 
cise of  the  Modern  Geometry.     Its  properties  are  beauti- 
ful, prolific,  and  highly  important  in  the  Theory  of  Dy- 
namics.    This  curve  seems  to  obtrude  itself  on  our  ob- 
servation ;  and  Aristotle  has  incidentally  noticed  it,  in  allu- 
ding to  the  paradox,  that  a  nail  on  the  rim  of  a  wheel  de- 
scribes a  longer  line  than  the  axle.     The  Cardinal  Cusano 
proposed  the  Cycloid  for  the  quadrature  of  the  circle,  and 
Galileo  contented  himself  with  mentioning  it  in  vague  and 
general  terms.     Roberval  was  the  first  who  assigned  the 
simpler  properties  of  this  curve.     In  1634,  he  discover- 
ed its  area  ;  but  Fermat  a^d   Des  Cartes  immediately 
solved  that  problem,  and  likewise  applied  tangents  to  the 
curve.     Roberval  resumed  the  investigation,  and  struck 
out  his  expeditious  method  of  drawing  tangents  generally, 
by  tracing  the  diagonal  of  a  compound  motion.     Torri- 
celli,  the  very  ingenious  inventor  of  the  Barometer,  ap- 
parently unconscious  of  what  had  been  already  done  on 

2  a 
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the  subject,  wrote,  in  164<4<y  shortly  before  his  premature 
death,  a  neat  Geometrical  Tracts  embracing  the  chief  pro- 
fJerties  of  the  Cycloids 

Other  mathematicians  now  entered  the  career  of  disco- 
very. Walli^  made  considerable  advances  ;  but  the  great 
Pascal,  by  a  challenge  in  1658,  drew  the  attention  of  the 
scientific  world  to  the  higher  properties  of  the  Cycloid. 
This  was  partly  answered  by  Slusius,  Wren,  Wallis,  and 
Lalouere. 

The  name  of  Huygens  has  derived  unfading  lustre^ 
chiefly  from  his  fine  discoveries  on  the  Cycloid.  He  rec- 
tified or  found  the  length  of  this  curve,  as  early  as  1657 ; 
but  pursuing  his  researches,  he  afterwards  reared  the  beau- 
tiful theory  of  the  Evolution  of  Cvrvesj  of  which  the  Cy- 
cloid afibrds  so  remarkable  an  exemplification.  He  like- 
wise detected  the  isochronism  of  the  curve,  or  the  singu- 
lar property  that  bodies,  gliding  along  it,  will  descend  from 
any  point  in  the  same  time.  In  the  year  1673,  which  forms 
an  epoch  in  the  history  of  mechanics,  Huygens  combined 
those  discoveries,  and  applied  them  to  the  improvement 
of  the  pendulum,  in  his  Harologium  Oscillatoriutn  ,•  which, 
as  a  model  of  clearness,  elegance,  and  geometrical  taste, 
still  deserves  the  attentive  perusal  of  the  inquisitive  stu- 
dent, 


EPICYCLOID.  S6S 


VIL    EPICYCLOID. 

Jf^  in  the  same  plane ^  a  circle  he  conceived  to  roll 
upon  the  circumference  of  another  circle^  either 
ecctevnally  or  internally^  any  point  of  the  revolv^ 
ing  circumference  mil  describe  the  curve  called 
the  Epitmochoid  or  Epicycloid, 

Let  a  circle  (fig.  181.)  whose  centre  is  £  touch  another 
circle  at  A)  and  revolve  on  the  outside  of  the  circumfe- 
rence, the  point  of  contact  now  carried  round  till  it  re» 
turn  again  at  F  will  trace  an  Epicycloid ;  or,  if  the  circle 
rolls  along  the  inside  of  the  circumference,  it  will  trace 
a  curve  of  the  same  kind.  When  the  radius  EB  or  E'B 
is  an  aliquot  part  of  the  radius  OB,  the  Epicycloid,  after 
repeated  accessions  to  the  circumference  of  the  larger  cir<- 
cle,  must  evidently  recommence  the  series  at  the  same 
pdnt  A. 

DEFINITIONS. 

1 .  The  circle  of  revolution  is  called  the  Generating  Cir^ 

cle. 
S.  The  circle  on  whose  circumference  the  revolution  is 

performed,  is  termed  the  Fundamental  Circle. 
8.  The  portion  AF  of  the  circumference  of  the  fundamental 

circle  on  which  the  Epicycloid  rests,  is  called  its  Base. 
4«.  Any  segment  AB  of  the  base  is  an  Absciss,  to  which 

the  chord  BC  or  BC^  joining  its  extremity,  or  the  point 

of  incident  contact,  with  the  tracing  point,  is  an  Ordi* 

nate. 
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PROP.  I.    PROS. 

Given  the  generating  and  fundamental  circles 
of  the  Epicycloid,  to  find  the  ordinate  correspond- 
ing  to  a  given  absciss. 

Let  AB  (fig.  181.)  a  portion  of  the  circumference  of  the 
fundamental  circle  whose  centre  is  O,  be  an  absciss  of  the 
Epicycloid,  and  it  be  required  to  find  the  corresponding 
point  C  or  C^  of  the  curve. 

Join  OA,  and  BC  or  BC^  draw  OE  or  OE'  through  B 
the  point  of  incident  contact,  make  BE  or  BE^  equal  to 
the  radius  of  the  generating  circle,  and  describe  it  from  E 
or  E',  and  lastly  join  EC  or  E'C 

From  the  nature  of  the  curve,  the  arc  AB  of  the  fun- 
damental circle  must  be  equal  to  the  arcs  BC  or  BC^ ;  and 
therefore  the  radius  of  the  generating  circle,  BE  or  BE^ 
is  to  BO,  as  the  angle  AOB  to  BEC  or  BEC^  Hence 
make  the  angle  BEC  or  BEC^  to  AOB  as  the  radius  of 
the  generating  to  that  of  the  fundamental  circle,  and  C  or 
C^  will  be  the  corresponding  points  of  the  Exterior  or  In- 
terior Epicycloid. 

This  construction  is  always  effected  geometrically,  if 
the  radius  EB  be  an  aliquot  part  of  OB.  When  the  arc 
AB  becomes  equal  to  the  semicircumference  of  the  gene- 
rating circle,  the  points  C  or  C^  will  evidently  <;oincide 
with  D  or  T>\  the  vertex  of  the  curve,  and  occupy  the 
remotest  or  the  nearest  position  in  respect  to  the  centre  of 
the  fundamental  circle* 
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PROP.  II.    THEOR. 

A  line  drawn  through  any  point  of  an  Epicy- 
cloid perpendicular  to  the  corresponding  ordinate^ 
is  a  tangent  to  the  curve. 

If  a  perpendicular  be  erected  at  C  or  O  (fig.  181  and  184.) 
to  the  chord  CB  or  C'B  joining  the  corresponding  contact 
of  the  two  circles,  it  will  touch  the  Epicycloid. 

For,  instead  of  those  circles,  conceive  two  polygons  con* 
Bisting  of  numerous  sides  all  equal  to  Bi.  The  genera-^ 
ting  polygon  would  then  describe  a  series  of  minute  cir- 
cular arcs  having  the  successive  points  of  contact  for  their 
centres.  The  extremity  C  of  the  chord  BC  would  first  turn 
on  the  point  B  and  next  on  b.  The  tangent  to  the  minute 
arcs  thus  traced,  and  which  finally  melt  into  the  Epicycloid, 
is  hence  the  perpendicular  to  their  radius  BC  or  BC 

Cor.  The  tangent  to  the  Epicycloid  may  be  considered 
as  an  extension  of  the  supplemental  chord.  For  the  an- 
gle BCD  or  BCD'  being  contained  in  a  semicircle  is  a 
right  angle,  and  consequently  the  supplemental  chord  DC 
or  D'C,  which  is  perpendicular  to  BC  or  BC,  must  touch 
the  curve. 

PROP.  III.    THEOR. 

The  radius  of  the  fundamental  circle  is  to  twice 
the  sum  of  the  radii  of  both  circle^  in  the  Exte- 
rior Epicycloid,  but  to  their  difference  in  the  In- 
terior  Epicycloid,  as  the  supplemental  chord  in 
the  generating  circle  is  to  the  length  of  the  cor- 
responding portion  of  the  curve  from  its  vertex. 

Let  FG  (fig.  204.)  be  the  axis  of  the  curve,  and  B  the 
contact  of  the  generating  circle  in  its  oblique  position, 
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from  the  centre  O  describe  a  circle  through  C  to  I,  draw 
the  chords  BC  and  FI  and  the  supplemental  chords  DC 
and  GI ;  then  OB  is  to  twice  the  sum  of  OB  and  BE  or 
20£,  as  GI  or  DC  to  the  arc  GC  of  th^  Exterior  Epi- 
cycloid, and  as  OB  to  20E'  as  D'C  to  the  arc  KC  of  the 
Interior  Epicycloid. 

For  conceiving  the  cirtles  as  before  to  be  only  polygons 
composed  of  innumerable  sides  Bb^  the  tracing  chord  BC 
of  the  exterior  generating  circle,  in  turning  aboot  B  till 
the  proximate  point  b  &lls  on  the  mutual  tangentf  will 
fin^t  describe  an  angle  equal  to  BE5 ;  and  will  next  describe 
atl  angle  equal  to  BObj  in  bringing  that  point  to  the 
circumference  of  the  fundamental  circle.  In  the  Exterior 
Epicycloid, .  therefore,  the  chord  BC  describes  at  every 
Stage  an  angle  Che,  equal  to  the  sum  of  the  elementary 
angles  BEb  and  BOb. 

But  in  tracing  the  Interior  Epicycloid^  the  chord  BC 
does  not  carry  the  proximate  point  so  far  as  the  mutual 
tangent,  but  stops  at  the  circumference  of  the  fundamental 
circle.  The  angle  C'Bc'  is  in  this  case,  therefore,  only 
the  difference  of  the  elementary  angles  BOb  and  BE'ft^ 
Now,  very  small  angles  being  as  their  sines,  the  an«* 
gles  BOb  and  EbO  and  E^bO  are  evidently  as  OB  to 
OE  or  OE^  their  opposite  sides.  But  these  angles  be< 
ing  formed  at  the  centres  O,  and  E  or  E^,  of  the  circles, 
equal  angles  at  the  circumference  would  stand  on  double 
arcs.  Make  C^n  B&,  and  having  joined  the  chord  Cid 
and  the  supplemental  chord  D(/,  it  follows,  that  OB  :  20E 
or  20E'  i:CS:  Ccor  CV,  and  therefore  OB  is  to  20E 
or  20E',  as  the  aggregate  of  the  increments  C3,  which 
constitute  the  supplemental  chord  CD,  is  to  the  cumulative 
amount  of  the  elementary  arcs  C^  or  CV  which  compose 
the  arc  CG  or  C'K  of  the  Epicycloid. 
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Cor.  i.  Hence  OB  is  to  20E  or  20E',  as  twice  the 
versed  sine  of  half  the  corresponding  arc  BC  in  the 
generating  circle  is  to  the  portion  AC  of  the  Epicy* 
cloid.  For  OB  :  20E  or  20E'  :  :  CD  :  CG,  and 
likewise  OB  :  20E  or  20E'  :  :  BD  :  ACG,  whence 
OB  :  20E  or  20E' : :  BD— CD  :  AC ;  but  the  difference 
between  the  supplemental  chord  and  the  diameter  BD  is 
evidently  twice  the  versed  sine  of  half  the  arc  BC. 

Cor^  2.  If  the  diameter  of  the  generating  circle  be  an 
aliquot  part  of  the  diameter  of  the  fundamental  circle,  the 
whole  epieycloidal  circuits  are  capable  of  being  expressed 
geometrically  in  terms  of  those  lines*  For  let  BE  be  de- 
noted by  1,  and  BO  by  n ;  then  n  :  2n=i=f^  : :  2  :  AG, 
or  n  :  2ndb2  :  :  4« :  AGH.     Whence  the  length  of  each 

J,  and  the 

extent  of  the  series  of  those  arcs  clustering  round  the  fun- 
damental circle  is  equal  to  S[n=i=.\J) 

Cor.  3.  Let  n=l,  and  8  /—y-jzsie  5  or  the  length  of 

the  Exterior  Epicycloid  described  by  a  cirde  about  an  equal 
drde  is  8  times  their  diameter.  This  is  the  caustic  curve 
produced  by  r^exion  from  a  circle  when  the  radiant 
point  lies  in  the  opposite  circumference.  fSeeJ^.  183.) 
The  Interior  Epicycloid  in  this  case  evidently  degenerates 
into  a  point,  and  accordingly  8(7}-^l)=0. 

Let  11=:  2>  and  the  length  of  the  Exterior  Epicycloid  is 

8[— 1_  jr:12,  or  6  tipnes  the  diameter  of  its  generating 

circle.  This  is  the  caustic  curve  of  parallel  rays  in  the  circle. 
fSeeJlgAS2y  where  the  half  Epicycloid  only  is  represented.) 

— — ) 

=4*,  or  the  diameter  of  the  fundamental  circle  which  is  then 
actually  traced. 


or 
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Let  nszSf  and  the  extent  of  the  Exterior  Epicycloid  19 
lOf,  of  its  three  clustered  branches  amounts  to  32;  the 
corresponding  lengths  of  the  Interior  Epicycloid,  and  of 
its  repeated  bends  are  54-  and  16,  or  the  halves  of  the  for- 
mer. 

Let  11  =  4,  and  the  lengths  of  the  Exterior  and  Interior 
Epicycloids  will  be  respectively  5  and  3  times  the  diameter 
of  the  generating  circle,  as  in  fig,  181. 

the  length  of  this  Epicycloid,  whether  Exterior  or  Interior, 
is  equal  to  four  times  the  diameter  of  the  generating  circle; 
the  curve  now  passes  into  the  common  cycloid,  the  funda- 
mental circle  expanding  into  a  straight  line. 

PROP.  IV.    THEOR. 

As  the  radius  of  the  fundamental  circle  is  to 
that  radius  joined  to  twice  the  sum  or  twice  the 
difference  of  the  radii  of  both  circles,  so  is  any 
segment  of  the  generating  circle  to  the  corre- 
sponding segment  of  the  Exterior  or  Interior  Epi- 
cycloid. 

Let  the  generating  circle  roll  from  A  to  B,  (fig.  204.) 
then  as  OB  is  to  20E  +  0B  or  30B+2BE,  so  is  the  cir- 
cular  segment  CMB  to  the  segment  ABC  of  the  Exterior 
Epicycloid;  but  as  OB  to  2AE+OB  or  3AB— 2BE,  so 
is  the  circular  segment  CNB  to  the  segment  ABC  of  the 
Interior  Epicycloid. 

For,  assuming  the  proximate  point  i,  it  was  shown  that 
the  arc  B&  is  to  Cc,  or  the  angle  BCb  to  CBc,  as  OB  to 
2OE  or  20E' ;  wherefore  the  elementary  sector  BCi  is  to 


EPICYCLOID.  S69 

CBc  in  the  same  ratioi  and  consequently  OB  is  to  the  sum 
of  OB  and  20E  or  20£^  as  BCl/  to  the  compound  accre^ 
scence  BCcb  or  BCV^.  But  the  accumulative  sectors 
BCi  form  the  circular  segment  BMC^  and  the  elementary 
spaces  "BCcbf  BCVi  compose,  by  their  aggregation)  the  seg« 
ment  ABC  or  ABC  of  the  exterior  or  interior  epicycloid ; 
whence  OB  :  SOB+2BE  :  :  BMC  :  ABC,  and 
OB  :  30B— 2BE  :  :  BNC  :  ABC. 

Cor.  When  the  radius  of  the  generating  circle  is  an 
aliquot  part  of  the  radius  of  the  fundamental  circle,  the 
entire  epicycloidal  space  may  be  expressed  numerically  in 
termd  of  the  areas  of  those  circles.  Let  BE=1  and  OB 
zsn;  the  surface  of  the  Exterior  and  that  of  the  Interior 

Epicycloid  will  be times,  and times,  the  area 

of  the  generating  circle,  and  consequently  the  agglomerate 

epicycloidal  spaces  clustered  about  the  fundamental  circle 

■will  be  Sn+2  and  Sn — 2  times  that  same  area.     Suppose 

n=  1,  and  the  Exterior  Epicycloid  must  contain  five  times 

as  much  space  as  the  generating  circle.  (5^^  fig.  183.)    Let 

n=2,  and  the  Exterior  Epicycloid  will  be  quadruple,  and 

the  interior  only  double  of  the  generating  circle.    If  72  =  3, 

the  cluster  of  Exterior  and  Interior  Epicycloids  will  respec* 

tively  amount  to  1 1  and  5  times  the  area  of  the  generating 

circle.    When  n=4?,  the  clustering  of  epicycloidal  spaces, 

exterior  and  interior,  will  be  14  and  10  times  greater  than 

the  generating  circle,  or  each  of  those  spaces  will  be  3^  and 

2i  times  that  circle.  fSee  fig.  181.) 

If  n  be  considered  as  unbounded,  both  the  expressions 

3w+2  3w— 2 

and will  become  equal  to  3  ;  so  that,  when 

n  n  * 

the  Epicycloid  passes  into  a  common  Cycloid,  it  contains 

only  triple  the  area  of  the  generating  circle. 
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PROP.  V.    THEOR. 

The  sum  or  difference  of  the  radius  of  the  fun- 
damental circle  and  twice  the  radius  of  the  ge- 
nerating circle,  is  to  the  sum  or  difference  of  twice 
the  radius  of  the  fundamental  circle  and  twice 
the  radius  of  the  generating  circle,  as  any  chord 
of  this  circle  is  to  the  corresponding  radius  of 
curvature  of  the  Exterior  or  Interior  Epicycloid* 

Let  BC  (fig.  206.)  be  the  position  of  the  tracing  chord, 
and  R  the  centre  of  the  circle  which  osculates  at  C  or  C"  ^ 
then  OB+2BE  :  20B+2BE : :  BC :  RC,  in  the  Exterior 
Epicycloid  ;  and  OB— 2BE  :  SOB— 2BE  :  :  BC  :  RC, 
in  the  Interior  Epicycloid. 

For  assuming  the  proximate  point  £,  and  assigning  the* 
elementary  are  Cc  or  CV  as  before,  the  tracing  chords 
Br  and  B^  or  Be/  must  be  perpendicular  to  the  curve  at 
the  points  C  and  c  or  cfy  and  consequently  being  extend- 
ed backwards,  they  will  meet  in  R  or  R^,  the  centre  of 
the  osculating  circle.  Wherefore  in  the  triangle  <2CR,  as 
B^  or  BC  is  to  d^  or  CR,  so  is  the  sine  of  the  angle 
BR(2  to  the  sine  of  the  angle  RBd  or  CBrf ;  but  the  sines 
of  such  minute  angles  are  as  the  angles  themselves,  and 
consequently  BC  is  to  CR  as  the  angle  BB^,  or  the  ex- 
cess of  the  angle  CBeZ  above  B/;^R,  is  to  the  angle  CB^  or 
CBc.  But  the  angle  CB^  is  to  B^R  or  ^db  as  the  minute 
arc  Qc  is  to  Bi,  and  therefore  the  angle  BR(2  is  to  CBc: 
or  BC  is  to  CR,  as  the  excess  of  Qc  above  B6  is  to  Cr. 
Now,  it  was  shown,  that  Bi  :  Cc  :  :  OB  :  20E,  and  con-> 
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sequently,  Cc—Bb  :Cc::  20E— OB,or  0B+2BE :  20E, 
or  20B+2BE,  and  BC :  CR : :  OB+2BE :  20B+2BE, 
in  the  Exterior  Epicycloid. 

The  same  reasoning  applies  to  the  Interior  Epicycloid, 
since  Bb :  CV : :  OB  :  20E',  and  hence  CV— B6  :  Cc/ : : 
20E'— OB  or  OB-.2BE  :  20E,  or  20B—2BE,  where- 
fore BC  :  C'R' : :  OB— 2BE  :  20B— 2BE. 

Car*  Suppose  the  radius  BE  or  BE'  of  the  generating 

circle  =  1»  the  radius  of  the  fundamental  circle  =  n,  and 

the  tracing  chord  of  the  generating  circle  =  c ;  then  the 

radius  of  curvature  belonging  to  the  Exterior  and  Interior 

2n-f  2  2» — 2 

Epicycloids  will  be  expressed  by  c.       ^    and  c. 


If  nszly  the  radii  of  curvature  in  the  Exterior  and  In- 

4  1 

terior  Epicycloids  are—  c.and  -  c.    (See  fig.  183.) 

o  2 

When  nzz2y  the  radius  of  curvature  in  the  Exterior  Epi- 
cycloid  is  -^c ;  but  in  the  Interior  Epicycloid  it  becomes 

infinite,  the  curve  now  degenerating  into  a  straight  line, 
the  redoubled  diameter  of  the  fundamental  circle. 

If  ii=3|  the  radii  of  curvature  of  both  Epicycloids  are 

Q 

-C|  and  4c.      Such  are  those  represented  in  fig.  206. 

5 
If  wr:*,  the  radii  of  curvature  are  respectively  —  c,  and 

Sc.    (See  fig.  181.) 

When  n  becomes  indefinitely  large,  these  Epicycloids 
pass  into  tlie  common  cycloid,  of  which  the  radius  of  cur- 
vature is  2cj  or  twice  the  tracing  chord,  as  has  been  already 
shown. 
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PROP-  VI.    THEOR. 

The  Involute  of  an  Exterior  Epicycloid  is^  a 
similar  curve. 

Suppose  a  thread  fastened  at  A  (fig.  184.),  the  origin  of 
the  Exterior  Epicycloid  ACG,  and  bent  along  the  convex 
side  of  the  curve  as  far  as  the  vertex  G,  were  again  to  un- 
fold itself,  the  extremity  H  would  describe  another  simi- 
lar Epicycloid. 

For  let  the  generating  circle  arrive  at  B,  and  the  tan- 
gent to  the  Epicycloid  at  the  point  C,  or  the  evolving 
thread,  will  form  an  extension  CDH  of  the  supplemental 
chord  DC  equal  to  the  Epicycloidal  arc  CO ;  but  OB  ia 
to  20E,  or  to  the  sum  OB  and  OD  as  CD  to  CG  or 
CDH,  and  by  division  OB  is  to  OD  as  CD  is  to  DH. 
Draw  HI  parallel  to  BC,  and  the  triangle  DHI  being 
consequently  similar  to  DCB  is  right-angled  and  contain- 
ed in  a  semicircle,  of  which  let  K  be  the  centre.  But, 
from  the  property  of  parallel  and  diverging  lines,  CD  •*  DH 
: :  BD  :  DI  i  whence  OB  :  OD  :  :  BD  :  DI,  and  alter- 
nately OB  :  BD  :  :  OD  :  DI,  and  by  composition 
OB  :  OD  :  :  OD  :  01.  If,  therefore,  a  circle  be  describ- 
ed from  the  centre  O  through  G  and  D,  the  circle  IHD 
will  bear  the  same  relation  to  it  that  the  circle  BCD  has 
to  ABF.  But  the  rolling  of  the  circle  DHI  upon  DG 
traces  the  same  curve  as  the  unfolding  of  the  thread 
CDH ;  for  the  radius  OB  is  to  OD  as  the  arc  CD  is  to 
DH,  and  as  the  arc  BF  is  to  DG,  consequently,  since  the 
arc  CD  is  equal  to  BF,  the  arc  DH  must  be  equal  to 
DG. 
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To  obtain  the  involute,  therefore,  describe  a  fundamen- 
tal circle  from  the  centre  O  through  the  vertex  G,  and 
make  OF  :  OG  :  :  BD  :  DI,  the  diameter  of  the  genera- 
ting circle,  which  is  to  roll  upon  DG. 

Sckolitim*  If  the  centre  O  be  conceived  to  be  infinitely 
remote,  the  ratio  of  OB  to  OD  will  merge  into  that  of 
equality,  and  the  new  generating  circle  will  become  equal 
to  the  former ;  the  resulting  curve  will  hence  be  similar 
and  equal  to  ACG,  but  described  on  a  parallel  rectilineal 
base.     Such  is  the  involute  of  the  common  Cycloid. 

The  Cycloid  may  thus  be  always  considered  as  merely 
the  extreme  limit  of  the  Epicycloid,  from  which  it  derives 
by  simplification  all  its  elegant  properties. 

The  Epicycloid  likewise  includes  the  Caustic  Curve,  pro- 
duced by  the  reflexion  of  light  from  the  circumference  of 
a  circle.  When  the  rays  issuing  from  any  point  fall  upon 
the  concavity  of  a  circle,  the  several  reflected  pencils  are 
collected  into  a  series  of  brilliant  points  or  Jbcii  which 
form,  by  their  assemblage,  a  bright  curved  track. 

First,  Suppose  parallel  rays  to  strike  the  interior  cir- 
cumference of  a  semicircle,  and  let  it  be  required  to  find 
the  path  of  their  concourse  after  they  have  suffered  reflex- 
ion. Draw  the  diameter  AOC  (fig.  182.)  at  right  angles 
to  the  adjacent  rays  RE  and  re,  and  erect  the  perpendicu- 
lar radius  OD,  join  the  points  of  incidence  I  and  i  with  the 
centre  O ;  the  reflected  rays  IF  and  t'F,  making  the  angles 
EIF  and  E/F  equal  to  OIR  and  Oir,  will  meet  in  a  fo- 
cus F.  Wherefore  the  angles  RIF  and  r/F  will  be  the 
double  of  RIO  and  n'O,  and  since  RE  and  ri  are  paral- 
lel, the  difference  IFi  of  their  inclinations  is  hence  double 
of  the  central  angle  £0^.  But  a  circle  being  described 
through  the  three  points  I,  i  and  F,  and  consequently 
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toodbiog  the  primary  circle  in  !» the  angle  IE2  at  the  cen- 
tre E  being  double  of  the  angle  IFi  at  the  circumferencei 
miut  be  four  times  greater  than  lOL  Whence  the  radius 
EI  is  the  fourth  p^rt  of  OI9  which  is  thus  bisected  in  G. 
With  OO9  therefore,  as  a  radiusi  describe  the  interior  semi- 
cirde  BHI|  and  the  angle  FIG  being  equal  to  the  incident 
angle  OIR,  is  equal  to  the  alternate  angle  lOH  or  GOH; 
wboioe  the  arc  GF  intercepted  by  the  angie  GIF  at  the 
drcnmferencis  is  equal  to  the  arc  GH  intercepted  by  the 
angle  GOH  at  the  centre  of  a  cirde  whose  radius  OB  is 
twice  GE.  If  the  small  cirde,  therefore,  had  rolled  on  the 
outside  of  the  quadrant  BGI,  when  it  gained  the  contact 
G,  its  tracing  point  would  have  occurred  in  F.  WhencCf 
the  chain  of  foci  which  constitutes  the  caustic  curve  of 
paralld  rays  is  the  Exterior  Epicycloid  ALBFC  traced  on 
the  semicircumferenoe  of  a  circle,  having  the  same  centre 
as  the  primary  circle  but  only  half  the  radiusi  by  another 
drcle  still  one-half  smaller. 

. .  Nextf  Suppose  the  radiant  point  R  (fig«  183.)  to  lie  in  the 
circumference  of  the  priinary  circle.  Extend  the  diameter 
ROD,  join  the  points  of  incidence  I  and  i  with  the  cen- 
tre O,  and  draw  IF  and  iF  making  the  angles  OEF  and 
OtF  equal  to  RIF  and  Rt'F,  and  their  concourse  F  will  be 
the  bcm  of  the  incident  rays  RI  and  Ri.  The  angle  IFi 
must  evidently  be  the  excess  of  twice  the  angle  IRi  above 
IRi,  that  is,  the  triple  of  IRi;  and  cx)nsequently  the  dia- 
meter IG  of  the  cirde  which  contains  the  angle  IFi,  or 
passes  through  the  three  points  I,  i  and  F,  is  the  third 
part  of  the  diameter  RD  of  the  primary  cirde.  Where- 
fore the  radii  EI  and  EG  are  each  the  third  of  OI  or  OD, 
and  a  cirde  described  with  the  radius  OG  is  equal  to  the 
cirde  GFI.  But  the  angle  BOG  is  double  of  ORE,  and 
GEF  is  double  of  the  equal  angle  OIF  9  whence  these  equal 


EPICYCLOID.  S75 

central  angles  BOG  and  GEF  intercept  equal  arcs  BG 
and  GF.  The  circle  GFI  having  the  third  part  of  the 
diameter  of  the  primary  circle,  and  rolling  on  the  circum- 
ference of  an  equal  circle,  will  describe  an  Exterior  Epicy- 
cloid RIFBR,  which  is  the  caustic  cunre  belonging  to  the 
radiant  R. 


The  extension  of  the  principle  of  the  Cycloid  naturally 
gave  rise  to  the  Epicycloids  This  curve  was  immediately 
rendered  subservient  to  the  purposes  of  Practical  Mecha- 
nics;  the  Danish  Astronomer,  Romer,  to  whom  we  are 
indebted  for  the  fine  discovery  of  the  progressive  motion 
of  lighty  having  proposed  it,  during  his  residence  at  Pario, 
as  the  proper  form  of  the  teeth  of  "wheels.  The  rectifica- 
tion of  the  Epicycloid  appeared  in  the  first  edition  of  the 
Principia  in  1687.  Its  quadrature,  indicated  by  Caswell, 
was  afterwards  demonstrated  by  Halley.  But  the  higher 
properties  of  the  curve  were  discovered  before  the  close  of 
the  seventeenth  century,  by  the  illustrious  John  Bernoulli. 
Lahire,  in  1704,  composed  a  difiuse  general  treatise  on 
Epicycloids. 


The  Caustic  CurveSf  which  may  be  considered  as  analo* 
goos  or  supplementary  to  the  Epicycloids,  were  invented  by 
Tschirnhaus,  who  likewise  detected  several  of  their  more 
remarkable  properties.  But  the  activity  and  penetration 
of  John  Bernoulli  soon  exhausted  the  sutgect. 
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VIIL    PARABOLOID. 

If  a  curve  assume  for  its  absciss  and  ordinate  the 
terms  of  a  continued  proportion^  of  which  thejirst 
is  a  given  line  or  parametert  it  mllejuhibit  a  more 
general  form  qf  the  Parabola,  which  is  therrfore 
called  a  Paraboloid. 

To  avoid  the  multiplicity  of  details,  I  shall  only  select 
the  most  remarkable  of  these  curves;  whose  ordinate 
is  the  second  of  two  mean  proportionals  inserted  be« 
tween  the  parameter  and  the  corresponding  absciss,  and 
which  has  commonly  received  hence  the  name  of  the 
Semi'Cubical  Parabola. 

Let  AB  (fig.  194.)  be  an  absciss,  and  PB  the  parameter; 
if  the  continued  proportion,  PB  :  QB  :  :  QB  :  RB  :  : 
RB  :  AB  be  pursued,  and  the  ordinate  BC  made  equal 
to  RB  the  third  term,  this  species  of  Paraboloid  will  be 
formed. 

If  the  second  term  QB  should  change  its  position  into 
Q'B,  the  succeeding  terms  will  be  alternately  transposed ; 
while  the  third  term  RB,  which  corresponds  to  BC  or  B^C^ 
will  retain  its  place,  the  fourth  term  AB  will  be  thrown  to 
the  other  side,  forming  the  absciss  AB^  Hence  the  curve 
consists  of  two  branches  standing  upon  the  axis,  united  in 
a  common  vertex,  but  extending  indefinitely  in  opposite 
directions. 
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LEMMA. 

Ifj  while  th^Jlrst  term  of  a  caniinued  proportion  remaim 
thesam^j  the  second  reclnve  a  minute  accesiion^  the  succeeds, 
ing  terms  will  acquire  increments^  as  their  double^  triple^  ^c* 

W  f 

llie'tcprms  (fig.  196.).  AB»  GD^  EF>  GH^&c.  of  a  con^ 
tin'tled  pnc^K>rtion  would  Widently  arrange  themselves  at 
mutually  eiqual  distiances,  AC»  CE,  EO,  8cc.  in  a  logarith- 
mic curve.  If  the  second  term  CD  should  be  augmented 
to  cd^  a  new  set  of  terms  ef  gh^  &c.  would  arisci  which  oc- 
cupy likewise  equal  intervals  ke^  ce^  eg^  &c. ;  consequently 
the  displacements  £(?|  G^^  &c.  must  be  double^  triple,  &c.  of 
Ec.  But,  firom  the  property  of  the  logarithmic  curve,  the 
iubtangent  TE  is  to  the  several  ordinates  CD,  EF,  OH, 
See.  as  the  displacements  G?,  E^,  Gg,  &c.  to  the  increr 
m^its  TLd^  s^,  7g,  &c. ',  or  alternately  TE  is  to  Cr,  Ee,  G^, 
&c.  as  CDj  EF,  GH,  to  Kd^  s^,  7g,  &c. ;  wherefore  these 
successive  augments  hdy  i^$  yg^  &c.  are  proportional  to 
CD,  2EF,  SGH,  &c.  * 


PROP.  I.    THEOE. 

■ 

A  tangent  to  the  Paraboloid  meets  the  axis  at 
a  distance  beyond  the  vertex,  equal  to  half  of  the 
corresponding  abscissii 

Let  the  straight  line  CD  (fig.  194*)>  touching  the  Para- 
boloid at  the  point  C,  be  produced  to  meet  the  axis  in  D; 
the  exterior  portion  AD  of  the  subtangent  will  be  equal  to 
half  of  the  part  AB  included  within  the  curve. 

2b 
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For  draw  the  proximate  ordinate  bc^  and  consider  CD 
as  a  secant  joining  the  contigaovs  summits  C  and  c.  Since 
BC  and  BA  are  the  second  and  third  terms  of  a  continved 
proportion)  of  which  the  given  parameter  is  the  first  tenus 
their  increments  fie  and  C/9  aroj  by  (be  precediiig  lemmat 
as  2BC  and  8BA.  But,  from  similar  trianglesi  ficiCfiii 
BC  :  BD,  and  ooniequentljr  BC  :  BD  : :  2BC  :  SBA; 
wherefore  SBDsSBA,  and  BAs^AD  or  AD=s|BA. 
Hencci  when  the  secant  melts  into  a  tangent»  the  aterior 
portion  AD  must  be  half  of  the  absciss  BA« 


PROP.IL    THEOR. 

The  area  of  the  Paraboloid  is  three-fifth  parts  of 
its  circumscribing  rectangle. 

Any  s^[ment  BAC  (fig.  194.)  of  the  curve  oocufNes 
thre»-fifth  parts  of  the  space  contained  by  the  circum* 
scribing  rectangle  AGCB. 

For  draw  the  tangent  CD,  extend  the  rectangle  DECB» 
assume  the  proximate  ordinate  bc^  and  complete  the  rectan- 
gle Hecb. 

The  complements  Ce  and  Cb  of  the  parallelograms  con- 
stituted upon  the  diagonal  CD  are  equivalent ;  but  the 
elementary  rectangle  Qgf  is  to  C^  as  CO  to  CE,  or  asBAto 
BD,  that  is,  as  2  to  8.  Wherefore  the  rectangle  Cg  is 
two-third  parts  of  Cb^  and  consequently  its  accumulated 
amount,  or  the  exterior  space  AGC,  is  equivalent  to  two- 
thirds  of  the  segment  ACB ;  whence  this  area  itself  must 
be  three-fifths  of  the  whole  circumscribing  rectangle 
AGCB. 
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PROP.  III.    THEOR. 

The  Paraboloid  is  the  evolute  of  the  common 
parabola. 

The  centres  of  all  the  circles  which  osculate  with  the 
parabola  range  themselves  in  a  Paraboloid ;  or  if  a  thread 
applied  to  this  curve,  and  extended  to  a  certain  distance 
beyond  its  vertex,  be  then  unfolded.  It  will  describe  the 
common  parabola. 

Let  HAE  (fig.  195.)  be  a  parabola,  of  which  F  is  the  fo- 
cus. The  radius  of  curvature  at  the  vertex  A  being  half  of 
the  parameter  of  the  axis,  if  FD  be  made  equal  to  AF,  the 
point  D  wiU  be  the  centre  of  osculation.  To  find  an  oscula- 
ting circle  to  any  other  point  C  of  the  curves  since  it  cuts  off 
a  chord  equal  to  the  parameter  of  the  corresponding  dia- 
meter,  make  CM  equal  to  double  the  focal  distance  FC^ 
and  erect  the  perpendicular  MO,  which  will  meet  the  ex- 
tended normal  CO  in  O  the  centre  of  that  circle.  It  only 
remains  to  be  proved  that  O  is  a  point  of  the  Paraboloid. 

For  draw  the  tangent  CT  of  the  parabola,  and  from 
T  erect  TL  perpendicular  to  the  axis,  meeting  OC  pro- 
duced in  the  point  L ;  draw  likewise  OHI  parallel  to  the 
axis,  cutting  the  perpendiculars  DH  and  CBI  in  H 

and  I. 

From  the  property  of  a  tangent  of  the  parabola,  FT  is 
equal  to  FC  and  to  F6 ;  whence  T6  is  double  of  FC,  and 
therefore  equal  to  CM  or  lO.  The  right  triangles  LT6 
and  CIO  having  the  side  T6  equal  to  lO,  and  the 
oblique  angle  TL6  equal  to  its  alternate  angle  ICO,  are 
hence  equal ;  wherefore  the  hypotenuse  L6  is  equal  to  the 
radius  of  curvature  CO,  or  taking  CO  from  both,  the  seg- 
ment LC  is  equal  to  GO. 


380  GEOMETRY  OF  CUKVES. 

Again^  since  the  subnormal  BG  and  AD  the  radius  of 
vertical  curvature,  are  each  equal  to  the  semipararoeter  of 
tlie  axis,  take  away  the  common  part  BD,  and  D6  re* 
mains  equal  to  AB  and  consequently  equal  to  half  of  the 
subtangent  TB.  Wherefore,  from  the  property  of  paral- 
lel and  diver|;ing  lines,  OK  is  the  half  of  LC  or  of  GO, 
and  hence  X>K  is  likewise  the  half  of  DH.  But  this  con* 
stitutes  the  distinguishing  character  of  the  Paraboloid,  to 
which  OK  is  therefore  a  tangent^  and  OH  and  DH  an 
ordinate  and  absciss. 

The  ordinate  and  absciss  of  the  Paraboloid  are  easily 
found.  For  HK  being  the  triple  of  DK,  it  is  evident  that 
Oti  must  be  the  triple  of  AB  the  absciss  of  the  para- 
bo}a.  Again,  since  LC  is  equal  to  GO,  it  is  evident  that 
LN  must  be  equal  to  BI  or  DH;  but,  from  similar  trlan* 
gles,  BG  or  2 AF :  BC :  :  FB  or  2AB  ;  LN,  or  alternately 
AF :  AB  : :  BC  :  LN  or  DH,  the  absciss  of  the  Para- 
boloid. 

The  parameter  of  the  Paraboloid  may  likewise  be  as- 
signed. Since  DH :  AB : :  BC :  AF,  therefore  DH :  SAB 
or  OH  :  :  BC  :  dAF,  and  consequently  DH*  :  OH*  : : 
BC*  or  4AF.AB  :  9AF*  :  :  4.AB  :  9AF  :  :  SAB  or 
4TB  :  18AF  or  9BG  :  :  4.LC  or  4G0  :  9CG  :  : 
12GO  :  27CG.  But  GO  being  two- thirds  of  OK,  I2G0 
is  equal  to  80K ;  whence  DH*  :  OH* : :  80K  :  27CG : : 
80H  :  27BG.  Make  8AV=27BG ;  whence  8  to  27,  as 
BG,  the  semiparameter  of  the  axis,  to  AV,  and  DH* :  OH* 
:  :  80H  :  8AB  : :  OH  :  AV.  Wherefore  AV  is  the  pa- 
rameter  of  the  curve,  being  the  first  term ,  of  a  continued 
proportion,  of  which  OH  and  DH  are  the  third  and 
fourth  terms. 
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PROP.  IV.     PROB. 


To  determine  the  length  of  any  portion  of  the 
Pamboloid. 

Let  it  be  required  to  measure  an  arc  OD  (fig.  195.)  of 
the  Paraboloid. 

Since  the  evolution  of  a  line  from  the  curve  would  de- 
scribe a  parabola,  it  is  evident  that  the  arc  OD  must  be 
equal  to  the  excess  of  the  radius  of  curvature  OC  abdve 
the  radius  DA  of  the  circle  osculating  at  the  vertex  A,  t)t 
the  semiparameter  of  the  axis.  It  only  remains  to  find 
the  parabola. 

From  similar  triangles,  KH :  OH : :  BC :  BO,  and  con- 
sequently KH» :  OH»  : :  BC*  ;  BG* : :  BT  or  2DG :  BG. 
Wherefore,  produce  the  absciss  HD  till  DK  be  equal  to 
the  half  of  it,  and  draw  the  tangent  OK  to  the  Paraboloid ; 
make  DK*  :  DG*  :  ;  2DG  :  BG,  erect  the  perpendicu- 
lar BC  to  meet  the  production  of  OK  in  C,  and  from  OC 
cut  off  CQ  equal  to  BG ;  the  remainder  OQ  is  the  mea- 
sure of  the  length  of  the  arc  OD. 

But  the  rectification  of  the  curve  may  be  performed 
more  directly.  For  having  drawn  the  tangent  OK  as  be- 
fore, take  BG  equal  to  eight-twenty  seventh  parts  of  the 
parameter  AV,  and  erect  the  perpendicular  BC ;  or  make 
BT=2DG,  and  let  fall  TC  perpendicular  upon  OK. 


The  Paraboloids  appear  to  have  been  first  proposed  in 
Italy  by  Cavalleri,  who  gave  their  quadrature  in  his  Exer* 
citationes  Mathematics^  published  in  1647.  Roberval  and 
Fermat  made  similar  advances  in  France.     A  Dutch  ma- 
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thematiciany  Van  Heuraet,  discoveredi  about  the  same  time, 
the  rectification  of  the  Semi-Cubic  Parabola^  by  the  ingeni- 
ous procedure  of  transforming  it  into  another  curve.  Fer- 
mat)  and  William  Neil,  a  pupil  of  Dr  Wallisi  arrived  at 
the  same  conclusion  by  difierent  methods.  But  to  John 
Bernoulli  we  owe  the  fine  discoveryt  that  the  evolution  of 
this  curve  produces  the  common  parabola.  His  elder 
brother  James,  endowed  with  nearly  equal  genius,  achieved 
in  1694;  the  solution  of  a  physical  proUem  proposed  by 
the  great  Licibnitz,  and  demonstrated  that  this  Paraboloid 
has  the  remarkable  property  oi paracentric  isochronisnty  or 
that  it  will  constrain  a  body  gliding  along  it  to  make  an 
^miform  vertical  descent. 


I 


i . 
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VIIL   CATENARY. 

If  a  point  starting  to  the  right  or'the  ^ft^  gradvdU 
ly  bend  its  course  towards  a  straight  Une  given 
by  poHtion,  in  such  a  manner^  that  the  tangent 
qf  the  angle  qf  d^xim  be  constant^  propor- 
tioned to  the  length  qf  the  track  ;  it  xvill  deiiMBd 
a  curve  called  the  Catenary. 

Let  AB  (fig.  IBS.)  be  a  horizontal  line,  to  which  DCO  ia 
peipendiciilar  $  and  conceive  the  point  C,  darting  at  first 
parallel  to  DB  or  DA|  should  incessantly  deviate  from  thk 
direction^  such,  that  a  given  line  OC  be  to  CF,  the  path 
traced,  as  radius  to  the  tangent  of  TFE,  the  angle  of  de* 
flexion  at  F,  or  the  angle  which  a  line  touching  at  F  makes 
with  the  parallel  EF  \  the  curve  thus  extended  on  both 
aides,  from  C  to  B  and  from  C  to  A,  will  form  the  Cote* 
narjf. 

DEFINITIONS. 

1«  The  horizcHital  line  AB  is  calkd  the  Base  of  the  G»« 

tenarjr,  and  the  vertical  DC  its  Altitude.  >  j!  : 

S.  The  extension  DO  of  the  altitude  U  termed:  the  JjtiSf 

its  extremity  the  vertex,  and  the  given  exterior  segment 

OC  the  Parameter. 
S.  A  line  EF  paralld  to  the  base  and  terminating  in  the 

curve,  is  called  an  Ordinate^  to  which  the  interior  seg* 

tnent  CE  is  an  Absciss. 
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PROP.  I.    PROB. 

At  ^  given  plrfat  in  ihe  Catenary  to  apply  a 
tangent,  and  find  the  length  of  the  arc  intercept- 
ed from  the  vertex.       : 

^,X>et  lit  he  require4  to  measure  the  arc  CF  (fig*  185*)  of 
tl^e  curve,  and  draw^a  straight  line  that  shall  touch  at  its 
^^ijepityF.  ;       ^ 

From  the  vertek,  and  perpendicular  to  the  axis,  let  CL 
be  erected  equal  to  the  catenarian  arc  CF,  and  join  OL. 
By  the  nature  of  the  curve,  OC  is  to  CF  or  CL,  as  radius 
CoSh^  tatig^nt  of  the  Angle  of  deflexion  EFT,  And  tome- 
qftiehtly  the  angle  CO t-ihu6t  be  equal  to  EFT.  Assnine 
tfa^'^roxSmat^  ordinate  ef^dtawfy  parallel  to  ^E,  make 
iLtf  equal  to  the  itiinutd  arc  ^,  join  Of,  and  having  made 
Ox  equal  to  it,  join  h\  '  The  elementary  right-angled  tri- 
angle F^  is  equal  to  La/,  for  the  hypotenuse  Ff  is  equal 
to  L/ by  construction,  and  the  oblique  angle^F^  has  been 
proved  to  be  equal  to  ILx;  whence  the  sidej^  or  Ee  is  equal 
to  La.  But  commencing  from  the  vertex  C,  the  aggre- 
gate portions  E^  compose  the  absciss  CE,  while  the  cor- 
responding elementaiy  Segments  La  evidently  form  the 
ez'disss.bf  OL  above  OC;  and,  therefore,  having  frotn  the 
centre  O,  and  with  the  radius  OC,  described  a  drcle/CE 
will  be  equal  to  HL,  and  OE  to  OL.  Join  EH,  and  tb^ 
friaogles  COL  and  HO£!y  having  a  common  angle  LOE 
contained  by  equal  sides,  are  equals  whence  EHO  is  a 
right  angle,  and  EH  touches  the  circle;  but  the  angle 
HOE  being  equal  to  /F^,  the  complementary  angle 
OEH  is  equal  to  F/^,  and  therefore  EH  is  parallel  to 
the  tangent  FT  applied  to  the  Catenary  at  F. 
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A  simple  construction  is  hence  indicated.  From  the 
centre  O  with  the  parameter  OC  of  the  curve  as  a  radius 
describe  a  drcie,  to  which  apply  the  tangent  EH,  and 
complete  the  parallelogram  HEFT ;  then,  from  what  has 
been  demonstrated,  tT  touches  the  curve  at  F,  and  must 
measure  the  length  of  the  intervening  catenarian  arc  CF. 


PROP.  II.    THEOR- 


»* 


The  ordinates  of  an  equikteral  hyperbola,  which, 
wit^.the  same  verteic  as  the  Catenary,  has  the  pa- 
rameter for  its '  seniiaxis,  are  equal  to  the  corre* 

sponding  arcs  of  this  curve. 

•  ■•■■  .    '.'    ■■•'.■'      ■■ 

Let  CGI  (fig.  186.)  be  a  branch  of  an  equilateral  by« 

« 

pei4M>1a  oMstrneted  on  the  axis  CDf  and  having  O  for  its 
centre ;  any  Ordinate  EG  will  be  equal  to  the  intercepted 
nrt  OF  of  ih^  ditenary . 

'  Fdf  OS  being  «qual  to  OC,  the  square  of  EG  is,  from 
tbe^j^jfiefty  of  the  hyperbola^  equivalent  to  the  rectangle 
nadei  ^E  and  EG  the  external  segments  of  the  diameter 
Ci^;*  but  this  rectangle  is  equivalent  to  the  square  of  the 
taii^eht  EH  to  the  -  circle.  Wherefore  the  square  of  EG 
i»  equal  to  th^  ^uare  of  EH,  and  the  ordinate  EG  itself 
is  eqiial to'EH,  that  is,  to  the  catenarian  arc  CF. 

Cbr. '  Hence  the  intervening  segment  FG  is  equal  to  the 
isxtedsr  of  the  arc  CF  above  its  ordinate  EF.  This  excess 
mtbe^oasft  of  limall  arcs  is  nearly  as  the  square  of  EC, 
and  (Sonseqiiently  th^  deviation  FG  augments  at  first  as 
the  square  of  EC. 
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PROP,  UI.    THEOR. 

The  rectangle  undet  an  ordinate  and  the  para- 
meter of  the  Catenary,  is  equivalent  fo  twice  the 
correi^onding  hyperbolic  sector. 

Let  C6  (fig.  197.)  be  a  portion  of  the  equilateral  liyper- 
bola  applied  to  the  catenary  i  join  the  extremity  6  with 
the  centre  O,  and  draw  the  compound  ordinate  EF6 ; 
the  rectangle  contained  by  CE  and  OC  is  double  the 
q(^&ce  included  bjr  the  te^ctor  OOG. 

For  draw  the  tangent  OH  to  the  cirde,  kt  fall  HK  per* 
p«iidi<^Iar  to  the  axiS}  and  KM  perpendicular  to  the  ni« 
diant  00|  join  OH  and  KO|  and  assuming  the  prozimaftt 
ordinate  eg^  draw^  and  gy  perpendicular  to  EG,  and  gm 
perpendicular  to  OO. 

Frdui  the  prop^y  of  parallel  and  diyor^g  li^eit 
KM  :. KD  '^i  gmygyoxfpi  but  the  triangle  HK£  is  si- 
milar to  F^>  and  therefore  KD :  KH :  if^p  :  Ff  %  whence* 
bj  composition  KM  :  KH  iigrni  F^.  Again,  the  trian- 
gle OMK  being  evidently  similar  to  OEG,  KM  :  OK  :  a 
EG  or  EH :  OG;  the  triangles  OKH  and  OHE  are 
likewise  similar^  and  OK  :  KH  :  :  OH  or  OC  :  EH| 
whence,  by  compounding  the  analogies,  KAf  :  KH  :  : 
OC :  OG,  and  by  identity  of  ratios  OC  :  OG  : :  gm  :  Ff, 
Wherefote  the  redangle  under  the  parameter  OC^  and 
tihie  increment  F4^  of  the  ordinate  £F,  is  equivalent  to  the 
rectangle  under  OG  and  got,  or  to  douUe  the  dementary 
triangle  QgG ;  but  the  rectangles  under  OC  and  the  se- 
veral portions  of  the  ordinate  compose  the  total  rectangle 
under  OC  and  EF,  while  the  triangles  OgG  fill  up  the 
whole  hyperbolic  sector  COG.  The  rectangle  OC,  EF  is 
therefore  double  of  that  sectoral  space. 
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PROP.  IV.    THEOR. 


The  rectangle  contained  by  the  parameter  and 
an  ordinate  of  the  Catenary,  is  equal  to  the  natural 
logarithm  of  the  ratio  of  the  parameter  to  the  sum 
of  the  parameter,  the  absciss,  and  the  arc  of  the 
curve. 

Let  £Q  (fig.  198.)  be  assamed  on  the  axis  eqaal  to  the 
length  of  the  catenarian  arc  CF ;  then  the  parameter  OC 
representing  unit,  the  rectangle  OC,  £F  is  expressed  by 
the  natural  logarithm  oFthentio  of  OO  to  OQ. 

For  construct  the  equilateral  hyperbola  NOP,  having 
its  Tertex  and  centre  at  C  and  O ;  the  asymptotes  OR 
and  OS  will  consequently  form  half  right  angles  on  either 
side  of  the  axis  OD.  Join  QG,  and  produce  it  to  L,  and 
draw  CK  and  GM  parallel  to  QL  and  OL. 

Because  £Q  was  made  equal  to  CF,  it  is  equal  t6  EG, 
and  therefore  QEG  is  a  right-angled  isosceles  triangle ; 
wh^Ace  GL  and  CK  are  both  perpendicukr  to  the  a- 
symptote  OS.  But,  from  the  property  of  the  hyperbola, 
the  rectangular  space  KCGL  is  equivalent  to  the  sector 
COG,  and  is  the  natural  logarithm  of  the  ratio  of  OK 
to  OL,  when  OK  or  CK  represents  unit.  That  ratio  is 
evidently  the  same  as  ratio  of  OC  to  OQ ;  but  an  asymp- 
totic space  similar  to  KCGL,  and  having  OC  substituted 
for  CK,  would  be  augmented  in  the  duplicate  ratio  Of  OC 
to  OK,' and  would  consequently  be  doubled.  Wherefore, 
the  rectangle  OC,EF  which  is  double  the  sector  COG,  is 
expressed  numerically  by  the  logarithm  of  the  ratio  of  OC 
to  OQ,  when  OC  represents  unit. 

Cor.  From  the  property  of  parallel  and  diverging  lines, 
OM  is  to  OC  as  GL  to  CK,  that  is,  ffom  the  property  of 


S88  GEOMETRY  OF  CURVES. 

the  asymptote,  as  OK  to  OL  or  OC  to  OQ;  wherefore 
OM:OQ::OC*:OQ»,orOC:OQ::  VOM :  VOQ, 
and  the  rectan^  OCy£F  is  hence  equivalent  to  half  the 
natural  logarithm  of  the  ratio  of  OM  to  OQ.  This  loga- 
rithm  might  consequently  be  represented  by  half  the  inter* 
val  on  the  logarithmic  curve  (fig.  169.)  between  ordinates 
equal  to  OM  and  OQ.  The  ordinates  LN  or  OM,  OC, 
and  OQ  or  OH  must  thus  be  equidistant  from  OC  ; 
whence  the  rectangle  OC,OI  is  equal  to  OC,£F,  and  the 
s^m^nt  01  is  therefore  equal  to  the  ordinate  EF  of  the 
Catenary. .  Again,  since  MGQ  is  a  right-angled  isosceles 
triangle,  EM  is  equal  to  EQ,  and  consequently  F6  is 
equal  to  FH. 

Hence  an  easy  practical  method  of  describing  the  Cate- 
pary.  Construct  (fig.  188.)  a  logarithmic  curve  LCHj 
having  its  i^ubtangent  equal  to  the  ordinate  OC,  and  form 
.  an  equal  and  simiUr  curve  in  an  opposite  direction  GCK, 
draw  any  compound  ordinate  IGH  to  both  curves,  and 
bisect  the  difference  GH  in  F,  which  will  be  a  point  in 
the  Catenary.  A  multitude  of  points  so  found  will  mark 
the  trace  of  that  curve. 


PROP.  V.    THEOR. 

The  exterior  catenarian  space  is  equivalent  to 
the  rectangle  under  the  parameter,  and  the  ex* 
cess  of  the  length  of  the  curve  above  the  ordi- 
nate. 

If  the  rectangle  ECFL  (fig.  186.)  be  completed,  the  space 
LCF  intercepted  between  it  and  the  curve  will  be  eqaiva- 
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lent  to  the  rectangle  under  OC  the  parameter  and  the  Ex- 
cess of  the  catenarian  arc  CF  above  its  ordinate  £F. 

For,  with  the  parameter  as  a  radius  describe  the  circle 
SHC|  and  construct  the  corresponding  equilateral  hy- 
perbola. It  is  evident,  that  the  element  Ff  of  the  cunre 
is  equal  to  Gy,  the  variation  of  the  hyperbolic  ordinate ; 
but  since  the  elementary  triangle  F^  is  similar  to  EHO^ 
Ffor  Gy:F(p:  :  OE  :  OH  or  OC,  and  consequently 
Oy-.F*  :  F<p  :  :  CE  :  OC;  wherefore  CE^F^sOC 
(Gy-^Ff).  But  the  aggregate  of  the  elementary  rectan- 
gles CE.Ff  or  VUf  forms  the  exterior  space  LCF,  and 
the  collected  rectangles  under  OC  and  the  difference  of 
Qy  and  Ff  compose  the  rectangle  under  OC  and  the 
excess  of  EG  or  CF  above  EF ;  the  exterior  space  of 
the  catenary  is  therefore  equivalent  to  the  rectangle  un- 
der OC  and  FG,  or  under  OC  and  the  excess  of  the  arc 
CF  above  its  ordinate. 

Cor^  1*  Hence  the  catenarian  space  EOF  is  equivalent 
to  the  excess  of  the  rectangle  OE,EF  above  OC,CF.  For 
the  exterior  space  LCF  =  OC.FG=  OC.CF~OC.EF, 
and  consequently  the  interior  space  ECF  =  EC.EF-)- 
OC.EF— OC.CF=OE.EF~OC.CF. 

Cor.  2.   Considering  the  curve  as  approaching  to  a 

parabola,  the  exterior  space  LCF  =  — ^ —  ;    whence 
OC-3FG=CE.EF,  and  OC :  EC  :  :  EF  :  8FG  nearly. 

PROP.  VI.    THEOR. 

The  radius  of  curvature  corresponding  to  any 
point  of  the  Catenary,  is  a  third  proportional  to 
its  parameter,  and  the  line  compounded  of  the 
parameter  and  the  absciss. 
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If  there  be  drawn  from  the  point  F  (fig.  187.)  of  the  Ca- 
tenary a  perpendicular  to  the  tangent^  or  a  normal  FQ» 
atid  from  the  proximate  point /another  normal  ^Qi  they 
will  meet  in  Q»  the  centre  of  an  osculating  circle,  and 
(X; :  OE  : :  OE  :  FQ. 

Parallel  to  those  normals,  draw  OL  and  Ol  to  meet  CL, 
(he  perpendicular  to  the  axis  at  the  vertex  C,  and  from 
the  centre  O  describe  the  minute  arc  LX. 

The  right-angled  triangle  OCL  is  obviously  similar  to 

the  elementary  triangle  LX/j  and  consequently  OC :  OL  or 

OE  : :  LX  :  L/  or  Tf.    But  the  very  acute  triangles  FQ/ 

and  LOL  being  likewise  similar,  LX  :   F/  :  :  OX  or 
OE:  FQ;  whence  OC:OE::  OE  :  FQ. 

Cor.  1.  If  LR  be  drawn  perpendicular  to  OL,  it  will 
intercept  a  portion  of  the  axis  OR  equal  to  FQ,  the  radius 
of  curvature. 

Cor.  2.  Since  OLR  is  a  right-angled  triangle,  OC :  CL 
:  :  CL  :  CB;  whence  the  excess  CR  of  the  radius  of  cur- 
vature above  the  parameter  OC,  is  a  third  prpportional  to 
this  parameter  and  the  length  of  the  intercepted  arc  CF. 

PROP.  VIL    THEOR. 
Every  Catenary  is  a  portion  of  a  similar  curve. 

If  ACB  and  KLM  (fig.  189.)  be  any  two  Catenaries, 
they  belong  to  similar  curves. 

For  make  the  absciss  CD  to  the  absciss  LN  as  the  pa- 
rameter OC  to  the  parameter  PL,  draw  the  ordinates  DH 
and  NM  and  the  proximate  ordinate  M  and  nnif  and  ap- 
ply the  tangents  DH  and  NQ  to  the  parametric  circles. 
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Safe  OC :  CD : :  PL  :  LN»  by  composition  OC  or 
OH :  QD : :  PL  or  PQ :  PN,  and  consequently  the  right- 
^l^ed  triangles:  OHD  and  PQ^  lore  similar;  but  these 
tnanglea  anB  likewise  similar  to  the  elementary  trian^es 

bfiB  and  i»ju»M»  for  DH  and  NQ  are  parallel  to  the  ml- 
.  imte  segments  B6  and  Mm  of  the  curves.  Whence  the  ag- 
gf^[ate iideiB b/^/tiBf  Bb^  and  miJhlJM and Miii»  that  is^  die 
abscissas  CD  and  LNj  the  ordinates  DB  and  NM,  md 
the  branches  CB  and  LM  of  those  curves,  are  all  profk>r- 
tioned  to  the  parameters  OC  and  PL.  The  parameter  is 
dms  an  indes  to  the  Cateqary,  as  it  is  to  the  parabdat 
liotb  of  which  may  be  prolonged  to  any  extent. 


The  Calenary  has  its  name  from  Catena^  a  chains 
being  the  curve  which  a  regular  and  very  flexible  chain 
will  assume,  if  suspended  loosely  from  both  ends.  It  seems 
to  have  been  first  noticed  by  the  famous  Galileo,  who  pro- 
posed it  as  the  figure  of  an  arch  of  equilibration,  but  un« 
fortunately  mistook  it  for  a  Parabola.  In  fact,  the  Cate- 
nary, near  its  vertex,  difiers  insensibly  from  that  curve^ 
but  afterwards  deviates  more  considerably.  The  tangent 
of  the  angle  of  deflection,  which  in  the  Catenary  is  pro- 
portional to  the  length  of  incurvation,  may  be  shown  to  be 
proportional  to  the  ordinate  in  the  Parabola.  But  the  or- 
dinate commences  in  a  ratio  of  equality  to  the  curve, 
and  then  contracts  with  increasing  rapidity;  hence  the 
Parabola  diverges  faster  firom  its  axis  than  the  Catenary. 

The  error  of  Galileo,  in  confounding  those  two  curves, 
was  not  perceived  till  Joachim  Jungius,  in  1669,  ascertain- 
ed, by  actual  experiment,  that  the  Catenary  is  neither  a 


892  GEOMETRY  OF  CURVES. 

Parabola  nor  an  Hyperbola.  It  was  in  1691 ,  that  the  pe- 
netrating genius  of  James  Bernoulli  discovered  the  true 
nature  of  the  catenarian  curve.  A  similar  in ve^gation 
ytBB  soon  produced  by  John  Bemoullii  by  Huygens,  and 
by  Leibnitz. '  This  latter  philosopher,  whose  powers  of 
invention  and  stores  of  learning  were  alike  transcendanty 
^covered  the  fine  relation  of  the  Catenary  to  the  Loga- 
rithmic Curve. 

The  most  difficult  properties  of  the  Catenary  were  re- 
vealed before  the  cbse  of  the  seventeenth  century.  This 
curve  is  entitled  to  particular  attention^  not  only  because 
it  throws  light  on  the  theory  of  arches,  but  because  it  ap- 
plies directly  to  the  construction  of  suspended  bridges, 
which  are  now  deservedly  coming  into  repute. 


>■  ■  •  -J 

..i;If:t-'r 
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X.  TRACTORY. 

If  a  given  straight  line  have  one  end  drawn  along 
<m  extended  line  given  hy  position^  the  other  end, 
JbUowing  its  path  or  direction^  will  trace  out  a  curve, 
called  the  Tsjctrix  or  TnACTonr. 

Let  PT  (fig.  190.  and  191.)  be  a  straight  line  of  a  deter- 
minate length,  of  which  the  end  T  is  drawn  along  the 
straight  line  SOT  given  by  position  ;  the  other  end  P,  con- 
strained to  pursue  the  same  tracks  will  describe  a  Trao- 
tory. 

The  natnre  of  the  curve  consists  in  having  every  tan- 
gent PT  of  the  same  length.  The  Tractory  must  hence 
include  four  branches  which  stretch  indefinitely  either  way 
on  both  sides  of  the  directing  line,  and  rise  into  two  cusps 
at  their  conjunction,  when  the  tangents  become  vertical. 

DEFINITIONS. 

1  •  The  extended  straight  line  SOT  bn  which  the  tangents 

rest,  is  called  the  Axis. 
^.  When  the  tangent  acquires  a  vertical  position  OC,  it 

is  termed  the  Radius^  its  extremity  O  being  the  centre. 
3.  A  circle  described  from  the  centre  of  the  curve  through 

the  cusp  C  is  called  the  Generating  Circle, 

PROP.  I.    THEOR. 

The  subtangent  of  the  Tractory  is  equal  to  the 
corresponding  ordinate  of  the  generating  circle. 

2  c 
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From  the  point  P  in  the  curve  (fig.  1 90.)  draw  PN  per- 
pendicular to  the  axis^  and  PKH  parallel  to  it  and  meet- 
ing the  circumference  of  the  generating  circle;  then  wil 
KH  be  equal  to  the  subtangent  NT. 

For  join  OH9  and  the  right-angled  triangles  OKH  and 
PNT,  having  the  hypotenuse  OH  equal  to  OC  or  PT, 
and  the  side  OK  equal  to  the  opposite  side  PN  of  the  pa- 
rallelogram OKPN  are  equal,  (I.  21.  Geom.)  and  con- 
sequently the  base  KH,  or  the  ordinate  to  the  circle,  is 
equal  to  the  subtangent  NT. 

Cor.  1.  Hence  the  compound  line  PKH  is  equal  to 
ONT;  for  KH  being  equal  to  NT,  add  to  each  of  them 
the  equal  segments  PK  and  ON,  and  the  sum  PH  is  equal 
toOT. 

Cor.  2,  Hence  the  tangent  PT  of  the  tractory  is  al- 
ways parallel  to  the  corresponding  radius  OH  of  the  ge- 
nerating circle.  For  the  angles  KOH  and  NPT  being 
equal,  and  the  sides  OK  and  PN  parallel,  the  other  sides 
OH  and  PT  must  be  likewise  parallel  (I.  29.  Geom.) 

PROP.  IL    THEOR. 

The  space  included  between  the  radius,  the 
axis,  a  portion  of  the  curve,  and  a  tangent  of  the 
Tractory,  is  equal  to  the  area  of  the  correspond- 
ing sector  of  the  generating  circle. 

Having  applied  a  tangent  PT  (fig.  19lOi  and  drawn 
PKH  parallel  to  the  axis  of  the  curve;  the  mixtilineal 
space  OCPT  is  equivalent  to  the  circular  sector  COH. 

For  assume  the  proximate  point  jp,  draw  the  tangent 
pt  and  the  parallel  ^^/i,  and  join  OH  and  Oh.  Since  the 
radii  OH  and  Oh  are  equal  and  parallel  to  the  tangents 
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PT  and  pt^  the  elementary  triangle  HOA  may  be  consi- 
dered as  equal  to  TPt  or  Tpt;  wherefore  the  amount  of 
all  the^  triangles  HOh  vfhich  form  the  sector  COH  is  equi- 
valent tp  th^  aggi^^ate  of  the  triangles  TpC  which  com- 
pose the  mixed  space  OCPT. 

Cor.  Hence  the  quadrant  COR  is  equivalent  to  the 
indefinite  space  included  between  the  radius,  the  asymptote 
and  the  extending  curve.  Hence  also  the  whole  space 
comprehended  by  the  four  branches  of  the  tractory  is 
equivalent  to  the  generating  circle. 


PROP.  III.    THEOR. 

The  segment  of  the  axis  intercepted  between 
the  centre  and  a  line  touching  the  Tractory,  is  ex- 
pressed ty  the  natural  logarithm  of  the  ratio  of 
the  radius  to  the  cotangent  of  half  the  comple- 
ment of  the  corresponding  arc  of  the  generating 
circle. 

Assuming  the  radius  OC  (fig.  191.)  as  unit,  any  por- 
tion OT  of  the  axis  will  be  denoted  by  the  natural  loga- 
rithm of  the  ratio  of  radius  to  the  cotangent  of  half  the 
complement  of  the  arc  CH,  or  the  tangent  of  half  the 
compound  arc  SCH. 

For  join  S,  where  the  circle  cuts  the  axis,  with  the  pro- 
ximate points  H  and  k.  The  elementary  triangles  HSk 
and  iSl  are  similar,  since  they  have  the  same  vertical  an- 
gle, and  the  angle  HAS,  standing  on  the  compound  arc 
SCH  equal  to  fIS,  which  is  subtended  by  the  arcs  CH 
and  SC  or  SC ;  whence  SH  :  Si  ot  SI :  :  Hh  :  li ;  but 
SH  :   SI  :  :  OK  :  01,  and  consequently  OK  :  OI  :  : 
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Jih  :  lit  or  alternately  OK  :  HA  :  :  OI :  IL  Again,  the 
minute  elementary  triangles  H/A,  j^tB,  and  ^T  are  all 
evidently  similar  to  HKOj  and  therefore  similar  to  each 
other ;  whence  HA  :  hi  or  Ft  ::Tt :  Tr  or  Vp^  and  al- 
ternately Uk  : T^  : :  Per  :  P^5  but  Pt  :?;>::  OK :  OH, 
and  hence  Uh  :T^  : :  OK  :  OH,  or  OK :  HA  : :  OH  :  T^ 
Now  since  OK  :  HA  :  :  OI :  It,  consequently  OI  :  1/  :  : 
OH  or  OC  :  T/,  or  alternately  OI  :  OC  :  :  It  :  T^ 
Wherefore  01  and  Oi,  if  planted  at  the  points  T  and 
/,  would  be  proximate  ordinates  of  a  logarithmic  curve 
having  OC  for  its  subtangent,  and  hence  the  abscisa 
OT  is  equal  to  the  natural  logarithm  of  the  ratio  of 
OI  to  OC.  But  OI  is  the  tangent  of  the  angle  RSH 
at  the  circumference  of  the  circle,  and  consequently  the 
tangent  of  half  the  .arc  RH,  the  complement  of  CH. 
Again,  the  radius  being  ame  an  proportional  between  the 
tangent  and  the  cotangent,  the  ratio  of  OI  to  OC  is  the 
same  as  the  ratio  of  radius  to  the  cotangent  of  half  the 
complement  of  CH.  The  proposition  is  therefore  esta- 
blished. 

Cor.  Since  OK  :  OC  :  :  HA  :  Tt ;  the  increments  of 
the  segment  OT  are  always  inversely  as  the  cosine  of  the 
arc  CH;  wherefore,  if  that  arc  represent  the  Latitude,  the 
corresponding  line  OT  will  exhibit  the  Meridional  parts, 
Mercator's  Projection. 

PROP.  IV.    THEOR. 

The  Tractory  is  the  involute  of  the  Catenary, 
which  has  the  radius  for  its  parameter. 

If  a  thread  attached  at  some  distant  point  B  (fig.  190.) 
of  a  Catenary,  and  bent  along  the  convexity  of  the  curve 
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to  the  vertex  C,  be  then  gradually  unfolded,  its  expand- 
ing end  will  trace  a  Tractory,  whose  radius  is  the  parame- 
ter OC. 

Let  the  radius  of  curvature  come  into  the  position  FP, 
draw  FT  perpendicular  and  F£  parallel  to  ROSj  apply 
the  tangent  EH  to  the  generating  circlci  and  join  FH 
andPT. 

From  the  property  of  the  Catenaty,  the  straight  line 
£H  which  touches  the  circle  is  equal  to  the  arc  FC  of  the 
curve,  and  is  parallel  to  its  tangent  FP ;  but  the  radius  of 
curvature  FP  is  equal  to  the  arc  FC,  from  which  it  has 
been  unfolded,  and  is  therefore  equal  to  £H;  whence  EP 
and  HF,  which  join  those  equal  and  parallel  lines,  are 
themselves  equal  and  parallel.  Wherefore  OT,  being 
likewise  equal  and  parallel  to  EP,  the  figure  OEPS  is  a 
parallelogram  whose  opposite  sides  PT  and  OE  are  equal 
and  parallel ;  but  since  FP  and  PT  are  parallel  to  EH 
and  EO,  the  contained  angle  FPT  is  equal  to  HEO,. 
and  is  therefore  a  right  angle ;  whence  the  line  PT,  be- 
ing perpendicular  to  the  radiant  FP,  must  coincide  with 
minute  portion  of  the  circle  or  element  of  the  curve  at 
P,  and  this  tangent  is  equal  to  OH  or  OC  the  parameter 
of  the  Catenary.  But  such  is  the  genesis  of  the  Tractory, 
which  is  hence  the  involute  of  the  catenary. 

Scholium.  A  Tractory  being  traced  mechanically,  the  se- 
ries of  points  may  be  thence  readily  found  iq  the  Catenary ; 
for  erect  any  perpendicular  TF  to  ROS,  inflect  TP  to  the 
curve  equal  to  OC,  and  at  right  angles  to  it  draw  PF  to 
meet  TF  in  F,  which  must  evidently  be  a  point  in  the  ca- 
tenary. 

An  instrument  might  therefore  be  constructed  that  shall 
combine  the  mechanical  construction  of  the  Tractory  and 
of  the  Catenary,     Let  a  thin  bar  of  wood  or  brass  SG 
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(fig.  220.)  about  two  feet  long,  with  a  groove  running 
along  the  middle,  have  a  perpendicular  arni  OT  project- 
ing about  four  and  a  half  inches  each  way;  to  this  frame 
is  annexed  a  similar  piece  MPSPF,  of  which  the  single 
arm  PS  is-  eight  inches  long,  with  holes  about  half  an 
inch  apart  drilled  from  the  middle  to  S,  having  a  very 
small  sharp-edged  wheel  at  P,  turning  about  an  'axis  in 
the  same  plane,  but  at  right  angles  to  PS ;  one  of  those 
boles  being  passed  over  a  steel  pin  fixed  at  S,  in  the  di- 
rection of  the  groove  OS,  and  a  fine  pencil  secured  by  a 
slider  being  inserted  in  the  concourse  of  both  grooves  at 
R,  the  instrument  is  fit  for  action.  By  sliding  OST 
along  the  side  of  a  drawing  board,  and  pressing  the  small 
wheel  at  P,  it  will  describe  a  Tractory,  while  the  pencil 
carried  in  the  intersection  of  the  perpendiculars  PF  and 
SG  will  trace  the  Catenary. 

Such  an  instrument,  with  proportionally  shorter  arms, 
would  be  useful  to  Architects,  by  enabling  them  to  sketch 
festoons  correctly. 


The  Tractory  was  first  proposed  by  the  celebrated  Huy- 
gens.  It  may  be  considered  as  derivative  from  the  Gate- 
nary,  of  which  it  is  the  involute.  John  Perks,  in  England, 
likewise  demonstrated  its  leading  properties,  under  the  ap- 
pellation of  the  Equitangential  Curve.  John  Bernoulli  dis- 
covered that  it  is  TatUochronous  in  a  medium  resisting  as 
the  squares  of  the  velocity,  or  that,  in  such  a  medium, 
bodies  would  efiect  their  descent  from  any  point  of  this 
curve  in  the  very  same  portion  of  time. 

The  relation  of  the  Tractory  to  the  Meridional  Projec- 
tion of  the  Globe  is  very  remarkable,  while  the  facility  of 
tracing  the  curve  mechanically  brings  it  closer  under  our 
observation. 
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XL   MAGNETIC  CURVK 

jjy  the  radiants  from  two  given  poles  revolve  with 
angular  velocities  proportional  to  their  varying, 
lengths^  the  point  of  mutual  intersection  will  trace 
the  Magnetic  Curve. 

Let  AC  and  BC  (fig.  199  and  200.)  be  two  radiants 
which  turn  about  the  poles  A  and  B|  and  let  fhem  in  the 
same  instant  move  into  the  proximate  positions  Ac  and 
Be ;  if  the  angle  CAc  be  to  CBc  as  AC  to  BC,  the  points 
C  and  c  will  occupy  a  Magnetic  Curve. 

DEFINITIONS. 

1.  The  straight  line  which  joins  the  two  poles  is  called  the 
Base  of  the  curve,  and  its  extension  the  Axis* 

2.  The  angles  BAC  and  ABC  which  the  radiants  make 
with  the  base  are  called  the  Polar  Angles. 

It  is  obvious,  that  the  Magnetic  Curve  will  assume  two 
distinct  forms  according  as  its  radiants  turn  in  the  same 
or  in  opposite  directions.  In  the  latter  case,  both  the 
polar  angles  augmenting  at  the  same  time,  the  curve  will 
consist  of  a  single  concave  arc.j  but  in  the  former  case,  the 
angles  from  the  one  pole  increasing,  while  those  from  the 
other  are  diminishing,  the  curve  will  divide  and  spread  it- 
self into  two  branches.  The  one  species  of  curve  is  hence 
Convergent f  as  in  fig.  199,  and  the  other  Divergent^  as  in 
fig.  200. 
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PROP.  I.    THEOR. 

The  sines  of  the  angles  which  a  tangent  forms 
in  the  Magnetic  Curve  with  the  radiants  drawn 
to  the  point  of  contact,  are  proportional  to  the 
squares  of  those  lines. 

Let  TC  (fig.  199  and  200.)  touch  the  cntve  at  the  point 
C|  and  make  the  angles  TCA  and  TCB  with  the  corre- 
sponding radiants;  then  will  sin  TCA  :  sin  TCB  :  : 
AC*  :  BC*! 

For  assume  the  proximate  point  r,  to  which  inflect  the 
fadiants  Ac  and  Bcy  make  BD  equal  to  AC,  and  from  A 
and  B  describe  the  minute  arcs  ca^  C|3,  and  Dd. 

The  arcs  coc  and  HB  are  obviously  the  measures  of  the 
elementary  angles  CAc  and  CBc,  and  consequently,  from 
the  genesis  of  the  curve,  cot, :  D^  : :  AC  :  BC ;  but,  since 
the  sectors  CB(3  and  DBJ  are  similar,  D3  :  Cj3  :  : 
BD  or  AC  :  BC ;  wherefore,  by  composition  of  ratios, 
CO,  :  C(3  :  :  AC*  :  BC*.  Again  the  right-angled  elemen- 
tary triangles  cua  and  Cj3a  having  a  common  vertical  an- 
gle, arc  similar,  and  coi  :  ac  :  :  C(i  :  Ca,  or  alternately, 

cOO  :  C^  ::ac  :  Ca  ;  whence,  by  identity  of  ratios,  ac  >  Ca 
I  :  AC*  :  BC*.  Now,  in  the'  triangle  Cac,  ac  :  Ca  :  ; 
sin  cCa  or  sin  TCA  :  sin  Cca  or  sin  TCB  j  wherefore, 
sin  TCA  :  sin  TCB : :  AC* :  BC*. 

Cor»  1.  Hence  a  tangent  cuts  the  extended  base  into 
segments  which  are  as  the  third  powers  of  the  correspond- 
ing radiants.  For  draw  AE  parallel  to  BC,  and  the  tri- 
angle EAC  being  similar  to  caC,  AE  :  AC  :  :  ca  :  Ca  ;  : 
AC*     BC* ;  wherefore,  AE  :  BC  :  :  AC  :  BC ;  but. 
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from  the  property  of  parallel  and  diverging  linesi  AE :  BC 
:  :  AT  :  BT,  and  consequently  AT :  BT  :  :  AC» :  BC». 
In  fig*  199  and  200,  the  radiants  AC  and  BC  are  as  two 
to  three;  whence  TA  :  TB : :  8  :  27.  Wherefore,  AT  in 
fig.  199.  is  8-19  parts  of  AB ;  but  in  fig.  200,  it*  is  equal 
only  to  8-S5  parts  of  the  sanie  distance. 

Car.  2.  Hence,  if  tangents  be  drawn  from  any  poiiit  in 
the  axis  to  difierent  magnetic  curves  constituted  upon  the 
same  base,  the  points  of  contact  will  lie  in  the  circumfe- 
rence of  a  given  circle.  For  T  being  a  given  point,  the 
ratio  of  AT  to  BT,  or  that  of  AC  to  BC  is  given,  and 
consequently  the  ratio  of  AC  to  BC  is  given,  and  the  lo- 
cus of  C  (Oeoro.  Anal.  III.  1 3.)  is  a  given  circle.  In  the 
illustrative  figures  201  and  202,  where  the  radiants  AC 
and  BC  are  as  two  to  three,  the  distance  AX  of  the  circle 
of  contact  is  two<fifths  of  AB,  and  its  radius  six-fiflhs. 
The  correspondence  with  theory  in  these  delineation^  is 
sufiiciently  striking. 

Scholium.  The  method  of  applying  a  tangent  to  the 
Magnetic  Curve  is  hence  easily  perceived.  In  the  Con* 
vergerU  Curve,  the  tangent  CT  lies  beyond  the  nearer  pole ; 
but,  in  the  Divergent  Curve,  CT  falls  within  the  poles. 
The  former  species  of  curve  is  therefore  always  concave  to- 
wards its  base^  while  the  latter  is  convex. 

Since  Caica  : :  BC^ :  AC%  the  little  spaces  Ca  and  ca 
in  the  direction  of  the  poles  A  and  B,  are  inversely  as  the 
squares  of  the  distances  CA  and  CB.  These  spaces  may 
therefore  represent  the  forces  of  magnetic  attraction  or  re- 
pulsion emanating  from  A  and  B.  An  attraction  Ca  com- 
bined with  a  repulsion  ac  would  produce  the  oblique  direc- 
tion Cc  (fig.  199.);  while  the  same  attractive  force  con- 
joined with  another  attraction  ca'  would  give  the  result 
Cr  (fig.  200.),     Hence  very  short  needles  or  iron-filings, 
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subject  to  those  attractive  or  repulsive  powers^  but  allowed 
to  arrange  themselves  freely^  will  coalesce  into  the  demen- 
tary  portions  of  the  curve.  If  A  and  B  be  dissimilar 
polesi  the  curve,  being  composed  of  projecting  portions  Cc, 
will  exhibit  the  convergent  form  ;  but  if  these  poles  be 
similar,  the  curve,  consisting  of  minute  reclined  portions, 
will  become  divergent 


PROP.  IL    THEOR. 

The  sum  of  the  cosines  of  the  polar  angles  in 
the  Convergent  Magnetic  Curve,  but  their  diffe- 
rence in  the  Divergent  form  of  the  curve,  remains 
constant. 

The  cosines  of  the  angles  BAG  and  ABC  (fig.  199.) 
compose,  by  addition,  a  certain  invariable  amount  at  every 
point  of  the  curve ;  but  in  fig.  200.  the  cosines  of  the  po- 
lar angles  have  always  the  same  difference  throughout  each 
branch  of  the  curve. 

For,  let  fall  upon  the  axis  the  perpendiculars  c(pF  and 
"DdGj  and  draw  the  parallels  a^  and  Sd.  The  elementary 
triangle  c^a  is  evidently  similar  to  the  right-angled  trian- 
gle AFc,  and  (tc  :  (Z(p  :  z  Ac  or  AC  :  cF ;  but  the  tri- 
angles Ddh  and  BFc  being  likewise  similar,  T>B'Bd:  : 
BC  or  Be  :  c¥.  By  alternating  both  analogies,  ac :  AC:  : 
up  :  cF,  and  D8  :  BC  :  :  hd:  CF-^  but  ac  and  DS,  being 
the  measures  of  the  variation  of  the  polar  angles  BAC  and 
ABC,  are  as  the  radiant  AC  to  BC,  consequently  a<p  :  cF 
: :  3d :  cF,  and  a(p  =  H  or/F=G^.  Now,/F  (fig.  199.) 
is  the  diminution  which  the  cosine  AF  suffers  in  the  move- 
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ment  of  the  radiant  AC  from  the  point  C  to  ^ ,  and  the 
equal  portion  bd  is  the  equal  increase  which  cosine  BG 
receives  in  the  corresponding  advance  of  the  radiant  BC. 
Wherefore,  the  cosines  AF  and  BG  mast  maintain  the 
same  amount  throughout  the  Convergent  Curve. 

In  the  Divergent  Curve  (fig.  200.)  ap'  lies  on  the  other 
side  of  the  perpendicular  ^F,  the  cosines  of  the  polar  an- 
gles BAC  and  ABC  both  receive  equal  incrementsy*T^ 
and  &gft  as  the  radiants, expand  from  c  to  C,  and,  con^ 
sequently,  those  cosines  AF'  and  BGK  must  have  always 
the  same  difference. 

Scholium.  It  is  hence  easy  to  trace,  through  any  point  C, 
a  Magnetic  Curve  whose  poles  are  given.  From  A  and 
BAO,  with  a  radius  (fig.  199  and  200.)  equal  to  half  their 
distance,  describe  two  semicircles,  draw  AC  and  BC  to  cut 
the  circumference  in  the  points  H  and  I,  from  which  let 
fall  the  perpendiculars  HK  and  IL,  take  any  segment  KQ 
and  make  LR  equal  to  it,  either  on  the  same  or  on  the  op-^ 
posite  side  according  as  the  curve  is  Convergent  or  Diver- 
gent, erect  the  perpendiculars  QM  and  RN  to  meet  the 
circles,  and  inflect  the  radiants  AMP  and  BRN,  whose 
intersection  P  will  be  a  point  in  the  curve.  But  if  Lr 
(fig.  200.)  be  made  equal  to  OQ,  and  the  perpendicular 
m  erected,  the  radiant  Bn  will,  by  its  intersection  with 
the  radiant  AM,  assign  the  point  p  in  the  other  branch 
of  the  curve. 

When  the  radiant  BC  coincides  with  the  axis,  the  ra- 
diant AC  will  become  a  tangent  to  the  curve,  and  will  con- 
sequently mark  the  direction  of  its  origin.  To  find  this, 
make  KS  equal  to  LO,  either  on  the  same  side  as  in 
fig.  199,  or  on  the  opposite  side  as  in  fig.  200;  erect  the 
perpendiculars  SV  to  meet  the  circle,  and  SV  will  be  the 
radiating  tangent. 
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Bat  a  system  of  Magnetic  Curves  may  be  constructed 
more  expeditiously.  Divide  the  radius  of  the  circles  into 
any  even  number  of  equal  parts,  suppose  twelve,  erect 
ordinates  from  all  the  points  of  extended  section,  and  draw 
radiants  through  their  summits.  Suppose  the  radiants  of 
the  pole  A  (fig.  199.)  to  be  reckoned  from  X  to  Y,  and 
those  of  B  from  X  to  Z.  For  the  Convergent  Curve,  the 
intersection  of  the  radiant  1  from  the  pole  A,  with  the  ra- 
diant  1  from  the  pole  B,  will  assign  the  limit  of  the  curve 
next  the  axis ;  the  intersection  of  the  radiants  2  and  1  from 
A  with  the  radiants  1  and  2  from  B  will  mark  two  points 
in  the  next  curve ;  the  intersection  of  the  radiants  3,  2, 
and  ,1  from  A  with  the  radiants  1,  2,  and  S  from  B  will 
give  three  points  in  the  curve  beyond  it  $  and  the  intersec- 
tion of  the  radiants  4, 3, 2,  and  1  from  A,  with  the  radiants 

1,  2,  3,  and  4  from  B,  will  trace  another  exterior  curve. 
In  this  way,  the  process  may  be  pursued  through  the 
whole  series  of  curves,  the  corresponding  initial  and  final 
tangents  being  the  succeeding  radiants  2,  3,  4,  5,  &c. 
from  the  poles  A  and  B. 

For  the  Divergent  Curve,  the  intersections  of  the  ra- 
diants 1,  9,  3,  4,  5,  &c.  from  the  pole  B,  with  the  radiants 

2,  3,  4,  5,  6,  8jLC.  from  the  pole  A,  will  mark  the  first 
branch  from  O  towards  Y ;  the  intersections  of  the  same 
rfidiants  with  the  radiants  3,  4,  5,  6,  7,  &c.  will  trace  the 
next  branch  ;  and  the  intersections  of  still  the  same  ra- 
diants with  the  radiants  4,  5,  6,  7,  8,  &c.  will  assign  the 
third  branch.  This  procedure  is  easily  carried  on,  and 
a  similar  mode  will  assign  the  opposite  branches.  The 
radiants  I,  2,  3,  4,  5,  &c.  from  A  will,  by  their  intersec- 
tions with  ehe  radiants  2,  3,  4,  5,  6,  &c.  from  B,  with  the 
radiants  3,  4,  5, 6,  7,  &c.,  and  with  radiants  4,  5, 6,  7, 8,&c. 
will  trace  out  fhe  successive  diverging  curves  from  O  to  Z. 
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The  tangents  to  all  these  curves  at  A  and  B  are  the  pre- 
ceding radiants  0,  1,  2,  3,  &c. 

The  figures  201  and  202  were  reduced  from  curves  ac- 
tually delineated  in  this  way,  omitting  only,  for  the  sake 
of  distinctness,  some  of  the  initial  and  intermediate  curves. 


The  Magnetic  Curve  is  formed  experimentally  by  strew- 
ing fine  iron-filings  or  very  short  bits  of  iron  wire  on  a 
smdoth  sheet  of  paper,  or  on  a  thin  plate  of  glass  laid  over 
a  magnetic  bar,  or  over  the  interval  between  the  similar 
poles  of  two  opposite  bars.  By  a  slight  agitation  to  fa- 
vour their  mutual  arrangement,  those  minute  ferruginous 
fragments  will  dispose  themselves  into  the  Convergent  or 
Divergent  Curves  now  investigated. 

These  curves  have  been  regarded  with  wonder  by  a  cer« 
tain  class  of  dreaming  philosophers,  who  did  not  hesitate 
to  consider  them  as  the  actual  traces  of  an  invisible  fiuid, 
perpetually  circulating  between  the  poles  of  the  magnet. 
Such  a  crude  notion  scarcely  deserves  a  moment's  notice ; 
but  the  entire  conformity  between  theory  and  experiment 
in  the  representation  of  the  Magnetic  Curves  corrobo- 
rates the  results  of  other  observations,  and  proves,  that 
the  forces  of  magnetic  attraction  and  repulsion  follow,  in 
their  graduating  intensities,  the  great  law  of  gravitation, 
and  are  inversely  as  the  squares  of  the  distances  of  the 
poles  or  centres  of  action, 
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XIL    CURVE  OF  SINES. 

If  the  arcs  qf  a  circle  be  assumed  as  Abscisste,  to 
which  the  corresponding  sines  are  ordinates^  the 
summits  qf  these  will  mark  out  the  Curve  qf 
Sines. 

Let  the  arcs  of  a  circle^  of  which  O  (fig.  20S.)  is  the 
centre,  and  OC  the  radius,  be  extended  along  the  axis  AB, 
and  perpendiculars,  erected  equal  to  the  corresponding 
sines,  will  exhibit  a  line  called  the  Curoe  qf  Sines. 

This  curve  will  eviden&y  rise  to  an  elevation  OL  equal 
to  the  radius  of  the  generating  circle^  then  descend  from 
its  vertex  till  it  cross  the  axis  at  a  distance  OB,  equal  to 
OA  beyond  the  centre,  and  form  a  similar  curve  below ; 
it  will  next  reappear  above  the  axis,  and  continue  to  re- 
peat the  same  train  of  convolutions. 

PROP.  I.    PROB. 

To  apply  a  tangent  at  any  point  of  the  Curve 
of  Sines. 

Let  it  be  required  to  draw  a  line  touching  this  curve  in 
the  point  F  (fig.  208.) 

Assume  the  proximate  point  f^  and  draw  FGI  and  fgt 
parallel,  and  FE,  GH,  f<ph  and  gy  perpendicular  to  the 
axis. 


The  elemeotary  triaiigley^F  being  iimilnr  to  F£Tf 
^  ;  ^F  : :  F£ :  ET ;  huU  from  the  geneiii  of  the  curvei 
the  minute  sq^ment  ^F  ii  equal  to  the  elementerj  Hits  Qg 
of  the  circle,  tod  consequently  j^  or  g^  :  G;  1 3  FE :  £T« 
Now  the  elementary  triangle  ^G  is  similar  to  OHGi  and 
gyiGgiiOU  :  OG ;  wherefore  FE  :  ET  : :  EH  :  OO, 
»ad  the  subtangent  ET  is  hence  given. 

A  simple  construction  results.  Make  OK  equal  to 
OH,  join  CK,  and  palrallel  to  it  draw  FT,  wbidi  wfH 
be  the  tangent  required.  For  the  triangle  TPE  is  ob^ 
▼iously  similar  to  KOC^  and  consequently  FE :  ET  :  : 
OK  or  OH  :  OC  or  OG. 

Cor.  At  the  point  A,  the  ootioe  OK  or  OH  k  equal  ta 
the  radios  OL,  and  hence  the  eunre  at  if»  origb  crosses 
the  axis  at  the  jnclinarion  of  half  •  right  angle* 


PEOP.  IL    THEOB. 

The  area  of^siy  segment  c(  the  Curv4i  of  Sit^a^ 
is  eqaivaleDt  to  the  reetaagLe  under  the  ndim  i]^ 
the  geDentmg  cirdle,  tsA  tbe  cofT^^dfKwdwg  v^ik 
ed  soie. 

The  apaoe  A£F  (%  Wt.)  kidoMi  ^)^  the  |KMioo  of 
die  curve  AF^  and  h&  ab^iii>  «nd  «<tki«t4;  AJ£  iio4  fAfpU 
eqpmknt  to  tbe  rectao^  u&d^r  the  rudwis  <^  n^  4m 
wnedameCH. 

Fcr  the  elementary  Kt\Mf^  O/^  bek)^  «imiUir  tv  OliO^ 

Gig  or  re  :  O7  :  :  OG  iK^  OX.  :  <M  ^  Yf^  m>A  iM^r 
qneotk  f  C->Xs:Oy.OJ^>  wLmaUHi:  iIm:  itijiff^^iHi^U:  <l^  ti*«; 
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rectangle,  Ciy.OL.  Bat  tbe  elementary  spaces  F^eE  com- 
pose the  foment  AEF  of  the  curve,  and  the  rectangles  un- 
der the  radios  and  the  increments  67  make  np  the  rect- 
angle under  OL  and  the  versed  sine  CH.  Wherefore  the 
area  of  the  segment  AEF  is  equivalent  to  the  recti^iigle 
under  OL  and  CH. 

Cor.  Hence  the  area  of  half  the  curve  AOL  or  OLB 
is  equivalent  to  the  square  of  the  radius  OL  or  OLPD, 
and  the  area  of  the  whole  curve  is  equivalent  to  the  rect- 
angle under  the  radius  OL  and  the  diameter  CD. 


The  Curve  qfCo$ines  is  only  a  slight  modification  of  the 
Curve  of  Sines.  Take  LR  equal  to  the  circular  arc 
LV,  and  make  the  ordinate  RS  equal  to  the  cosine  OI, 
and  the  Curve  of  Sines  will  be  converted  into  a  Curve 
of  Cosines,  commencing  at  the  vertex  L,  and  redoubling 
along  the  extended  axis  OB. 


If  the  Curve  of  Sines  have  its  ordinates  diminished  or 
augmented  in  the  same  ratio,  it  will  be  changed  into  the 
Harmonic  Curve.  This  mutation  is  represented  in  fig.  204. 
where  the  ordinates  of  the  Curve  of  Sines  are  augmented 
by  one-third,  and  likewise  subdivided  into  three  equal 
portions.  It  is  evident,  that  the  areas  of  segments  of 
these  curves  will  be  changed  in  the  same  ratio;  and  it 
will  also  follow,  that' tangents  drawn  from  any  point  in 
the  axis  to  the  several  curves  will  make  their  contacts  in 
a  straight  line  perpendicular  to  the  axis. 
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XIIL    CURVE  OF  TANGENTS, 

Iff^Jrom  a  given  point  in  an  extended  line^  segments 
be  taken  eqtcal  to  the  arcs  of  a  given  circle^  and 
perpendiculars  erected  equal  to  the  cofregponding 
Tangents^  their  vertices  "wiU  be  in  what  is  thence 
called  the  Curve  qf  Tangents. 

On  the  elctended  line  AB  (fig.  192.)  let  any  portion  AE 
be  taken  equal  to  the  arc  CO  of  a  given  circle,  and  from 
the  point  of  section  E  draw  the  perpendicular  EF  equal 
to  the  tangent  CT ;  the  locus  of  point  F  will  be  the  Curoe 
of  Tangents. 

DEFINITIONS. 

1.  The  given  circle  is  termed  the  Generating  Circle, 

2.  The  extended  line  AB  is  called  the  Axis^  any  segment 
AE  being  an  Absciss^  and  the  perpendicular  EF  its  Or^ 
dinate. 

This  curve  commencing  at  A,  must  evidently,  in  the 
first  quadrant,  shoot  indefinitely  along  the  middle  ordinate 
OM ;  but,  on  the  second  quadrant,  it  will  re-appear  on  the 
opposite  side,  bending  gradually  from  the  ordinate  ON  till 
it  reach  B  at  a  distance  beyond  O  equal  to  AO ;  it  will 
then  stretch  obliquely  upwards,  forming  a  branch  similar 
to  the  portion  at  its  origin,  and  will  afterwards  repeat  the 
same  series  of  unlimited  arcs^ 

2  D 
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PROP.  I.    PROB. 


To  draw  a  straight  line  that  shall  touch  at  a 
given  point  of  the  Curve  of  Tangents. 

Lc^  it  be  required  to  apply  a  tangent  at  the  point  F 
fig.  IBi.)  of  the  curve.  Assume  the  proximate  pointy 
and  draw^tbe  secant  yFS}  draw  also  F^  and^f  parallel 
to  AO  and  OM,  make  the  minute  arc  6^  equal  to  F^^ 
extend  Og  to  meet  CT  in  t,  and  erect  T/  perpendicular 
to  OT. 

The  elementary  triangle  tTr  being  similar  to  TOC9  it 

follows,  that  T^  :  Tr : ;  TO  :  OC ;  and  CP  being  drawn 
perpendicular  from  the  right  angle  C,  TO :  OC : :  TC :  CP, 
and  consequently  T^  :  Tr  : :  TC :  CP.    Again,  from  the 

property  of  parallel  and  diverging  lines,  Tr  :  Gg  :  : 
TO  :  GO  or  OC ;  but  PQ  being  let  fall  perpendicular  to 
AO,  TO  :  OC : :  CP  :  PQ.  Wherefore,  by  composition 
of  ratios,  Tt :  Gg:  :  TC :  PQ,  the  elementary  triangle  ¥^f 
being  similar  to  SEF,  fp  or  tT  :  F<p  or  G^  :  :  FE  or 
TC :  ES,  and  consequently  TC  :  PQ :  :  TC :  ES,  and  the 
subtangent  ES  is  equal  to  the  assigned  part  PQ. 


PROP.  11.    PROB. 

.   To  find  the  area  of  any  portion  of  the  Curve  of 
Tangents. 

Let  it  be  required  to  measure  the  space  AFE  (fig.  192.) 
included  between  the  curve,  its  axis,  and  an  ordinate  FE. 
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Since  the  elementary  triangle  gGy  is  similar  to  OTC 
GyiGgiiCT:  OT,  and  OT  :  Gy  =  CT.Gg.  But  the 
minute  arc  Gg  is  equal  to  the  difference  F^  of  the  proxi- 
mate abscissay  and  CT  is  equal  to  the  ordinate  £F ;  where- 
fore the  rectangle  OT,  6y  is  equivalent  to  EF,F^  the 
element  of  the  curved  space.  Extend  the  perpendicular 
GH  on  the  opposite  side  till  HL  be  equal  to  OT|  and 
draw  the  parallel  gyhh  the  rectangle  UUk  is  hence  equi- 
valent to  the  elementary  rectangle  GH^  of  the  curves  and 
therefore  the  space  KCHL  is  equivalent  to  AEF.  But 
OT  or  HL  :  GO  or  OC  :  :  OC  :  OH,  and  HL.OH= 
OC^ ;  whence  the  curve  KL  is  a  rectangular  hyperbola,  of 
which  OA  and  ON  are  the  asymptotes.  This  space  KCHL, 
the  measure  of  the  curvilineal  area  AEF,  is  thus  given. 

Cor.   Let  the  base  AB  be  denoted  by  2d,  the  radia9 
OC  by  r,  and  the  absciss  AE  by  or ;  then  the  ordinate  EF 

ssrtan.^.    Again,  the  curvilineal  space  AEF,  being 

equivalent  to  the  hyperbolic  surface  KCHLj  is  expressed 

byrfo5.(-^). 
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XIV.    CURVE  OF  SECANTS. 

ffi  from  a  given  point  in  an  extended  lind^  segments 
be  taken  equal  to  the  arcs  of  a  given  circle^  and 
perpendiculars  erected  equal  to  the  corresponding 
Secants^  their  vertices  mil  lie  in  the  Curve  of 
Smcants. 

On  the  extended  line  AB  (fig.  193)^  let  the  segment  A£ 
be  taken  equal  to  the  arc  CO  of  a  given  circle,  and  from 
the.  point  E  draw  the  perpendicular  EF  equal  to  the  &- 
cant  OTj  the  locus  of  F  will  be  the  Curve  of  Secants. 

This  curve  will  evidently  begin  at  I,  the  top  of  a  per- 
pendicular AI,  equal  to  the  radius ;  it  will  then  bend  gra- 
dually upwards  till  it  vanishes  into  space  along  the  middle 
perpendicular  OM ;  but  it  will  next  form  a  similar  branch 
on  the  bther  side  of  OM,  descending  from  indefinite  re- 
moteness till  it  falls  into  K,  corresponding  to  the  point  I. 
These  two  branches  resting  on  the  axis  will  be  repeated 
through  all  the  successive  semicircles: 

* 

DEFINITIONS. 

1.  Hie  given  circle  is  termed  the  Generating  Circle. 

2.  The  extended  line  AB  is  called  the  Axis^  of  which  any 
segment  AE  is  an  Absciss^  and  the  perpendicular  EF 

*    an  Ordinate. 


\ 
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PROP.  I.    PROB. 

^t  any  point  in  the  curve  of  secants  to  apply 
a  tangent. 

Let  it  be  required,  through  the  point  F,  (fig.  193.)  ito 
draw  a  straight  line  that  shall  touch  the  curve. 

Through  the  proximate  pointy* extend  the  line  of/*F£s 
draw  F^  andy^  parallel  to  AO  and  OM,  make  the  ele« 
nientary  arc  6^  equal  to  F^,  project  the  secant  Ogrf^  and 
erect  Tr  perpendicular  to  OT. 

It  is  obvious,  that>  or  ir  iFipovGg::  EF  or  OT :  SE ; 
but,  having  drawn  OR  perpendicular  to  OT  and  meet- 
ing TC,  iriTt:  :  OT  :  OR,  and  T^  :  Gg  : :  OT  :  OG 
or  OC  : :  OR :  CR ;  whence,  by  compounding  these  ana- 
logies, tr:Gg::OT:CR;  and  consequently  OT  :  CR 
: :  OT :  SE,  and  CR  is  equal  to  the  subtangent  SE. 


PROP.  II.    PROB. 

To  find  the  area  of  any  portion  of  the  Curve  of 
Secants. 

Let  it  be  required  to  measure  the  area  of  the  space  in- 
tervening between  the  origin  of  the  curve  (fig.  193.),  and 
the  ordinate  corresponding  to  the  secant  OT. 

Draw  GN  to  the  extremity  of  the  perpendicular  diame- 
ter MN,  make  OL :  Oil : :  OT :  LP ;  assume  likewise  the 
proximate  secant  O/,  join  gN,  and  make  01  :  OH  : : 
Ot :  Ip. 


%  • 
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Considering  the  elementary  arc  Gg  as  coincident  with 
the  tangent  at  6,  the  triangles  GNg  and  LN/  are  simi- 
lar ;  for,  having  the  same  vertical  an^e,  the  angle  NgG 
standing  on  the  arc  6CN  is  equal  to  the  angle  NL/ 
Bubtendied  by  the  two  arcs  CG  and  ND,  which  are  toge- 
ther equal  to  GCN.  Wherefore  NL  :  Ng  or  NG  :  : 
U  :  Gg ;  but,  from  the  property  of  parallel  and  diverging 
lines,  NL :  NG  : :  OL  :  OH,  and  consequently,  OL :  OH 
: :  L;  :  G^.  Now,  by  construction  f  OL :  OH : :  OT :  LP, 
and  by  identity  of  raUos  OT  :  LP  :  :  U  :  Gg ;  whrace 
OT.Ggs: LP.L2.  But  the  rectangle  OT.Qg  is  an  element 
of  the  curve,  and  therefore  LP.L/,  or  the  minute  space 
PLi^,  is  likewise  such  an  element  Again,  from  the  pro- 
perty of  paralld  and  converging  lines,  OH :  OG  or  OC  : : 
OC  :  OT,  and  OH.OT=OC*  5  but  since  OL  :  OH  :  : 
OT  :  LP,  it  follows,  that  the  rectangle  OL,LP  is  equiva- 
lent to  OH.OT,  and  therefore  to  the  square  of  OC  or  CK. 
Wherefore  the  curve  KP  is  a  rectangular  or  equilateral 
hyperbola,  which  has  O  for  its  centre,  and  OC  and  ON 
for  its  asymptotes.  The  area  of  a  portion  of  the  curve 
of  secants  is  hence  measured  by  the  hyperbolic  space 
KCLP. 

Scholium.  It  is  evident  that  OL,  the  absciss  of  the  hy- 
perbola, is  the  tangent  of  the  angle  ONL  or  of  half  the 
complement  of  the  arc  CG.  Whence,  if  CG  be  denoted  by 
a,  OC  by  r,  and  the  ratio  of  the  diameter  to  the  circum- 
ference of  a  circle  by  1 :  t  ;  the  area  of  the  curve  of  se- 
cants corresponding  to  the  arc  CG  will  be  expressed  by 

r*  log,  tan.  -— — .   If  a  were  to  mark  the  length  of  the 

arc  in  degrees,  the  radius  being  reckoned  unit ;   the  ex-i 
prcssion  for  the  curvilineal  area  would  become  simply 
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hg.  fan.  >  the  known  measure  of  the  meiidtoQal 

extension  according  (||  Wright's  or  Mercator's  prqection 
of  the  sphere*  In  that  delineatioq,  where  the  several  me* 
ri^i^Qs  ^re  r^preseqted  hy  parallel  linesi  while  the  rel^tife 
prpportipiiis  of  th/9  degr^s  of  latitude  and  longitude  are 
prie^erve^i  all  the  vertical  divisions  qu  those  meridians  ar^ 
enlarged  in  the  inverse  ratio  of  the  cosine  of  the  latitpd^ 
or  in  tim  direct  ratio  of  its  secant  The  Ii»ngth  of  this  ar- 
tifijcial.  meridian  is  therefore  as  the  area  of  the  curve  of 
seca^^y  imi  is  hepce  denoted  by  the  logji^rithmlc  t^pgen^ 
of  fU9  iir/9  itoraposed  of  45  dcgr^ies  and  h^ilf  the  g^ven  arc. 
The  same  conclusion  is  derived  from  the  property  of  the 
Tr*ctcvy. 


Tbe  Cftrves  qv  Figures  of  SiQ^  T^ngent^  and  Si^cw^ 
appear  to  bwe  been  sii^^ested  by  the  mode  vhipb  I^wa|r4 
Wright  took  to  form  the  Meridional  Parts,  by  cpntmiudly 
adding  the  successive  secants  of  every  minute  of  jthe  qnar 
drant.  The  extension  of  the  meridian  by  his  projection 
must  evidently  be  proportional  to  the  area  of  the  curve  of 
secants ;  but  the  beautiful  property  that  this  area  is  express- 
ed  by  the  logarithm  of  the  cotangent  of  the  semi-arc  was 
first  discovered  by  our  famous  countryman  James  Gregory, 
and  demonstrated  in  his  Exercitationes  Geometrica^  pub- 
lished at  London  in  1668. 

These  curves  had  attracted  the  notice  of  Mathematicians 
early  in  the  seventeenth  century,  and  their  general  proper- 
ties were  gradually  brought  into  view.  If,  instead  of  the 
area  themselves,  their  complements  or  supplements  be  as- 
sumed, the  resulting  figures  will  continue  essentially  the  * 
same,  only  affected  by  slight  changes  in  the  ramification. 
In  the  curve  of  sines,  the  successive  branches  are  formed 
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equally  on  both  sides  of  the  axis ;  in  the  curve  of  cosinesi 

a  whole  branch  lies  on  the  one  side  and  two  half  branches 

« 

occupy  the  other  side  of  the  axis.    ^ 

The  Companion  of  the  Cydoid  is  fundamentally  the  same 
as  the  Curve  of  Sines.  For  through  the  centre  of  the 
generating  circle  draw  (fig.*  176.)  AOC  parallel  to  the 
base,  and  let  6K  be  any  other  parallel ;  then  AO  is  equal 
to  the  quadrant  BE,  and  GK  is  equal  to  the  arc  BI; 
consequently  AF  is  equal  to  the  arc  lEl,  and  the  perpendi- 
cular GF  is  equal  to  IH  its  sine.  Wherefore,  on  the  ex- 
tended axis  AOC,  the  abscissa  being  taken  equal  to  the 
arcs  of  the  generating  circle,  the  corresponding  ordinates 
are  equal  to  their  sines* 

The  very  ingenious  Dr  Brook  Taylor  discovered  that 
the  Harmonic  Curve,  or  the  curve  which  a  musical  string 
assumes  in  the  act  of  vibration,  is  only  a  prolonged  curve 
of  sines,  having  all  its  ordinates  diminished  after  the  same 
varying  ratio.  This  beautiful  result,  he  demonstrated  in 
his  profound  work  on  Increments^  which  appeared  in  17 16. 
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XV.    EQUABLE  SPIRAL. 

jy^  a  straight  line  revolve  tmiformhf  about  its  esitrer 
mty^  a  point  which  travels  likewise  uniformly 
along  it,  will  describe  the  Equable  SpiJUdz. 

Let  (fig.  209.)  the  straight  line  PABCD  torn  always 
uniformily  about  its  extremity  P$  a  point  which  advances 
along  it  likewise  by  an  uniform  motion  and  arrives  succes- 
sively  at  A,  B,  C,  D,  &c.|  and  at  a,  b,  c,  d,  3&c.t  will  trace 
out  the  curve  called  the  Equable  Spiral. 

DEFINITIONS. 

1.  The  point  P  about  which  the  line  revolves  is  called  the 
Pole. 

2.  The  portion  of  the  revolving  line  intercepted  between 
the  pole  and  the  curve  is  termed  a  Radiant, 

3.  The  primary  position  of  the  revolving  line  forms  the 
Axis. 


PROP.  I.    THEOR. 

The  radiant  of  the  Equable  Spiral  is  ptopor' 
tional  to  the  angle  which  it  has  described. 

For  while  the  revolving  line  (fig.  210.)  passes  into  the 
position  PBy  and  measures  out  the  angle  APB^  the  tra- 
cing point  advances  by  a  corresponding  movement  from 
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P  to  B ;  the  angular  and  progressive  spaces  are  hence 
proportional  to  the  time  of  description^  and  therefore 
proportional  to  each  other. 

As  the  radiant  continually  augments^  so  the  angle  about 
the  pole  acquires  a  similar  increase.  At  every  revolution, 
the  radiant  gains  equal  accessions,  (fig.  209.)  AB,  BC,  BD, 
tec.  and  «acfa  of  these  portions  must  be  to  the  radiant  us 
four  right  angles  to  the  elapsed  imglet 

Cor.  A  right  angle  hiring  denoted  by  X,  and  any  other 
elapsed  angle^  whether  greater  or  less  than  a  circuit,  by  ^, 
Ihe  wrrecppudiog  radiaot  being  expressed  by  By  while  r 
dmotfis  th0.  jFjsL^iMi  of'  a  whole  revolution  i  then  will 

4 


PROP.  11.    PROB. 

To  divide  a  given  angle  into  any  number  of 
equal  parts,  by  help  of  the  Equable  Spiral. 

Let  it  be  required  to  divide  a  given  angle,  suppose  into 
three  ttqi^l  parts,  by  the  application  of  thi«  SpiraL 

Draw  the  radiant  PB  (fig.  210.),  making  with  the  axis 
of  the  Spiral  an  angle  APB,  equal  to  the  given  angle,  tri- 
sect PB  in  the  points  F  and  G,  and  from  P  as  a  centre 
describe  the  arcs  FH  and  GI,  and  draw  the  radiants 
PH  and  PI,  which  will  divide  the  angle  APB  into  the 
eqiiat  angles  APH,  HPI  and  IPA. 

For,  by  the  last  proposition,  PA :  PG  : :  APB  :  APH, 
and  PF  being  the  third  part  of  PA,  the  angle  APH  must 
be  one-third  of  APB.  Again,  PA  :  PG  : :  APB  :  API, 
and  PG  being  two-thirds  of  PA,  the  angle  API  must  like- 
wise be  two*third  parts  of  APB. 
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PROP.  III.    THEOR. 

The  subtangent  to  any  point  of  the  Spical  is 
equal  to  the  arc  of  a  circle  described  by  the  ra« 
diant. 

If  the  line  BT  (fig.  210.)  touching  the  Spiral  m  the 
point  By  be  produced  to  meet  the  perpendicalar  PT,  Ihis 
subtangent  will  be  equal  to  the  elapsed  are  AB,  descri* 
bed  by  PB  as  a  radius. 

For  draw  the  proximate  radiant  Vb^  and  describe  the 

minute  anc  P|3.  The  elementary  triangle  B^&  is  evident* 
]y  similar  to  the  right-^mgled  triangle  PTB,  and  tberefiare 
^bf  the  increment  of  the  radiant  PBf  is  to  |3B|  the  incar^ 
ment  of  the  elapsed,  arc  ABP,  as  PB  to  PT»  the  subtan-* 
gent ;  but»  £rom  the  first  prqfxisition,  fib  h  to  |3B  as  $he 
radiaat  PB  itself  is  to  the  elapsed  arc  AB,  and  ooase* 
quently  PB  is  to  AB  as  PB  to  the  subtangent  PT, 
which  mnst  thus  be  equal  to  the  elapsed  arc  AB. 

Cor.  Henoe  at  the  termination  of  the  firsts  second,  third 
imd  fourth,  &c.  revolutions,  the  corresponding  snbtanF- 
gents  are  as  the  series  of  square  numbers,  1, 4,  9,  and  H^ 
&C.  %  for  the  second,  third,  fenrth,  &c.  -subtangents  aoe 
equal  to  two,  three,  four,  &c.  circumferences,  whose  ra^ 
ase  at  the  same  time  JouiDOed,  tripled,  qoadri^led,  &c.  la 
general,  the  radiant  of  a  complete  revolution  being  deao- 
ted  by  r,  the  angle  elapsed  in  reference  to  a  right  angle 
by  ^,  and  the  circumference  of  a  cirde  whose  diameter  is 
nnit'by  ^ ;  then  will  the  subtangent  corresponding  to  one 
reydlution  be  2^^*,  and  the  subtangent  corresponduig  to 
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any  other  polar  angle  will  be29rr.(~)  = — .^%  or  ex- 
pressed in  terms  of  its  radiant  R^  the  subtangent  is 

2 


PROP.  IV.    THEOR. 

If  the  Equable  Spiral  be  divested  of  its  radiating 
structure,  it  will  become  transformed  into  a  para- 
bola of  the  same  corresponding  dimensions* 

Let  there  be  always  taken  (fig.  211.)  half  of  the  subtan* 
gent  PT  for  the  absciss  KM,  and  the  radiant  PB  itself  for 
the  iN-dinate  ML,  and  a  parabola  will  arise  which  is  equal 
in  every  respect  to  the  Equable  Spiral. 

For  draw  the  normal  BE,  and  let  PA  be  the  direction 
of  the  axis.  Call  the  radiant  of  the  first  revolution  R,  the 
circumference  of  a  circle  described  by  it  C,  the  circumfe* 
rence  of  the  circle  described  by  the  radiant  PA  being  c. 
From  the  genesis  of  this  Spiral,  c  is  to  the  arc  AB,  or  the 
subtangent  PT,  as  R  is  to  PA,  and  alternately  c  is  to  R 
as  PT  to  PA ;  but  the  right-angled  triangles  TPB  and 
BPE  being  similar,  PT  :  PA  :  :  PA  :  PE ;  and  conse* 
quently  c  is  to  R  as  PA  to  PE,  or  alternately  c  is  to  PA 
as  R  to  PE.  But  the  circumference  c  is  evidently  to  its 
radius  PA  as  C  to  R,  and  therefore  C  :  R  :  :  R :  PE  ; 
whence  C  and  R  being  both  given,  the  third  term  P£  of 
the  proportion  is  likewise  a  given  line.  Now,  the  right* 
angled  triangle  TBE  being  divided  by  a  perpendicuIar^ 
PB*  =  PT.PE=iPT.2PE;  whence  PB  and  the  half  of 
FT  are  the  absciss  and  ordinate  of  a  parabola  which  has 
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2PE  for  its  parameter  or  P£  for  its  semiparameter.  In 
this  parabola,  MN  and  MO  are  equal  to  the  tangent 
BT  and  normal  PE,  the  subtangent  NM  is  double  of  the 
absciss  KM9  and  the  subnormal  MO9  being  equal  to  PE, 
is  the  semiparameter* 

Cor.  Hence  conversely,  if  the  absciss  KM  of  the  para« 
bola  be  divided  into  minute  spaces  Ko,  ah^  be,  &c.  and  or- 
dinates  erected  from  the  points  of  section,  and  diagonals 
drawn ;  the  sectors  Kf^fag^  glh^  &c.  being  placed  together 
about  P,  will  form  the  representing  spiral,  which  must 
therefore  contain  half  the  parabolic  space  KLM. 

PROP.  V-    THEOR. 

The  length  of  a  portion  of  the  Equable  Spiral 
is  the  same  as  that  of  an  arc  of  the  corresponding 
parabola. 

Make  the  circumference  of  a  circle  (fig.  212.)  to  its  ra- 
diu89  as  the  first  radiant  PA  to  PE  or  MO  the  semipara- 
meter of  the  parabola,  in  which  insert  the  ordinate  ML 
equal  to  the  radiant  PB ;  then  will  the  part  of  the  spiral 
line,  sweeping  from  its  pole  to  the  point  B,  be  equal  to  the 
parabolic  arc  KL. 

For  assume  the  proximate  radiant  P6,  and  make  the  or- 
dinate ml  equal  to  it    The  elementary  triangles  B^d^  and 

L>J,  being  similar  to  the  equal  triangles  TPB  and  NLM9 
and  having  also  the  equal  sides  fib  and  X/,  are  therefore 
equal,  and  hence  the  element  Bi  of  the  spiral  is  equal  to 
the  element  LZ  of  the  parabolic  arc.  Wherefore  the 
spiral  branch  PB,  which  results  from  the  addition  of  B6,  is 
equal  to  the  curved  line  KL,  which  likewise  proceeds  from 
the  corresponding  accessions  of  U. 
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PROP.  VI.    THEOR. 

The  space  included  by  a  radiant  of  the  Equable 
Spiral  is  the  third  part  of  the  area  of  the  elapsed 
circular  sector. 

The  space  between  spiral  sweep  and  the  radiant  PB 
(fig.  21,2),  is  the  third  part  of  the  area  of  the  sector  APR 

For  the  elementary  triangles  PB&  of  the  spiral  is  evi- 
dently half  of  the  elementary  rectangle  Lm  of  the  parabola^ 
and  therefore  the  spiral  space  is  half  of  the  parabolic  seg- 
ment KML|  or  equal  to  the  exterior  segment  KQM,  and 
is  consequently  the  third  part  of  the  circumscribing  rect- 
angle KQML.  But  this  rectangle  is  equivalent  to  the 
sector  APB ;  for  the  side  ML  is  equal  to  the  altitude  PA 
or  PB,  and  KM  is  equal  to  the  half  of  AB  the  cirpular 
base.  Whence  the  spiral  space  PB  is  the  third  part  of 
the  area  of  the  circular  sector  ABP. 

Cor,  Hence  the  whole  spaces  described  by  the  radiants 
of  the  Equable  Spiral  at  the  end  of  the  first,  second,  third, 
and  fourth  revolutions,  &c.  are  as  the  series  of  squares 
1, 4, 9,16,  &c.,  and  therefore  the  intervening  spaces  are 
as  the  successive  odd  numbers  3, 5,  7,  &c. 


PROP.  VII.    PROB. 

To  find  the  circle  of  osculation  at  any  point  of 
an  Equable  Spiral. 

Let  it  be  required  to  describe  (fig.  213.)  a  circle  that 
shall  osculate  with  the  Spiral  at  the  point  B. 
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Let  BT  be  the  tangent,  and  BE  its  normttf  and  as- 
sume the  proximate  point  b  and  the  corresponding  tan- 
gent bt  and  normal  be.  The  subtangents  being  always 
equal  to  the  elapsed  arcs,  the  excess  tr  of  P^  above  PT  is 
equal  to  the  excess  of  the  proximate  arc  ab  above  AB. 
But  this  excess  must  be  composed  of  Bfi  and  of  the  excess 
of  the  arc  aw  above  AB;  make  t6  equal  to  Bfi^  and  join 
Ttf.    It  is  obvious  that  the  radius  PB  is  to  the  arc  AB  or 

the  subtangent  PT  as  /8&  to  rtf,  the  excess  of  au  above 
AB ;  but,  the  elementary  triangle  bfiB  being  similar  to 
BPT,  PB  is  to  PT  as  fib  to  Bfi,  which  is  hence  equal 
to  T^f  the  increments  rt  of  the  subtangent  being  thus  dou- 
ble of  r^  or  B^. 

The  right  angled  triangle  BPT  is  evidently  similar  to 

TtH,  and  therefore  BT  :  PT  :  :  /^ :  Tr,  or  alternately 
BT  :  r0  :  :  PT :  Tr  j  whence  the  minute  angle  TB^  is 
equal  to  TP^  or  BP6.  But  this  angle  is  likewise  equal  to 
BEby  for  the  triangles  Bfib  and  BPE  being  similar, 
BP :  BE : :  B^  :  Bi,  and  alternately  BP  :  B^s  : :  BE  :  Bd ; 

wherefore  if  TB^  had  been  the  whole  increment  which  the 
tangential  ^ngle  received,  the  normals  from  B  and  b  would 
have  then  met  in  E,  and  assigned  this  point  as  the  centre 
of  the  osculating  circle.  But  the  angle  made  by  the  tan- 
gent receiving  a  larger  increment  TB^,  the  normals  BE 
and  be  acquire  an  equal  ingjination  Bsb,  and  therefore  they 
unite  sooner  and  indicate  a  greater  curvature. 

Produce  TP  till  EQ  be  equal  to  PE,  and  upon  BE  let 
fall  the  perpendicular  QR.  It  is  obvious  that  the  triangles 
PBE  and  BEQ  are  similar  to  Tr^  and  T6£ ;  whence  BE 
is  to  BR  as  T^  to  Ts,  and  as  the  angle  TB^  or  BEb  to 
TBg  or  Bsb ;  but  the  angle  BEi  is  to  Bsb  as  BS  to  BE, 
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and  tberdfbre  BE :  BR : :  BS :  BE»  or  alternately  BR :  BE 
:  :  BE :  BS. 

Hence  the  centre  of  curvature  is  readily  found ;  for^ 
perpendicular  to  the  radiant>  draw  PE  to  meet  the  normal) 
and  produce  it  to  an  e<}ual  distance  EQ,  let  fall  the  per- 
pendicular QR|  and  make  BS  a  third  proportional  to  BR 
and  BE ;  the  point  S  is  the  centre  of  the  osculating  circle. 

Cor*  Hence  the  radius  of  curvature  at  any  point  B  of 
this  Spiral)  is  very  nearly  equal  to  a  perpendicular  BV  let 
fall  upon  the  axis. 


The  Equable  Spiral  was  first  proposed  by  Conon  of 
Samos  to  his  friend  Archimedes,  who  displayed  the  re- 
sources of  his  mighty  genius  in  the  spring  of  Geometrical 
Science  by  disclosing  the  chief  properties  of  the  curve.  It 
is  hence  commonly  named  the  Archimedean  Spiral.  The 
very  curious  property  of  its  assimilation  to  the  Parabola 
was  discovered)  before  the  middle  of  the  seventeenth  cen- 
tury, by  Gregory  of  St  Vincent. 
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XVL   HYPERBOLIC  SPIRAL. 

][f^from  a  point  in  a  straight  given  byposition^  arcs 
be  described  qf  a  given  lengthy  the  locus  qf  their 
ea^tremifies  is  the  Reciprocal  or  Htpebboltc 
Spiral. 

Let  AB,  CD,  EF,  &c.  (fig.  214.)  be  arcs  all  of  tlie  same 
length  described  from  the  point  P,  their  summits  A,  £, 
&C.  will  mark  out  the  Reciprocal  or  Hyperbolic  Spiral, 

DEFINITIONS. 

1.  The  centre  P  of  the  successive  arcs  is  called  the  Pole 
of  the  curve. 

2.  The  straight  line  PF  on  which  those  arcs  are  construct- 
ed is  called  the  Axis. 

3.  A  straight  line  FE  drawn  to  any  point  B  of  the  curve 
is  a  Radiant,  a  perpendicular  EI  to  the  axis  an  Ordi' 
nate,  the  intercepted  portion  PI  being  the  correspond- 
ing  absciss. 

4.  By  an  extension  of  analogy^  a  perpendicular  PT  erect- 
ed from  the  pole  to  meet  a  tangent  AT,  may  be  called 
a  Svbtangent. 

2  £ 
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PROP.  I.    THEOR. 


The  radiants  of  the  Hyperbolic  Spiral  are  in- 
versely as  the  angles  which  they  make  with  the 
axis. 

Let  (fig.  SI 4.)  PA  and  PC  be  any  two  rMliantd  d  the 
curve  i  then  PA  will  be  to  PC  reciprocally  bs  the  angles 
BPA  and  DPC,  or  as  the  angle  DPC  is  to  the  Angle 
CPA. 

For  the  concentric  sectors  BPI  and  DPC  being  simi- 
lar, PI  or  PA  is  to  PC  as  the  arc  BI  is  to  the  arc  DC, 
which,  from  the  nature  of  the  curve,  is  equal  to  BA ;  con- 
sequently PI  is  to  PC  as  61  to  BA,  that  is,  as  the  angles 
BPI  or  DPC  is  to  the  angTe  BPA. 

Cor.  Hence  a  given  angle  may  be  divided  into  any  num- 
ber of  equal  parts.  Thus,  let  it  be  required  to  trisect  the 
angle  APB.  Take  PF  =  3PB,  describe  the  arc  FE ; 
again,  make  PB  :  PD  :  :  2  :  3,  describe  the  arc  DC,  and 
join  PC.  The  three  angles  APC,  CPE  and  EPF  are 
evidently  all  equal. 

Scholium.  Hence  the  radiants  and  the  angles  which  they 
make  with  the  axis,  stand  in  the  same  relation  to  the  ab- 
scissaf  and  the  ordinates  of  the  hyperbola  applied  to  the 
asymptote.  The  name  of  Reciprocal  or  Hyperbolic  Spiral 
is  therefore  sufficiently  appropriate.  As  the  radiants  ex- 
pand,  they  become  always  less  inclined  to  the  axis  of  the 
curve.  This  spiral  must  hence  bend  continually  to  a  pa- 
rallelism with  the  axis,  from  which  its  distance  can  never 
exceed  the  length  of  an  arc  AB.  If,  therefore,  a  per- 
pendicular DG  be  made  equal  to  AB,  the  parallel  GH  will 
be  an  asymptote  to  the  curve. 
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PROP.  II.    THEOR. 

A  subtangent  to  the  Hyperbolic  Spiral,  is  equal 
to  the  length  of  the  constituent  arc. 

Let  AT  (fig.  2lif.)  touch  the  curve  at  A  and  meet  PT 
a  p^rpendicofan*  to  the  radiant  PA ;  the  segment  PT  will 
be  equal  to  the  length  of  any  intercepted  arc  AB. 

For  assume  the  proximate  radiant  Pa,  and  describe  the 
arc  aaC.  The  right-angled  triangle  APT  is  obviously 
similar  to  the  elementary  triangle  Aaa^  and  consequently 
PA :  PT  : :  au  :  a Ai  or  alternately  PA  :  aa  : :  PT  :  aA. 
But  aPB  and  aPb  being  concentric  sectors.  Pa  or  PA  is 
to  Pa  as  the  arc  aB  to  ab  or  AB,  and  by  division  PA  is 
to  au  as  AB  to  aA.  Whence,  by  identity  of  ratios,  PT 
is  to  a  A  as  A  B  to  the  same  aA,  and  therefore  PT  is 
equal  to  the  arc  AB. 

Cor,  Hence  the  tangent  of  the  deflexion  of  the  curve 
from  a  radiant  is  proportional  to  the  angle  which  the  ra- 
diant itself  makes  with  the  axis.  For  AP  being  the  ra- 
dius, PT  is  the  tangent  of  the  deflexion  PAT,  while  the 
arc  AB,  which  is  equal  to  it,  measures  the  angle  BPA. 

PROP.  III.    THEOR. 

Any  sector  of  the  Hyperbolic  Spiral  is  equiva- 
lent to  half  the  rectangle  under  a  radiant  and  the 
length  of  the  constituent  arc. 

The  space  inclosed  from  the  origin  of  the  curve  to  the 
radiant  PA  (fig.  2l4f.)  is  equivalent  to  half  of  the  rectan- 
gle under  this  radiant,  and  AB  or  PG. 
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For  draw  the  proximate  radiant  Pci  and  from  the  pole 
describe  the  minute  arc  ab,  and  erect  PT  perpendicular 
to  the  tangent.  The  elementary  triangle  APa  is  equiva- 
lent to  half  the  rectangle  under  its  base  PA  and  the  al- 
titude aA  ;  but  the  right-angled  triangle  Aaa  being  evi- 
dently similar  to  PAT,  PA :  PT  : :  aa  :  aA,  and  PT.fla 
s:  PA.aA.  Wherefore  the  elementary  triangle  AFa  is 
equivalent  to  half  the  rectangle  under  the  constant  subtan- 
gent  PT  and  Aa  the  increment  of  the  radiant.  The  col- 
lective amount  of  AFa,  or  the  Spiral  space  limited  by  the 
radiant  PA,  is  hence  equivalent  to  half  the  rectangle  un- 
der PT  and  the  whole  extent  of  the  spiral  from  its  origin, 
or  equivalent  to  the  right-angled  triangle  APT. 

Cor.  Hence  the  spiral  space  included  between  the  ra- 
diant PA  and  PC,  and  between  this  and  the  radiant  P£, 
are  equivalent  to  the  rectangles  under  PT,  and  the  ex- 
cess of  PC  above  PA,  and  of  PE  above  PC. 


PROP.  IV.    THEOB. 

If  the  Hyperbolic  Spiral  were  divested  of  its 
radiating  structure,  it  would  be  converted  into  an 
equal  Logarithmic  Curve,  having  the  same  sub- 
tangent,  but  the  radiants  changed  into  ordinates. 

If  the  radiants  PA  (fig.  214.)  were  placed  perpendicu- 
larly to  the  base  CA  (fig.  170.)  and  at  mutual  intervals 
equal  to  aa,  their  summits  would  range  in  a  Logarithmic 
Curve  representing  the  Hyperbolic  Spiral. 

For  the  elementary  triangles  Aaa  and  ttz^M  would  evi- 
dently be  equal,  and  likewise  the  right-angled  triangles 
APT  and  MBR ;  consequently  the  subtangent  BR  would 
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be  equal  to  PT  and  therefore  constant,  which  is  a  distin- 
guishing property  of  the  Logarithmic  Curve. 

The  length  of  this  curve  is  hence  equal  to  that  of  the 
Hyperbolic  Spiral,  and  the  interval  between  two  ordi- 
nates  is  equal  to  the  arc  intercepted  between  the  corre- 
sponding radiants.  The  area  of  the  Logarithmic  Curve, 
however,  is  double  of  the  corresponding  space  in  the  spi- 
ral ;  for,  being  equivalent  to  the  rectangle  under  BM  and 
BR,  it  is  double  of  the  triangle  MBR  or  APT,  the  mea- 
sure of  the  space  described  by  the  radiant  PA. 


The  Hyperbolic  Spiral  appears  to  be  the  invention  of 
James  BemouUL  Its  properties  are  not  numerous,  but 
they  serve  to  mark  the  contrast  and  analogy  of  a  class  pf 
related  curves.  The  Logarithmic  Spiral  had  been  de? 
monstrated  in  the  Prindpia  to  be  the  Trajectory  which 
corresponds  to  an  attractive  force  inversely  as  the  cube  pf 
the  distance*  James  Bernoulli  discovered  thai;  the  Hyper- 
bolic Spiral  would  have  answered  the  samq  law.  Such  is 
the  confusion  which  would  have  resulted  in, the  System, 
whether  the  planets  were  scattered  by  spreading  convolu- 
tions, or  were  carried  away  nearly  in  determinate  direc- 
tions through  boundless  space. 
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XVIL    LOGARITHMIC  SPIRAL. 

■  ■  •  ■ 

If  an  extended  straight  tine  turn  umfbrmbf  about 
its  extremity^  a  point  which  is  carried  along  it^ 
with  a  celerity  proportioned  to  the  distance  Jrom 
that  centre^  will  describe  the  Logistic  or  LogA" 
niTHMic  Spiral. 

Let  the  indefinite  line  (fig.  ^\5.)  PALY  resolve  unU 
formly  abemt  a  fixed  point  P,  while  awnytber  poini  A 
eillier  advances  or  recedes  on  tfaat  line,  but  with  a  ceUrit3r 
always  as  its  distance  froiti  the  common  centre  of  tnodoD ; 
it  wiH  trace  out  the  Logistic  or  Logarithmie  Spir4d. 

When  the  point  A  advances  along  tho  revolving  line, 
it  is  obvious,  that  the  spiral  mnst  €well  continually  oui- 
"wards ;  but  when  that  tracing  point  recedes,  (|he  curve  will 
perpetufiHy  contract  in  a  constant  approRiiiiiatton  to  the 
centre. 

DEFINITIONS. 

1.  The  centre  of  revolution  is  called  the  Pole  of  the  Lo- 
garithmic Spiral. 

3.  Any  straight  line  drawn  from  the  pole  to  a  point  in  the 
curve  is  called  a  Radiant. 

S.  The  complement  of  the  angle  which  a  tangent  makes 
with  the  corresponding  radiant  is  termed  the  Angle  of 
Deflexion, 
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* 

:  P»OP.  J.   THEOR. 

• 

Radiants  which  form  equal  angles,  about  the 
pole  of  the  Logarithmic  .Spiral,  are  coutiaued 
proportionals. 

Let  (fig.  215.)  the  polar  angles  ABP,  BPC,  CPD,  &c.  be 
d! equal;  then  wfllPA  :  PBrt  PB:  PC  :  :  PC  :  PD,  &c. 
For  aaake  P««  PA,  Pj^cr  PB,  P»=  PC,  &c.  Since  the  an- 
^es  >af  revoMion^ice  equal,  the  linear  spaces  jtB,  yc^  zd, 
&c.,  deaenbed  in  the  same  time,  by  the  -motion  of  the 
point  aloag  ftke  radiant,  must  j»e  proportional  to  the  dis- 
tances Pst  P^i  l^Zf  from  the  pole  ;  or  Pj?  :  mH  :  :Fy  zyC 
:  :  PjB  t  niDs  Whence  by  composition  T?s  or  PA  t  PB  : : 
Pjr  or  PB :  PC  : :  P«  or  PC  :  PD,  &c. 

Cor.  I.  k  is  evident,  that  if  equal  angles  AP6,  dPc,  cPd; 
&c.  be  retraced,  the  radiants  PA,  P&,  Pr,  Pd,  &e.  will 
form  A  jdesdendiog  progression  which  is  likewise  in  conti- 
nued proportion. 

Car,  2^  The  angles  about  the  pole  are  thus  the  logarithms 
of  the  ratios  of  the  successive  radiants,  and  hence  the  name 
bestowed  on  this  curve. 

PROP.  11.    THEOR. 

The  tangent  at  any  point  of  the  Logarithmic 
Spiral,  makes  a  given  angle  with  the  correspond- 
bxg  radiant. 

Let  the  straight  line  AT  (fig.  216.)  touch  this  spiral  at 
the  point  A  -,  then  will  the  angle  PAT  have  invariably 
the  san\e  magnitude. 
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For  assuming  another  radiant  PB,  draw  the  proximate 
radiants  Pa  and  PA,  making  equal  elementary  angles  APa 
and  BP69  and  describe  the  minute  arcs  Aa  and  B|3. 

Since  the  angles  APa  iand  BP&  are  equal,  the  radiants 

PA  and  PB  must  have  received  increments  oa'and  ^b  pro- 
portional to  themselves ;  but  the  elementary  sectors  being 

similar,  PA  is  to  PB  as  the  minute  arc  Aft  to  B^«  Wbere- 
Tore  Aa :  B|3 : :  aa :  |36,  and  alternately  AaiouiiiB^'.fib; 
consequently  the  right-angled  triangles  Aaa  and  B|3i 
are  similar,  and  the  angle  Aact  is  equal  to  Bb^.  Whence 
the  tangents  at  A  and  B,  which  indicate  the  flexures  of 
the  Spiral,  make  equal  angles  with  their  corresponding 
radiants  PA  and  PB. 

Cor.  Hence  the  angle  APB  exhibiting  the  logarithm  of 
the  ratio  of  PA  to  PB,  if  PA  represent  unit,  the  arc  AC 
described  from  P  will  express  the  logarithm  of  the  ra- 
diant PB. 

Scholium,  It  is  obvious  that  the  greater  is  the  obliquity 
of  this  spiral,  the  more  rapidly  will  its  radiants  acquire  ex- 
tension. While  the  logarithm  of  PA  receives  the  incre- 
ment Aa,  the  radiant  itself  gets  the  accession  osa  i  but  aa 
is  to  to  a  A  as  radius  to  the  tangent  of  the  angle  cuiA  or 
PAT,  which  the  curve  makes  with  the  radiant,  and  con- 
sequently the  tangent  of  this  angle  indicates  the  modulus 
of  the  system  of  logarithms  which  belongs  to  the  particu- 
lar spiral. 

The  scale  of  these  logarithms  depends  thus  on  the  mag- 
nitude  of  the  tangential  angle.  When  that  angle  is  half 
a  right  angle,  as  in  fig.  216.  the  subtangent  PT  being  now 
equal  to  the  radiant  PA,  the  spiral  will  exhibit  the  Na- 
tural Logarithms.  In  general,  if  PA  denote  the  unit,  the 
corresponding  subtangent  PT  must  express  the  modulus 
of  the  System  of  Logarithms. 
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Let  t  denote  the  tangent  of  the  i^ngle  PAT,  r  and  R  any 
two  radiants  PA  and  PB,  a  the  measure  in  degrees  of 
their  iodulded  angle  APB»  and  T  the  drcomference  of  a 
circle  whose  diameter  is  1 :  tbeen  the  natural  logarithih  of 

BL"  a 

— s«/.  -— - .   Suppose  the  cunre  to  cut  its  radiants  at  half 

r  180        ^"^  i  .  ., 

R 

right  angles,  and  the  natural  logarithms  of  — ',  at  the  end 

of  »  half  or  of  a  whole  revolution  will  be  8.141592^  and 
6.28S185S,  the  ordinary  logarithms  being  1.3643761  and 
2.7267527.  Whence  in  this  spedes  of  the  curve,  the 
radiants  would  be  multiplied  in  a  half  revolution  23,1472 
times,  and  in  a  whole  arc  535,4916  times ;  and  it  is  easy 
to  compute  that  they  would  be  doubled  at  every  polar 
angle  of  39^  42^  46^^4.  In  like  manner,  it  might  be  shown, 
that  the  radiants  are  doubled  only  at  the  end  of  an  entire 
circuit,  when  the  angle  of  deflexion,  or  the  complement  of 
the  obliquity  of  the  spiral,  is  6*  17^41'^  but  doubled  at  each 
revohitkni  when  that  angle  is  12*  26^  30"^. 


PROP.  III.    THEOR. 

The  space  limited  by  a  radiant  of  the  Logarithm 
noic  Spiral  is  equivalent  to  half  the  right-angled 
triangle  formed  by  that  radiant,  the  perpendicu^ 
lar  to  it  drawn  through  the  pole,  and  the  cor- 
responding tangent. 

If  PT  (fig.  211.)  be  drawn  at  right  angles  to  PA,  and 
meeting  the  tangent  AT ;  the  sectoral  space  from  the  or^- 
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gw  of  the  spiral  io  tbe  rfldiwt  P A  wiU  ^  Jbalf  of  Ibe  tri^^ 
gteAPT. 

liet  Pa  be  a  pcoximale  nidlimt,  and  (^ap  pmtid  to 
AP I  when  the  sectoral  9p9ce  beoeiQes  augmented  by  the 
jelementary  triangle  APa,  the  right-angled  triangle  APT 
erected  upon  the  radiant  PA  passed  into  a  similar  triangle 
er^ted  upon  Pa  or  the  apprpximating  perpendicular  ap. 
The  triangle  APT  therefore  acquires  the  increment  PAop 
or  APap,  of  which  the  increment  APa  of  the  sectoral 
space  is  eridently  the  one  ha!£ 

Cor.  1.  Hence  PA  is  to  PT  as  JPA*  to  the  space  from 
the  origin  of  the  spiral  to  the  racBant  PA,  and  therefore 
4AP  is  to  PT  as  PB* — PA*  to  the  space  induded  between 
any  two  radiants  PA  and  PB* 

Cor.  2.  If  the  spiral  traverse  Rs  radiants  at  half  r%ht 
angles,  (fig.  216.)  the  triangle  APT,  having  equal  sides 
FT  and  AT,  will  contliin  half  the  area  of  the  square  of 
PA,  and  consequently  the  sectoral  space  will  be  equivalent 
to  a  square  described  upon  the  half  of  the  radiant  PA. 

PROP.  IV.    THEOR. 

The  length  of  the  Logarithmic  Spiral  from  its 
origin  is  equal  to  the  tangent,  limited  by  a  per- 
pendicular to  the  terminating  radiant  through  the 
pole. 

The  curve  winding  from  the  pole  jto  A,  (fig.  211.)  is 
equal  to  the  tangent  AT,  as  determined  by  PT  drawn  at 
right  angles  to  PA. 


For  the  elementary  CriaDgle  Aa«  being  nmikr  to  TPA, 
Aa  iBio  urn  as  PT  to  PA  i  but  PA  is  composed  of  the  indrn^ 
ments  Ka,  and  consequently  PT  must  be  the  accumulatioii 
of  Aa,  which  generates  the  extension  of  the  curve.  The 
spiral  convolutiQO  Irani  the  pqle  tp  A  IB  therefore  equal 
to  the  tangent  PT. 

(!or.  Hmct  tbe  sactoral  space  U  ^qui^^ent  ito  the  sect- 
angle  under  the  length  of  the  spiral  arc,  and  tbeloiiriJi'pf 
the  perpendicular  PD  let  fall  from  the  pole  upon  the  tan- 
gent AT.  7of  this  sectoral  space,  being  lMllf4af  the  area  of 
the  triapgle  APTi  is  tlierefi>re  equivalent  to  tlie  rectangle 
under  the  perpendicular  PD  and  the  fborth  part  -of  the 
base  AT. 


PROP  V.    THEOR. 

The  radius  of  curvature  at  any  point  of  the 
Uafarithmix:  Spiral  i*  die  normal. 

Xet  AN  (fig.  211.)  be  drawn  at  right  angles  to  the  tan- 
gent; ATf  and  meeting  the  extension  of  a  perpendicular 
FT  to  the  radiant  PA  in  N ;  diis  point  N  is  the  centre 
of  the  circle  osculating  M  A. 

For  assume  the  proximate  poijpt  a,  and  join  aN.    The 

rigbt-rSAgled  triangle  APN  is  evidently  similar  to  Aoe^t  and 
coQsequcaitly  PA :  N A : :  Aa  :  Aa,  xxr  alternately  PA  :  Ace 
: :  NA :  Air.  Wherefore  tiie  elementary  sectors  APa  and 
ANa  are  similar,  and  eonsequently  the  angle  APa  or  APa 
k  eqnaj  to  ANa.  But  «ince  the  tangential  angle  remains 
constant,  the  normals  from  A  and  a  must  have  the  same 
inclination  as  the  radiants  PA  and  Fa ;  whence  aN  is  a 
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normal,  and  the  point  N,  where  those  perpendiculars  AN 
and  aN  meet,  is  the  centre  of  the  circle  which  osculates 
at  A. 

PROP.  VL    THEOR- 

The  Involute  of  the  Logarithmic  Spiral  is  the 
same  curve. 

If  a  thread  lapped  about  the  Logarithmic  Spiral  from 
P  to  A  (fig.  217,  and  218.)  be  unfolded,  it  will  produce 
the  very  same  curve. 

For  the  developed  line  AT  is  evidently  the  radius  of 
the  circle  osculating  the  involute  at  T ;  and  consequently 
its  tangent  TV  is  a  perpendicular  to  AT.  Wherefore  the 
angle  PTV  is  the  complement  of  FT  A,  and  is  hence  equal 
to  the  given  tangential  angle  PAT.  But  such  is  the  cha« 
racteristic  property  of  the  Logarithmic  Spiral,  and  conse- 
quently this  involute,  expanding  with  the  same  angle,  is 
only  a  copy  of  the  original  curve,  though  extended  farther 
in  the  ratio  of  its  radiant  PT  to  PA. 

Scholium.  The  Logarithmic  Spiral  may  be  described  me- 
chanically, by  help  of  an  instrument  founded  on  the  prin- 
ciple of  the  equality  of  the  angles  which  this  curve  makes 
with  its  radiants.  AB  (fig.  208.)  is  a  straight  bar  of  brass, 
three  quarters  of  an  inch  broad,  one-eighth  thick,  and  per- 
haps a  foot  in  length.  It  is  divided  longitudinally  by  a 
groove,  and  terminated  by  a  circular  piece  CDE,  within 
which,  a  smaller  circle  of  bell-metal  is  lodged,  having  a 
steel  wheel  with  a  sharp  edge  and  about  one  quarter  of  an 
inch  in  diameter,  implanted  in  the  centre  at  right  angles 
to  its  plane.     The  quadrant  CD  is  marked  with  fine  di- 
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visionsy  and  the  interior  circle  being  turned  into  any  given 
oblique  direction  is  then  secured  by  the  pressure  of  two 
opposite  screws.  A  strong  pin  P  being  stuck  into  .the 
drawing  board»  apd  the  groove  of  the  ruler  passed  over 
it,  the  head  A  is  made  to  advance  under  a  gentle  pres- 
sure, the  wheel  shaping  its  progress  while  BE  glides  dose 
along  P. 

This  instrument  would  evidently  be  of  considerable  use 
to  Architects,  for  describing  ScroUs  and  Volutes^  which  in 
ordinary  practice  are  not  drawn  after  any  correct  principle. 
The  circle  CD£  is  the  same  with  that  which  comiiK>nIy 
occupies  the  origin  of  the  Volute. 

But  a  very  near  approximation  to  the  Logarithmic  Spi- 
ral may  be  derived  from  the  remarkable  property, — that 
the  normal  is  always  equal  to  the  radius  of  curvature— -by 
connecting  the  similar  minute  arcs  of  successive  circles.  Let 
a  circuit  (fig.  219.)  be  divided  into  any  number  of  equal 
angles  APB,  BPC,  CPD,  &c.  about  the  point  P.  Begin- 
ning from  the  point  A,  draw  Ka  parallel  to  PF  next  the 
i^posite  radiant  PG,  to  meet  the  perpendicular  PD,  and 
from  a  with  the  radius  aK  describe  the  arc  AB ;  now  draw 
W)  parallel  to  PG  next  its  radiant  PH  to  meet  the  per- 
pendicular P£  in  5,  from  which  point  with  the  radius  &B 
describe  the  arc  BC.  Continue  this  process  by  describing 
arcs  from  the  successive  centres  c,  d^  e^  &c.  It  is  evident 
that  Aa,  B&,  Cc,  D^,  &c.  are  normals  or  perpendiculars 
to  the  tangents  at  A,  B,  C,  D,  &c.  These  points  are  hence 
accurately  assigned,  and  the  small  aberratiotis  of  the  Spiral 
arising  from  the  sudden  changes  of  curvature  could  easily 
be  corrected  by  a  slight  touch  of  the  pencil  at  the  various 
inflexions. 

It  is  manifest  that  the  centres  a,  &,  c,  d^  &c.  of  the  os- 
culating circle  will  mark  out  theEvolute  of  the  curve,  which 
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h  the  fery  same  Spiral  though  differently  phced  afid  Ies§ 
developed. 

The  figure  thm  produced  by  a  iuccessioit  of  coaleseeat 
fires  described  from  a  series  of  interior  centres,  exactly  re* 
sembles  the  general  form  and  the  elegant  septa  of  the  Nau^ 
tiius^  which  might  be  adopted  wilb  great  effect  in  many 
architectural  ornaments. 


The  Logarithmic  Spiral  was  first  incidentally  noticed  by 
ihe  iHustrious  Des  Cartes,  who,  with  hitk  usual  acoteness 
and  rapidity,  discovered  its  prmcipal  fisatures, — ^theeqoaKrf 
of  the  angles  which  the  curve  makes  with  its  radiants,  and 
the  constant  ratio  of  its  whole  preceding  length  to  tftty  ra«- 
diant.  The  profound  sagacity  of  Newton  arrived  at  the 
remarkable  conclusion,  that  bad  the  force  of  grafvitation 
been  inversely  as  the  cube,  instead  of  the  square  of  the  dis^ 
tance,  the  planets  would  have  all  shot  off  from  Ihe  sun  in 
diffasive  Logarithmic  Spirals,  the  eye  of  science  thm 
catching  a  glimpse  of  that  High  Design  which  presides  in 
the  actual  constitution  of  the  Universe.  James  Bernoulli 
investigated  the  more  abstruse  properties  of  this  Spiral, 
and  was  delighted  with  contemplating  its  perpetual  renash 
cence^  or  its  faculty  of  reproducing  constantly  the  same 
curve,  though  transformed  by  evolution,  or  changed  into  a 
caustic,  either  of  reflexion  or  of  refraction.  Warmed  with 
the  enthusiasm  of  genius,  he  desired^,  in  imitation  of  Archi- 
medes, to  have  the  Logarithmic  Spiral  engraved  on  his 
tomb,  and  directed,  in  allusion  to  the  sublime  tenet  of 
the  Resurrection  of  the  Body,  this  emphatic  inscription 
to  be  afiixed — Eadem  Mutata  Resurgo. 


NOTES. 
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Note  k— Page  IM. 

Thb  three  books,  of  which  this  first  treatise  consists,  are 
designed  to  exhibit  a  distinct  and  comprehensive  view  of  the 
mode  by  which  the  Greek  geometers  conducted  their  Analjsiir. 
For  that  purpose,  I  have  chosen  a  series  of  propositions,  at  first 
extremely  simple,  but  gradually  rising  in  difficulty  as  the  train 
of  investigation  proceeds.  The  first  book,  being  rather  of  a 
miscellaneous  nature,  is  drawn  from  a  variety  of  sources,  and 
now  contains  a  copious  collection  of  the  most  interesting  pro- 
blems* The  Slst  and  S2d  Propositions  exhibit  the  difierent 
analyses  of  the  two  problems  so  famous  in  the  Platonic  school 
— 4Atf  trisection  of  an  angle — and  the  duplication  of  the  eube-^ 
which  led  immediately  to  the  cultivation  of  the  higher  geome- 
try. 

In  the  second  and  third  books,  I  have  endeavoured  to  com« 
prise  all  that  relates  to  the  ancient  analysis  in  its  most  improv- 
ed state,  as  extended  by  the  lsA>ours  of  ApoIIonius  and  his 
illustrious  contemporaries.  Without  omitting  any  material 
proposition,  I  have  yet  avoided  the  prolixity  of  pursuing  in 
detail  their  numerous  subdivisions.  Our  system  of  modem 
education,  embracing  such  a  wide  range,  would  scarcely  in- 
deed afford  leisure  for  indulging  in  those  easy  tasks. 

The  method  of  analysis,  so  deservedly  valued  in  the  ancient 
schools,  was  regularly  studied  after  the  Elements  of  Geometry. 
According  to  Pappus,  it  consisted  of  eight  distinct  treatises : 

1.  The  Data — sn^i  raff  iti^uifm — in  a  single  book  of  consi- 
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derable  lengthi  but  containiDg  propositions  only  of  the  very 
simplest  kind. 

2.  The  Section  of  Ratio — sn^/  Xtyu  i^xaIi^;— in  two  books, 
which  Dr  Halley,  with  much  sagacity  and  incredible  labour, 
restored,  from  a  MS.  in  the  Bodleian  library.  The  object  of 
the  tract  was  the  solution  of  this  problem,  branched  out  into 
a  multitude  of  cases,  and  marked  with  various  limitations  e 
**  Through  a  given  point  to  draw  a  straight  line  intercepting 
segments  on  two  straight  lines  which  are  given  in  position, 
from  given  points  and  in  a  given  ratio.''  It  forms  the  first 
four  propositions  of  the  second  booki 

3.  The  Section  of  Space — m^}  x^'V^  awfltfiUf^n  two  books. 
Of  these  no  vestige  remained ;  but  Dr  Halley,  guided  by  a 
few  hints  from  Pappus,  very  successfully  exerted  his  ingenui- 
ty in  divining  the  original  structure.  It  was  proposed— 
*<  Through  a  given  point,  to  draw  a  straight  line  cutting  off 
segments  from  given  points  on  two  straight  lid^  given  in  posi- 
tion, and  which  shall  contain  a  rectangle  eqtial  to  a  given 
space."  This  occupies  the  propositions  from  the  5th  to  the 
10th  inclusively  of  the  second  book. 

4.  The  Determinate  Section — jn^l  htt^ia-fitnn  IcfMi^ — in  two 
books.  These  were  also  lost ;  but  Dr  Simson,  assisted  by  the 
attempts  of  Schooten,  has  restored  them  in  the  most  luminous 
manner.  Their  object  was — **  To  find  a  point,  the  rectangles 
or  squares  of  whose  distances  from  given  points  in  the  same 
Straight  line  should  have  a  determined  ratio.  They  form 
Prop.  10.— 18.  Book  II. 

5.  Inclinations — wt^i  nv<nvt — in  two  books.  It  was  proposed 
— *<  To  insert  a  straight  line,  of  a  given  magnitude,  and  tend- 
ing to  a  given  point,  between  two  lines  which  are  given  in 
position.''  This  problem  was  restored  by  Marinus  Ghetaldus, 
a  patrician  of  Ragusa ;  and  other  investigations  were  given  by 
Hugo  d'Omerique,  in  his  ingenious  treatise  on  Geometrical 
Analysis,  printed  at  Cadiz  in  1698.  Two  solutions  of  the  case 
of  the  rhombus,  remarkable  for  their  elegance,  appeared  in 
the  posthumous  works  of  Huygens,  who  was  imbued  with  the 
finest  taste  for  the  ancient  geometry.  \  have  condensed  the 
whole  in  Prop.  24—30.  Book  II. 
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6.  Tm^gimdev-Hrg^}  hnt^w  ia  two  books.  Of  this  tract 
only  some  lemmas  were  preserved,  which  enabled  the  cele* 
brated  Vieta  in  a  great  measure  to  restore  it.  Some  of  the  cases 
which  had  escaped  him  were  solved  by  Marinus  Ghetaldus ; 
and  fiurther  improvements  were  made  in  1612,  by  Alexander 
Anderson  of  Aberdeeni  an  ancestor  of  the  Gregorys*  The 
general  problem  occupies  the  remainder  of  the  second  book* 

7*  Plane  Lod — wt^iVwm  wt^mf — in  two  books.  The  ob- 
ject was—**  To  find  the  conditions  under  which  a  point,  vary- 
ing in  Its  position,  is  yet  confined  to  trace  a  straight  line  or  a 
circle  given  in  position.''  This  beautiful  train  of  investigation 
was  partly  restored  by  Schooten  in  1650,  though  after  a  sort 
of  algebraical  form.  The  ingenious  Fermat  succeeded  in  be- 
stowing greater  simplicity  on  the  subject.  But  all  these  at- 
tempts have  been  eclipsed  by  Dr  Simson,  whose  treatise  De 
Locis  Plants,  published  at  Glasgow  in  1749,  is  a  model  of  geo- 
metrical strictness  and  elegance.  The  first  21  propositions  of 
the  third  Book  include  all  the  principal  theorems,  which  I  have 
selected  with  additions.* 

The  six  preceding  branches  of  analysis  were  all  the  crea- 
tion of  Apollonius  of  Perga,  the  most  assiduous  and  inventive 
of  the  Greek  geometers. 

8.  Porisms — sn^i  rit  1r^^^g'fl»lSf — ^in  three  books,  composed 
by  Euclid.  No  trace  of  these  now  remains,  except  some  ob- 
scure hints  of  Pappus,  rendered  still  more  perplexed  by  the 
corrupt  and  mutilated  state  of  his  text.  The  subject  had 
long  proved  an  aenigma  which  it  baffled  the  efforts  of  the  ablest 
and  most  learned  mathematicians  to  unravel.  Fermat  advan- 
ced some  steps ;  but  the  honour  of  completing  the  discovery 
was  reserved  for  our  countryman  Dr  Simson,  whose  restora- 
tion of  the  Porisms  was  given  to  the  scientific  world  in  1776, 
in  a  posthumous  volume,  printed  at  the  expence  of  the  late 
Earl  Stanhope.  From  that  work  I  have  extracted  what  seem- 
ed the  best  suited  to  my  purpose ;  and  I  have  likewise  availed 
myself  of  the  judicious  remarks  and  illustrations  of  mylkte 
distinguished  and  most  lamented  colleague,  Professor  Playfair. 
These  porisms,  with  some  additions,  are  contained  in  Prop. 

22-32.  Book  III. 

2  F 
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The  remaining  propositions  of  the  third  book  relate  to  die 
subject  Isoperimeters  i  which  I  have  treated  with  the  concise-, 
ness  of  the  moderns,  without  departing,  I  hope,  from  the  ri- 
gour of  the  ancient  geometry. 

Note  2. — Page  43. 

It  is  obvious,  that  Prop.  28.  is  the  same,  as  to  find  the  inter* 
section  of  a  given  ellipse  with  a  straight  line  given  by  position. 
The  analysis  of  this  problem,  it  may  be  observed,  brings  out 
the  fundameotal  property  of  Lines  of  the  /Second  Order ;  as 
the  composition  furnishes  another  demonstration  of  the  equa- 
lity of  the  transverse  axis  to  the  sum  or  difierence  of  radiants 
from  the  Jbcif  which  may  be  extended  analogically  to  the  pa- 
rabola. 

Note  3. — Page  45, 

This  proposition  is  only  a  very  limited  jcase  of  the  general 
problem  of  inclinations^  which  occupies  inclusively  from  the' 
24th  to  the  dOth  Propositions  of  the  Second  Book  of  Analysis. 
The  construction  given  in  the  text  is  immediately  deduced 
from  the  second  solution  of  Prop.  30.  Book  IL 

Note  4.— Page  49. 

This  and  the  next  problem,  which  has  been  ascribed  to  n 
response  of  the  Delian  oracle,  called  forth  the  powers  of  the 
ancient  analysis,  and  transcending  the  limits  of  elementary  con- 
struction, led  to  the  discovery  of  some  of  the  higher  curves, 
and  essentially  contributed  to  the  extension  of  geometrical 
science.  For  the  trisection  of  an  angle,  Nicomedes  proposed 
the  conchoid^  the  properties  of  which  are  explained  in  the 
Treatise  of  the  Higher  Curves.  An*  elegant  solution  of  the 
problem  is  given  in  Newton's  Universal  Arithmetic^  by  means 
of  an  hyperbola  whose  asymptotes  form  an  angle  of  120*.  It 
constitutes  Prop.  25.  Book  II.  of  the  Geometry  of  Lines  of  the 
Second  Order. 
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Note5^-Page51. 

Ib  this  proposition^  I  have  condensed  and  endeavoured  to 
simplify  the  fine  speculations  of  the  Greeks,  respecting  the 
duplication  of  the  cube.  The  first  analysis  is  that  given  by 
Hero,  in  his  Mechanical  Instkuiions  ;  and  the  variation  of  it 
was  proposed  by  Philo  of  Byzantium.  The  second  analysis  of 
the  problem  was  given  by  Nicomedes,  and  the  third  by  Pap- 
pus of  Alexandria.  In  the  first  and  second  methods,  the  solu- 
tion may  be  performed  by  the  conchoid ;  in  the  third,  it  is 
effected  by  the  cissoid  of  Diodes,  as  demonstrated  in  the  Trea« 
tise  of  the  Higher  Curves.  Menechmus  solved  the  problem 
in  two  ways— either  by  combining  two  parabolas — or  by  com- 
bining a  parabola  with  a  rectangular  hyperbola.  It  forms, 
Prop.  24;.  Book  11.  Geometry  of  Lines  of  the  Second  Order. 

Note  6.— Page  85. 

This  theorem  is  the  only  one  supplied  by  the  Data  of 
Euclid.  Since  the  angle  BDF  is  half  of  the  angle  ABC, 
and  DB  :  BF  : :  i2  :  tan  BDF,  it  follows  that,  ^R  -.  tan  ^  ABC  : : 
(  AB-fBC)' — AC :  area  of  the  triangle,  or,  by  decomposition^ 
R  :  tan  UBC  : :  (AB  +  BC  +  AC^  (AB+BC-AC^ .  „^^ 

of  the  triangle.  It  hence  follows  that,  assuming  the  for- 
mer notation,  T=«(s — AC)  tan  ^ABC.  This  property  is  a- 
dopted  in  the  last  edition  of  the  Elements  of  Plane  Trigono- 
metry. 

Note  7 Page  101. 

This  and  the  six  preceding  propositions  include  those  cases 
of  the  problem  of  inclinations  which  admit  of  an  elementary 
construction.  The  first  solution  is  borrowed  from  the  geo- 
metrical analysis  of  Hugo  d'Omerique,  and  the  second  from 
the  posthumous  works  of  the  celebrated  Huygens.  To  solve 
the  general  problem  would  require  the  application  of  the 
conchoid. 
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Note  8.— Page  135. 

This  proposition,  extended  to  points  in  different  planes.  Air* 
nishes  a  legitimate  demonstration  of  the  remarkable  property 
of  projected  masses,  which  forms,  in  Newton's  Prindpta^  the 
fourth  corollary  to  the  laws  of  motion ;  namely,  that  of  any 
system  of  bodies  impressed  with  uniform  and  rectilineal  mo- 
tions, the  centre  of  gravity  either  remains  at  rest  or  travels 
uniformly  in  a  straight  line. 

Note  9.-^Page  158. 

It  is  easily  perceived  from  the  mode  of  successive  construc- 
tion, that  the  centre  of  the  circle  which  terminates  this  pro- 
cess must  likewise  be  the  centre  of  gravity  of  the  several 
pointo.  This  curious  property  is  noticed  in  Huygens'  elegant 
tract,  entitled  Horologium  OsciUcUorium^  and  furnishes  ano- 
ther example  of  the  application  of  the  principle  of  the  conser' 
vatio  virium  vivarumf  which  has  such  extensive  influence  in  the 
mutual  action  of  bodies* 


Note  10 — Page  156. 


UK    Uiabtci   eibUAi.V'  HI 

line  drawn  through 


Jine  drawn  tnrougn  u,  ine  aisuince  %j\j  is  equal  to  tne  com- 
bined distances  AH  and  BI,  and  consequently  the  opposite 
efforts  of  those  particles,  to  turn  their  plane,  must,  about  the 
centre  D,  maintain  every  way  an  exact  equipoise. 

The  proposition  might  easily  be  extended  to  any  number  of 
points  in  the  same  plane ;  but  it  is  true  universally,  if  the 
points  only  have  a  determined  position.  The  writers  on  Sta- 
tics, however,  have  commonly  assumed,  what  they  were  not 
entitled  to  do,  the  existence  of  an  individual  centre  of  gravity. 
This  fundamental  property  of  matter  is  simply  and  elegantly 
demonstrated  by  the  ingenious  Boscovich,  in  his  Theoria  Phi- 
losophue  Naturalise  a  work  of  very  great  and  original  merit. 
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Note  11 — Page  17S. 

This  problem  was  first  proposed  by  Sir  Isaac  Newton^  for 
determining  the  path  of  a  comet,  from  four  observations  made 
at  given  short  intervals  of  time.  But  unfortunately  it  was  af- 
terwards found  in  practice  to  give  uncertain  or  even  erro« 
neous  results.  This  unexpected  failure  led  Boscovich  to  exa- 
mine closely  the  circumstances  which  might  alfect  the  sdu- 
tiouy  and  he  discovered  that  the  problem  becomes  indetermi- 
nate  or  porismatic,  in  the  very  case  where  its  aid  is  wanted  to 
guide  astronomical  observation. 

Note  12,— Page  247. 

It  might  likewise  be  shown,  in  addition  to  these  corollaries, 
that  the  square  of  the  semiconjugate  axis  OB  (fig.  53.)  is  equi- 
valent to  the  rectangle  under  the  normal  CR,  and  the  perpen- 
dicular ON  let  fall  from  the  centre  to  the  tangent.  For  the 
triangle  PCR  being  evidently  similar  to  ONS,  it  follows  that 
CP  or  OQ  :  CR  :  :  ON  :  OS,  and  therefore  OQ  :  SO  = 
CR  :  ON;  but  OB  is  a  mean  proportional  to  OQ,  and  OS  or 
OB*  =  OQ.OS,  and  hence  OB*  s  CR.ON. 

Having  drawn  HL  (fig.  65»)  from  the  centre  of  the  oscula- 
ting circle  perpendicular  to  the  focal  chord  CF,  the  right- 
angled  triangles  HLC  and  FPC  are  evidently  similar,  and 
CL  :  CH  : :  PF  :  CF :  :  OB  »  OD.  But  AO.OBsON.OD, 
and  hence  OB  :  OD  :  :  ON  or  CK  :  AO,  and  CK  :  AO  : : 
CL  :  CH ;  wherefore  CH.CKrz AO.CL=OD«. 

Again,  because  OB*=CR.CK,  it  follows  that  OB*  :0D' : : 
CR.CK  :  CH.CK  :  :  CR  :  CH  ;  but  it  was  proved  that 
OB  :  OD  : :  CL  :  CH,  or  OB* :  OD* : :  CL* :  CH»,  and  there- 
fore CR  :  CL  :  :  CL :  CH,  whence  the  triangles  CRL  and 
CLH  are  similar,  and  RL  perpendicular  to  CF.  From  this 
property  the  centre  of  the  osculating  circle  is  found  by  an  easy 
construction.  For  draw  CR  at  right  angles  to  the  tangent, 
let  fall  the  perpendicular  LR  on  the  focal  chord,  and  erect  HL 
perpendicular  to .  it ;  the  point  of  intersection  H  will  be  the 
centre  required. 
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The  same  process  will  evidently  extend  to  the  parabola;  for 
the  normal  DM  (fig.  66.)  being  drawn  perpendicular,  and  RL 
parallel  to  the  tangent^  the  perpendicular  LH  to  the  focal 
chord  will  assign  the  point  H,  the  centre  of  osculation.  This 
inference  might  also  be  drawn  immediately  from  the  nature  of 
the  curve,  since  DM  bisects  the  angle  FDX,  the  triangles 
DLH  and  DXH  are  equal,  and  so  are  DML  and  MDT ;  whence 
DX  =  DL  =  TM  =:  2  TF  or  2DF,  the  semiparameter  of  the 
diameter  DX. 

The  properties  now  explained  afford  a  simple  investigation 
of  the  laws  of  centripetal  forces.  1.  Let  a  point  C  (fig.  65.) 
describe  an  ellipse  under  the  controul  of  a  force  directed  to 
the  centre  O.  This  centripetal  force  will  then  be  inversely  as 
the  ratios  compounded  of  the  square  of  the  perpendicular  CK 
upon  the  tangent,  and  of  CG  half  the  intercepted  chord  of  the 
equicurve  circle.  But  the  rectangle  CK,OD  being  equivalent 
to  AO,OB  a  given  space,  CK  is  hence  inversely  as  OD ; 
wherefore  the  centripetal  force  is  directly  as  the  square  of 
OD,  and  inversely  as  CG.  But  CO  :  OD  : :  OD  :  CG,  and 
CO'=DO.CG;  whence  the  centripetal  force  being  diriectly  as 
the  rectangle  CO,GC,  and  inversely  as  the  side  CG,  must  be 
directly  as  the  other  side  CO,  the  distance  from  the  centre  of 
tendency.  This  result  applies  to  the  case  of  rotatory  pendu- 
lums describing  very  small  curves,  which  must  be  elliptical  if 
considered  as  in  the  same  plane. 

2.  Let  the  point  C  be  carried  in  an  ellipse  by  a  force  ema- 
nating from  the  focus.  The  centripetal  force  will  now  be  in 
the  inverse  ratio  compounded  of  the  square  of  the  perpendi- 
cular FP  and  CL,  half  the  intercepted  chord  of  the  equicurve 
circle.  But  it  was  proved^  that  CL.AO=:OD';  whence  AO 
remaining  constant,  CL  must  be  proportional  to  OD'.  Where- 
fore the  centripetal  force  must  be  inversely  as  the  squares  of 
FP  and  OD,  or  in  inverse  duplicate  ratio  of  the  rectangle 
FP,0D:  Now  FP :  CF : :  OB  :  OD,  and  FP.ODsrFC.OB ;  or, 
OB  being  invariable,  the  rectangle  FB.OD  is  proportional  to 
FC.  Consequently  the  centripetal  force  is  inversely  as  the 
square  of  FC,  the  distance  from  the  centre  of  attraction ;  being 
the  great  law  which  not  only  guides  the  revolutions  of  the 
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planets  about  the  sun,  but  the  revolutions  of  their  satellites 
about  themselves. 

Note  13.— Page  297. 

The  problem,  to  find  the  intersection  of  an  oblique  line  AP 
with  a  given  parabola,  without  describing  the  curve,  was.  first 
incidentally  solved  by  Torricelli,  the  famous  inventor  of  the 
barometer  His  object  was  to  discover  the  point  where  a  ball 
projected  from  a  cannon  with  a  given  charge  and  in  a  given  di- 
rection, and  therefore  describing  a  parabola  of  which  the  di- 
rectrix and  a  tangent  are  given,  would  strike  a  plane  having  a 
given  inclination.  The  construction  proposed  by  that  elegant 
geometer,  is  the  same  as  the  second  one  demonstrated  in  the 
text :  For  AL  being  the  line  of  projection,  AI  the  horizontal 
range,  and  AP  the  oblique  plane ;  IN  is  drawn  perpendicular 
to  the  directrix,  NM  parallel  to  the  tangent,  and  MP,  drawn 
again  perpendicular  to  the  tangent,  assigns  the  point  P. 

The  same  conclusion  is  derived  from  the  elementary  pro- 
perty of  the  parabola.  Since  AL  :  AO  : :  LI  OM  or  LN, 
and  AL  :  AO  :  ;  LN  :  OP ;  by  composition  AL*  :  AO^  :  ; 
LI :  OP. 

Note  14.-— Page  267—299. 

Prop.  5.  to  22.  Book  II.  contains  the  very  curious  and  inte- 
resting theory  of  the  organic  description  of  curves,  on  which 
the  genius  of  Newton  flashed  a  sudden  blaze.  The  subject  was 
afterwards  pursued  in  its  details  by  Maclaurin  and  by  Braick- 
enridge,  but  with  very  little  regard  to  clearness  or  geome- 
trical taste.  The  beautiful  property,— that  if  the  opposite  sides 
of  a  hexagon  inscribed  in  a  Line  of  the  Second  Order  be  pro- 
duced, the  points  of  concourse  will  range  in  a  straight  line, — 
which  flows  from  the  same  principles,  was  discovered  by  the 
penetration  of  Pascal,  who  made  it  the  ground  of  a  system  of 
those  curves,  composed  in  early  youth. 

The  description  of  Lines  of  the  Second  Order  by  the  in- 
tersection of  radiants  turning  about  given  poles,  has  lately 
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been  revived  and  extended  by  the  celebrated  Camot  and  tome 
other  French  Mathematicians,  under  the  name  of  Transversab* 
This  mode  of  developing  the  curves,  not  only  sets  them  in  a 
new  light,  but  greatly  facilitates  the  solution  of  various  pro- 
blems,  and  may  therefore  improve  the  practice  of  architecture 
and  perspective. 

Note  15 Page  303. 

This  corollary  elucidates  the  Theory  of  Equations.  It  is 
well  known  that  the  intersections  of  a  circle  with  a  parabola 
determine  the  roots  of  a  biquadratic  equation  which  wants 
the  SQCond  term.  But  the  additive  and  subtractive  roots  must 
in  this  case  produce  a  mutual  balance.  Accordingly,  the  or- 
dinates  CR  and  DS  are  together  equal  to  the  opposite  ordi- 
nates  AP  and  BQ. 

Note  16.— Page  331-336. 

The  Conchoid  is  easily  described  mechanically,  by  means  of 
an  instrument  called  the  Trammel  ofNicomedes,  This  consists 
of  a  long  ruler  CDC  (fig.  162,  163,  164.)  divided  longitudi- 
nally  by  a  groove,  with  a  perpendicular  piece  DP,  having  a  steel 
pin  P,  which  can  be  screwed  at  any  place.  Another  ruler  BAP 
has  a  pencil  that  slides  into  any  situation  B,  a  steel  pin  fixed 
constantly  at  A,  and  then  a  groove  stretching  beyond  P.  The 
pin  P  and  the  pencil  B  being  secured  in  their  proper  places, 
the  pin  A  is  inserted  in  the  groove  CD,  while  the  groove  AP  is 
passed  over  the  pin  P,  and  the  pencil  B  now  traces  the  Con« 
choid,  which  is  exterior  or  interior  according  as  B  is  taken 
above  or  below  the  directrix  CDC. 

The  portion  of  an  exterior  Conchoid  from  the  vertex  to 
near  its  point  of  contrary  flexure,  is  assumed  by  some  archi- 
tects for  the  outline  of  the  shaft  of  the  Corinthian  column, 
the  directrix  representing  the  axis.  A  large  temporary  Tram- 
mel is  therefore  in  practice  employed  to  trace  the  segment  of 
the  curve. 

THE  END. 
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